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Preface

PREFACE TO THE 1ST EDITION

Everyday we are all concerned with the rheological response of a variety of
materials because we have to pour, spread or reshape them. Hopefully it will be
in a peaceful situation such as when we are standing on the seashore with water
lapping around our feet as they gently sink into the sand and not in the
situation where flows are produced by erupting volcanoes. That rheological
behaviour is fundamental to our existence is clear from the way our blood flows
to our very conception where the way that the flow properties of polyelectrolyte
gels change with pH is a critical factor.
In the workplace, many chemists have the problem of formulating materials

into a convenient form. Although we could use as an example foods, pharma-
ceuticals, or cleaning materials let us consider a decorative paint as an example
that serves to illustrate the range of responses that we demand. The function of
a paint is twofold. We wish to apply a polymer film to protect the surface that
we are painting and secondly, it is a carrier for pigments to give a decorative
finish. In the can we wish the pigment particles to remain suspended and to this
end we produce a weak gel. A by-product of this is the nondrip behaviour. On
application it must easily ‘‘thin’’ to be readily laid on, then we have the problem
of levelling and runs prior to drying. The former is driven by surface-tension
forces whilst the latter is the response to gravitational forces on the film. Hence,
we require the gelation to start to reoccur but at a rate where sufficient levelling
will take place. So what exactly are we asking this material to do? Firstly, it
should be a soft solid that melts when we apply a force with a brush or roller,
and then it must resolidify at a controlled rate. How do we achieve this? Well,
not by magic, but by chemistry. We control the interactions between the
molecules and the particles in the paint so that the best structure and diffusional
timescales for our purposes are produced. It is the purpose of this book to
clarify this process. Not just with paint of course but with any formulation.
The excitement in the study of rheology is in seeing how the timescales are so

important, in seeing how our materials behave and for the chemist it is
rewarding to see how the controlling factor is the same intermolecular forces
that we have been trained to manipulate. Now we will have to work in terms of
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stresses and strains and use some simple algebra in order to enable us to
describe or predict behaviour. As this is an introductory text, derivations will
only be given where they are straightforward and provide greater understand-
ing. For more complex results, the important relationship is given and the
enthusiast can find more detail from the appropriate references. The algebra is
simply a compact shorthand notation that enables us to summarise the
behaviour; much more important is the understanding of the mechanisms
involved as it is this that gives one the ‘‘feel’’ for a subject. It is this that we wish
to promote and to this end we restrict ourselves to the simple experiments that
we would normally carry out in the laboratory and do not tackle the complex
flows that may be important for engineering applications.
The format of the book is very straightforward. The subject with essential

terminology is introduced in the first chapter. The following two chapters
develop the ideas for the limiting behaviour, i.e. when we are not too concerned
with the timescales. The next two chapters develop these ideas further as the
temporal behaviour comes to the fore. Finally, we move into nonlinear
behaviour. Most readers will feel right at home here as we discuss the types
of experiment that they are carrying out everyday. Our aim is that every chapter
should be as self-contained as possible and so we revisit basic ideas and extend
them where necessary with the intention that the depth of understanding
increases as the reader progresses through the book. Above all, we are inter-
ested in how atoms and molecules interact to control the handling properties of
materials. Many of the systems of importance to the chemist are polymeric and
particulate, and discussion of these takes up the lion’s share of the volume, but
it is the same forces that occur between simple molecules that we must consider
in these cases too. Few undergraduate or graduate programmes have much if
any discussion of rheology, polymers and colloids and we see this volume as the
starting point for repairing this omission.

Jim Goodwin, Roy Hughes
November 1999

PREFACE TO THE 2ND EDITION

Since the publication of the 1st edition of Rheology for Chemists, system
dimensions have become an important topic and there has been a very large
expansion of publications on subjects such as microfluidics and nanoparticle
systems. With decreasing size, the range and magnitude of interparticle forces
become increasingly important as the separation distances frequently fall
within the same range. This brings into sharp focus much of the text as we
have stressed the importance of the microstructural aspects throughout the
volume.
Another major change in the rheological scene since we started preparing the

first edition has been the maturing of the instrumentation market. The expec-
tation is now to be able to carry out rheological measurements as routinely and
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easily as using any of the general analytical instruments. However, the inter-
pretation of the data still requires more manipulation than, for example,
calculating the relative composition of a material from an FTIR spectra.
Hence, the basic toolbox provided by this volume is an important aid in
handling the data successfully.

Jim Goodwin, Roy Hughes
May 2007
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CHAPTER 1

Introduction

The study of rheology is the study of the deformation of matter resulting from
the application of a force. The type of deformation depends on the state of
matter; for example, gases and liquids will flow when a force is applied, whilst
solids will deform by a fixed amount and we expect them to regain their shape
when the force is removed. In other words we are studying the ‘‘handling
properties of materials’’. This immediately reminds us that we must consider
solutions and dispersions and not simply pure materials. In fact, the utility of
many of the materials we make use of every day is due to their rheological
behaviour and many chemists are formulating materials to have a particular
range of textures, flow properties, etc. or are endeavouring to control transport
properties in a manufacturing plant. Interest in the textures of materials, such
as say a chocolate mousse or a shower gel, may be of professional interest to the
chemist in addition to natural curiosity. How do we describe these quantita-
tively? What measurements should we make? What is the chemistry underlying
the texture so that we may control it? All these questions make us focus on
rheology.
The aim of this text is to enable the reader to gain an understanding of the

physical origins of viscosity, elasticity, and viscoelasticity. The route that we
shall follow will be to introduce the key concepts through physical ideas and
analogues that are familiar to chemists and biologists. Ideas from chemical
kinetics, infrared, and microwave spectroscopy are invariably covered in some
depth in many science courses and so should aid the understanding of
rheological processes. The mathematical content will be kept to the minimum
necessary to give us a quantitative description of a process, and we have taken
care to make any manipulations as transparent as possible.
There are two important underlying ideas that we shall return to throughout

this work. Firstly, we should be aware that intermolecular forces control the
way our materials behave. This is where the chemical nature is controlling the
physical response. The second is the importance of the timescale of our
observations, and here we may observe quite different physical responses when
our experiments are carried out at different timescales. The link between the
two arises through the structure that is the consequence of the forces and the
timescale for changes by microstructural motion resulting from thermal or
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mechanical energy. What is so exciting about rheology is the insights that we
gain into the origins of the behaviour of such a wide variety of systems in our
everyday mechanical world.

1.1 DEFINITIONS

1.1.1 Stress and Strain

The stress is simply defined as the force divided by the area over which it is
applied. Pressure is a compressive bulk stress. When we hang a weight on a wire,
we are applying an extensional stress and, when we slide a piece of paper over a
gummed surface to reach the correct position, we are applying a shear stress.
We shall focus more strongly on this latter stress as most of our instruments are
designed around this format. The units of stress are Pascals.
When a stress is applied to a material, a deformation will be the result. In

order to make calculations tractable, we define the strain as the relative
deformation, that is, the deformation per unit length. The length that we use
is the one over which the deformation occurs. This is illustrated in Figures 1.1
and 1.2.
There are several features of note in Figures 1.1 and 1.2:

1. The elastic modulus is constant at small stresses and strains. This linearity
gives us Hooke’s law,1 which states that the stress is directly proportional
to the strain.

2. The shear strain, produced by the application of a shear stress s, is
illustrated in Figure 1.2. The lower section of the figure shows the general
case where there is no rotation of the principal axes of strain. These are

x

z

y

-dy

dz

F

stress σ = F
xy

strain ε = dz
z

Young’s  Modulus Y =
dσ

dε

ε

σ

Figure 1.1 Extensional strain at constant volume e¼ gzz¼ (gxx+ gyy).
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simply the diagonals of the material element, one of which shortens whilst
the other lengthens. We will see later how this leads to compressive and
extensional forces on pairs of particles as they collide in a flowing system.

3. At high stresses and strains, nonlinearity is observed. Strain hardening
(an increasing modulus with increasing strain up to fracture) is normally
observed with polymeric networks. Strain softening is observed with some
metals and colloids until yield is observed.

4. We should recognise that stress and strain are tensor quantities and not
scalars. This will not present any difficulties in this text but we should bear
it in mind as the consequences can be dramatic and can be useful. To
illustrate the mathematical problem, we can think what happens when we
apply a strain to an element of our material. The strain is made up of three
orthogonal components that can be further subdivided into components,
each of which are lined up with our axes. This is shown in Figure 1.3.

z

x

y

F

stress σ = F
xy

strain γ =
∆x
z

a1

a2

2
= a1 = a2

Shear Modulus    G =
dσ
dγ

α

α

≅α

Figure 1.2 Shear strain g¼ gxz¼ gzx.

γxy

γxz

γxx

γx γxx γxy γxz

γ = γy = γyx γyy γyz

γz γzx γzy γzz

γx γxx 0    0

γ = γy =  0  γyy 0

γz 0  0 γzz

γx
0  γxy

0

γ = γy = γyx 0   0

γz
0     0   0

Simple Shear :-

Extension :-

Figure 1.3 Strain and stress are tensors.
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Figures 1.2 and 1.3 show how if we apply a simple shear strain, g, in
our rheometer this is formally made up of two equal components, gxy and
gyx. By restricting ourselves to simple and well-defined deformations and flows,
i.e. simple viscometric flows, most algebraic difficulties will be avoided but the
exciting consequences will still be seen.

1.1.2 Rate of Strain and Flow

When a fluid system is studied by the application of a stress, motion is produced
until the stress is removed. Consider two surfaces separated by a small gap
containing a liquid as illustrated in Figure 1.4. A constant shear stress must be
maintained on the upper surface for it to move at a constant velocity, u. If we
can assume that there is no slip between the surface and the liquid, there is a
continuous change in velocity across the small gap to zero at the lower surface.
Now, in each second the displacement produced is x and the strain is:

g ¼ x=z ð1:1Þ

and as u ¼ dx

dt
, we can write the rate of strain as:

dg
dt

¼ u

z
ð1:2Þ

The terms rate of strain, velocity gradient, shear rate are all used synonymously
and Newton’s dot is normally used to indicate the differential operator with
respect to time. For large gaps the rate of strain will vary across the gap and so
we should write:

_g ¼ du

dz
ð1:3Þ

When the plot of shear stress versus shear rate is linear, the liquid behaviour is
simple and the liquid is Newtonian2 with the coefficient of viscosity, Z, being the
proportionality constant.
When a flow is used that causes an extension of a liquid, the resistance to

this motion arises from the extensional viscosity, Ze, and the extension rate
is _e. Extensional flows require an acceleration of the fluid as it thins and so
steady flows are never achieved and this means that the microstructural time-
scale is particularly important. Many practical applications involve extensional
flows, frequently with a shear component. For example, spraying, spreading,

z

x

y u

u
σ

σ

Figure 1.4 A velocity gradient produced when a fluid is sheared.

4 Chapter 1



and roller coating are common ways to apply products from the food,
pharmaceutical, paint and printing industries. Although the analysis may be
carried out as if the materials are continua with uniform properties, the control
comes from an understanding of the role of molecular architecture and forces.

1.2 SIMPLE CONSTITUTIVE EQUATIONS

1.2.1 Linear and Nonlinear Behaviour

It is a simple matter to write down an algebraic relationship that describes the
simpler forms of rheological behaviour. For example:
for a Hookean solid

s ¼ Gg ð1:4Þ

and a Newtonian liquid

s ¼ Z_g ð1:5Þ

These equations should fully describe the stress–strain–time relationship for the
materials over the full range of response. However, the range over which such
linear behaviour is observed is invariably limited. Usually large stresses and
strains or short times bring deviations from eqns (1.4) or (1.5).
As the behaviour becomes more complicated more parameters are required

to fit the experimental curves. To illustrate this, consider two common
equations used to describe shear-thinning behaviour observed in viscometers.
Figure 1.5 shows these two responses.
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a.

Figure 1.5 (a) Power-law behaviour from a 12% poly(vinylpyrolidone) solution;
(b) Bingham plastic behaviour from a 14%w/v sodium kaolinite dispersion.
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Figure 1.5(a) shows a steady shear-thinning response and the experimental
points can be fitted to a simple equation:

s ¼ Ac _gn ð1:6Þ

where the two fitting parameters are Ac, the ‘‘consistency’’, and n, the ‘‘power-
law index’’. This equation is often presented in its viscosity form:

Z ¼ Ac _gn�1 ð1:7Þ

Figure 1.5(b) shows the behaviour of a ‘‘Bingham plastic’’ and the fitting
equation is:

s ¼ Zp _gþ sB ð1:8Þ

Here, the fitting parameters are the slope of the line, (the plastic viscosity, Zp)
and the Bingham or dynamic yield stress, (the intercept, sB). Other constitutive
equations will be introduced later in this volume as appropriate.

1.2.2 Using Constitutive Equations

The first use that we can make of our constitutive equations is to fit and smooth
our data and so enable us to discuss experimental errors. However, in doing this
we have the material parameters from the model. Of course it is these that we
need to record on our data sheets as they will enable us to reproduce the
experimental curves and we will be able to compare the values from batch to
batch of a product or reformulation. This ability to collapse more or less
complicated curves down to a few numbers is of great value whether we are
engaged in production of, the application of, or research into materials.
The corollary is that we should always keep in mind the experimental range.

Extrapolation outside that range is unwise. This will become particularly clear
when we discuss the yield phenomenon – an area of wide interest in many practical
situations. Whatever the origins claimed for these models, they all really stem from
the phenomenological study of our materials and so our choice of which one to
use should be based on the maximum utility and simplicity for the job in hand.

1.3 DIMENSIONLESS GROUPS

An everyday task in our laboratories is to make measurements of some property
as a function of one or more parameters and express our data graphically, or
more compactly as an algebraic equation. To understand the relationships that
we are exploring, it is useful to express our data as quantities that do not change
when the units of measurement change. This immediately enables us to ‘‘scale’’
the response. Let us take as an example the effect of temperature on reaction
rate. The well-known Arrhenius equation gives us the variation:

kr ¼ A exp ð�Ea=RTÞ ð1:9Þ

Here kr is the rate of a reaction measured at temperature T. Ea is the
activation energy and R is the gas constant. Now RT is the value of thermal
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energy and so the magnitude of the dimensionless group, (Ea/RT ), immediately
gives us a feel as to the importance of the activation process. For example, if
Ea{RT, then the activation process will not slow the reaction rate signifi-
cantly from the fastest possible rate A. On the other hand, if EacRT, then the
reaction rate will be very much slower than A. Mechanistically this reminds us
of the Boltzmann energy distribution and stochastic processes. The dimension-
less group, (Ea/RT ), is known as the ‘‘Arrhenius group’’.
Another example from chemical kinetics can be seen in the rate equation for

first-order reactions. Here, the equation relating the concentration of a species
A at time t, [A](t) to the reaction time and the initial concentration, [A](0) is:

½A�ðtÞ ¼ ½A�ð0Þ exp ð�krtÞ ð1:10Þ

The rate coefficient, kr, has units of t
�1 and so can equally well be thought of

in terms of the characteristic time for the reaction to take place. Hence if
krtc 1, the reaction will be a long way towards completion, whereas if krt{ 1,
very little change will have occurred. Equation (1.10) describes the decay of
radioactive elements and 1/kr could be considered as the characteristic time for
the relaxation of the element from its active to its nonactive state.

1.3.1 The Deborah Number

Maxwell introduced the idea of viscous flow being the manifestation of the
decay of elastically stored energy. If we follow this concept through we will see
how a dimensionless group, the Deborah number, De, arises naturally. Let us
consider a piece of matter in which all the molecules or particles (either small or
large, it makes no difference) have had time to diffuse to some low energy state.
Now, if we instantaneously strain (deform) the material, we will store energy
because the structure is perturbed and the molecules are in a higher-energy
state. As we hold the matter in this new shape, we find it becomes easier as the
molecules diffuse until an equivalent low-energy state to the initial one has been
achieved although the original shape has been lost, i.e. viscous flow has
occurred. We can define the characteristic time for this process to occur as
the stress relaxation time, t, of the material. Now the Deborah number is3:

De ¼
t
t

ð1:11Þ

The relaxation of the stress resulting from a step strain can be observed
experimentally and we see that it is the result of diffusive motion of the
microstructural elements. Although we can have a mechanistic picture, what
does this mean in terms of our measurements? We have the very striking result
that our material classification must depend on the time t, i.e. the experimental
or observation time. Hence, we can usefully classify material behaviour into
three categories:

De � 1 DeBOð1Þ De{1
solid-like viscoelastic liquid-like
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The most frequently quoted example to illustrate this behaviour is the
children’s toy ‘‘Silly Putty’’ which is a poly(dimethyl siloxane) polymer. Pulled
rapidly it shows brittle fracture like any solid and if pulled slowly it flows as a
liquid. The relaxation time for this material is B1 s. After t¼ 5t the stress will
have fallen to 0.7% of its initial value so the material will have effectively
‘‘forgotten’’ its original shape. That is one could describe it as having
a ‘‘memory’’ of around 5 s (about that of a mackerel!). Many other materials
in common use have relaxation times within an order of magnitude or so of 1 s.
Thickened detergents, personal care products and latex paints provide exam-
ples. It is of course no coincidence and this timescale is frequently deliberately
chosen by formulation adjustments. The reason is that it is in the middle of our,
the human, timescale. Our nervous system responds over the timescale of
B1ms to B1 ks and so, if a material has relaxation time within that region, we
will observe an ‘‘interesting’’ or useful texture. Reiner3 pointed out that our
observation time could be quite long with some material, set concrete for
example, and so ultimately our definition of solid-like can become one of
practical rather than philosophic origin.

1.3.2 The Péclet Number

Although a mechanism for stress relaxation was described in Section 1.3.1, the
Deborah number is purely based on experimental measurements, i.e. an
observation of a bulk material behaviour. The Péclet number, Pe, though is
determined by the diffusivity of the microstructural elements, and is the
dimensionless group given by the timescale for diffusive motion relative to
that for convective or flow. The diffusion coefficient, D, is given by the Stokes–
Einstein equation:

D ¼ kBT

6pZ0a
ð1:12Þ

where kB is the Boltzmann constant, Z0 is the viscosity of the liquid medium,
and a is the radius of the diffusing moiety, whether a molecule or a particle.
This has dimensions of m2 s–1. We can use eqn (1.12) to estimate the time taken
for the diffusing moiety to move a characteristic distance. It makes sense to
choose the radius as this distance and this gives us the Einstein–Smoluchowski
equation:

ta ¼
a2

D
¼ 6pZoa

kBT

and so

ta ¼
6pZoa

3

kBT
ð1:13Þ

Now the characteristic time for shear flow is the reciprocal of the shear rate.
This is the time taken for a cubic element of material to be transformed to a
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parallelogram with angles of 451 (i.e. the time for unit strain to be applied) as
shown in Figure 1.6. The Péclet number can now be written:

Pe ¼
6pZoa

3 _g
kBT

ð1:14Þ

Now, an interesting problem arises when we consider solutions or colloidal
sols where the diffusing component is much larger in size than the solute
molecules. In dilute systems eqn (1.14) would give an adequate value of
the Péclet number but not so when the system becomes concentrated, i.e. the
system itself becomes a condensed phase. The interactions between the diffusing
components slow the motion and, as we shall see in detail in Chapter 3, increase
the viscosity. The appropriate dimensionless group should use the system
viscosity and not that of the medium and now becomes:

Pe ¼
6pa3s
kBT

ð1:15Þ

where the shear stress, s ¼ Z _g, has been used to make a clear distinction from
eqn (1.14). Of course for a simple system, such as cyclohexane in decane for
example, eqns (1.14) and (1.15) would give the same result as the intermolecular
interactions between the species are similar, and the viscosity of a mixture of the
two is similar to that of the two components.
However, we shall use eqn (1.15) throughout this work as the use of the stress

indicates the importance of the interactions and gives a useful approximation to
the change in diffusivity of the components of the material.

1.3.3 The Reduced Stress

The reduced stress, sr was introduced by Krieger4 from a dimensional analysis
and has the form:

sr ¼
a3s
kBT

ð1:16Þ

The similarity to the Péclet number is obvious but we should also bear in mind
the relationship to the Deborah number. This becomes clear when we consider

u

z

t = γ
z
u

−1 ≈

Figure 1.6 The time taken for unit shear strain is _g�1 ¼ z=u.
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the fact that the mechanism of stress relaxation is due to the diffusion of
the microstructural components. For slow deformation processes – the low
Deborah number, low Péclet number, or low reduced-stress limit – the rate at
which the structural elements can rearrange is great enough that the structure
has little or no perturbation from that found in the quiescent state. Viscous
deformation then occurs. Now, if the straining is rapid, relaxation cannot take
place and energy is stored. If the deformation is continuous, the structure must
yield and breaking or ‘‘melting’’ is then observed.

1.3.4 The Taylor Number

A common geometry used to make viscosity measurements over a range of
shear rates is a Couette, that is a concentric cylinder, or cup and bob system.
The gap between the two cylinders is usually small so that a constant shear rate
can be assumed at all points in the gap. When the liquid is in laminar flow, any
small element of the liquid moves along lines of constant velocity known as
streamlines. The translational velocity of the element is the same as that of the
streamline at its centre. There is, of course, a velocity difference across the
element equal to the shear rate and this shearing action means that there is a
rotational or vorticity component to the flow field that is numerically equal to
the shear rate/2. The geometry is shown in Figure 1.7.
When the shear rate reaches a critical value secondary flows occur. In the

concentric cylinder, a stable secondary flow is set up with a rotational axis
perpendicular to both the shear gradient direction and the vorticity axis, i.e. a
rotation occurs around a streamline. Thus, a series of rolling toroidal flow
patterns occur in the annulus of the Couette. This, of course, enhances the
energy dissipation and we see an increase in the stress over what we might
expect. The critical value of the angular velocity of the moving cylinder, Oc,
gives the Taylor number:

Ta ¼ Oc
Ro þ Ri

2

� �1
2 rðRo � RiÞ

3
2

2Z
ð1:17Þ

 

velocity 

gradient 

direction

vorticity 
axis

 Ωc

Figure 1.7 Couette geometry.
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Ro and Ri are the outer and inner cylinder radii of the Couette filled with a fluid
of density r and viscosity Z. Figure 1.8 illustrates the flow pattern of Taylor
vortices that are formed when the Taylor number is exceeded.

1.3.5 The Reynolds Number

The Taylor vortices described above are an example of stable secondary flows.
Now, at even high shear rates the secondary flows become chaotic and
turbulent flow occurs. This happens when the inertial forces exceed the viscous
forces in the liquid. The Reynolds number gives the value of this ratio and in
general is written in terms of the linear liquid velocity, u, the dimension of the
shear gradient direction (the gap in a Couette or the radius of a pipe), the liquid
density and the viscosity. For a Couette we have:

Re ¼
OcðRo þ RiÞðRo � RiÞr

2Z
ð1:19aÞ

where R is the radius of the moving cylinder. When we write this in terms of the
shear rate:

ReE
_gðRo � RiÞ2r

Z
ð1:19bÞ

Another common geometry used for laboratory measurement of viscosity is a
cone and plate with a small included angle, a. Values of a are typically in the
range 1–51. This geometry is used to give a constant shear rate because at any
point on the plate the ratio of the tangential velocity (rO) to the gap is constant.
A suitable expression for the Reynolds number with the cone angle in degrees is:

ReE
_gr
Z

pRa
180

� �2

ð1:20Þ

Figure 1.8 Taylor vortices.
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In a tube of radius R, we use the volumetric flow rate, Q, to calculate a mean
velocity along the tube and we have:

ReE
Qr
pRZ

ð1:21Þ

It is important that we know at what Reynolds number our instrumental
configurations give turbulent flow and work below this figure or we will think
that shear thickening is occurring! A figure of Reo 3000 to 10 000 is usually
satisfactory for cone and plates or capillary viscometers, but values as low as
300 may be the maximum for some cup and bob units.

1.4 MACROMOLECULAR AND COLLOIDAL SYSTEMS

The range of diffusional timescales for dilute systems that are shown in Figure 1.9
and were calculated using eqn (1.13) immediately shows us that macromolecules
and colloidal particles have diffusional timescales that are within the range
covered by our laboratory instrumentation. Moreover, as soon as we concentrate
these systems, the motion of each unit is slowed by the interaction with its
neighbours and timescales become much longer. Hence, quite slow motions may
be in the region of large Deborah or Péclet numbers. It is for this reason that
polymers and clay particles are often added to formulations as ‘‘thickeners’’ or
‘‘viscosity modifiers’’. We will deal with these systems in considerable detail in
subsequent chapters and we shall see that it is their chemical nature, and the
chemical environment that we put them in, which gives such a rich pattern of
behaviour.
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CHAPTER 2

Elasticity: High Deborah Number
Measurements

2.1 INTRODUCTION

In this chapter we shall consider ‘‘solid-like’’ behaviour. By this we mean that
the stress relaxation time is long compared to the time taken to carry out our
rheological observations. Thus, t may vary from milliseconds to such long
times that we may take the value as infinite. So when we apply a stress to a
material on a timescale where zero or only negligible relaxation can occur, the
relative deformation or strain that we observe is recovered on the removal of
the stress. The strain that we measure per unit stress that we apply is the
compliance of the material. A highly compliant material is therefore one that
exhibits a large strain for a small applied stress. On the other hand, when we
measure the stress resulting from a given strain, we use the stress per unit strain
to give us the rigidity of the material and, of course, a very rigid material is one
in which a small strain results in a large stress.
Systematic measurements of stress and strain can be made and the results

plotted as a rheogram. If our material behaves in a simple manner – and it is
surprising how many materials do, especially if the strains (or stresses) are not
too large – we find a linear dependence of stress on strain and we say our
material obeys Hooke’s law, i.e. our material is Hookean. This statement
implies that the material is isotropic and that the pressure in the material is
uniform. This latter point will not worry us if our material is incompressible but
can be important if this is not the case.
As an example, let us consider a typical response given by stretching a sample

of a vulcanised rubber. The components of the stress that we have to consider
are the normal stresses sxx, syy, and szz. Figure 2.1 illustrates the type of
rheogram we get by plotting sxx against the strain. Note that the stress is
calculated at each point as the extensional force divided by the cross-sectional
area of the sample at that extension, whilst the percentage strain is the
percentage elongation as compared to the original length of the sample.
The strains in Figure 2.1 are large but we can describe the response using one

material constant, a rigidity modulus. This is termed a neo-Hookean model1
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and can give a reasonable description of elastomer behaviour up to large
strains. (The convention that we are using is that extensional strain is positive,
whilst compression is negative, hence we require the modulus of the rigidity as
the sign just indicates whether we are pushing or pulling.) Now we write the
components of the stress resulting from the strain, e, as:

sxx ¼ G 1þ eð Þ2�p

syy ¼ szz ¼
G

1þ e
� p

ð2:1Þ

Here, p is the pressure, which we are assuming is isotropic and we are also
assuming our material is incompressible, and the rigidity modulus, G, is what
we would measure in a shear experiment. We can eliminate the pressure:

sxx � syy ¼ G
3eþ 3e2 þ e3

1þ e

� �
ð2:2Þ

We are only pulling the ends of our block of elastomer and the sides are free
and so syy ¼ szz ¼ 0. The curve shown in Figure 2.1 used a value for the
rigidity modulus of 0.4 MPa.
Now, if we work at small strains so that we are in the linear (Hooke’s law)

region of the rheogram, then eqn (2.2) reduces to:

sxxð Þe!0 ¼ G3e ð2:3Þ

So the extensional rigidity modulus or Young’s modulus can be written in terms
of the shear modulus as:

E ¼ 3G ð2:4Þ
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Figure 2.1 Stress versus strain for a typical elastomer of vulcanised natural rubber.
The straight line shows that a simple Hooke’s law response would be
observed up to B40% strains.
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Generally, our material will be compressible and exx 6¼ eyy=2 6¼ ezz=2 and we
have to introduce another material parameter, Poisson’s ratio, n. Poisson’s
ratio is defined as the ratio of the contractile to the tensile strain, i.e. n¼ eyy:exx.
eqn (2.4) now becomes:

G ¼ E

2ð1þ nÞ ð2:5Þ

So, for an incompressible material n¼ 0.5 and eqn (2.4) is recovered. The value
of Poisson’ ratio for rubber is usually close to 0.5 but for many other solids the
value is lower and we find 0.25ono0.33. We may also describe a bulk rigidity
modulus, K, such as we would measure when we compress a material with
hydrostatic pressure, in terms of Young’s modulus:

K ¼ E

3ð1� 2nÞ ð2:6Þ

It is readily seen that when Poisson’s ratio is 0.5, the material is incompressible
as K becomes infinite.

2.2 THE LIQUID–SOLID TRANSITION

The simplest model for an atomic assembly is to consider the atoms as hard
spheres with a radius equal to a. Computer simulations have been used to
describe the physical behaviour of such assemblies as the number density is
changed. At low number densities the assembly is a fluid and the hard spheres
diffuse in a gaseous fashion. There are three degrees of freedom corresponding
to kBT/2 for each orthogonal translational direction. At intermediate densities
the motion of an individual sphere becomes more complex. Some of the time it
will move inside a transient cage of neighbours and then move outside that
cage. At the same time, when viewed on a larger scale, the local density
fluctuates relative to the global average value. This means that we need to think
in terms of three diffusion modes, i.e. diffusion coefficients: a short time
self-diffusion (motion within the cage), a long-time self-diffusion (a change of
nearest neighbours), and a collective diffusion. The fluid assembly should
now be thought of as a liquid. At higher number densities, the long-time self-
diffusion mode disappears and we now have a solid. The internal energy, U, is
given simply from the number density, N:

U ¼ NkBT ð2:7Þ

This is just the entropic contribution and the equations of state do not indicate
a conventional liquid–solid transition. The computer simulations2,3 though
indicate that the transition occurs at volume fraction of 0.495–0.54. The former
figure is the freezing and the latter the melting density as the system is made to
contract or expand. Rheologically, this means that the viscosity of the system is
increasing rapidly as the transition is approached and becomes infinite above
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this density. This is where the long-time self-diffusion coefficient has fallen to
zero. However, the equations of state that describe the hard-sphere assembly do
not show a plateau in the pressure–volume curve as we expect in an assembly of
van der Waals’ atoms as it goes through a first-order phase transition from gas
to liquid or liquid to solid. Now a second-order transition has zero entropy and
volume change at the transition but this is not the case with a first order system
where an increase in entropy accompanies an increase in volume on melting.
‘‘Simple’’ or van der Waals’ systems, argon for example, behave in this fashion.
Water, however, shows a decrease in volume on melting that is, of course,
accompanied by an increase in entropy, due to the breakup of the very open ice
structure.
When we consider a van der Waals’ system, we can start with the pair

interaction as sketched in Figure 2.2 The equation giving the pair potential is
the 6–12 or Lennard-Jones–Devonshire equation:

VðrÞ
4Vm

¼ 2a

r

� �12

� 2a

r

� �6

ð2:8Þ

V(r) is the pair-interaction energy and Vm is the well depth. Here, 2a is the
‘‘collision diameter’’, i.e. the distance where the interatomic potential is zero.
Also plotted in the figure is the interatomic force and the elastic modulus of
what we may consider as an interatomic spring. (Recall that the force is the rate
of change of energy with distance, �@VðrÞ=@r, and the elastic modulus is the
rate of change of force with distance, @2VðrÞ

�
@r2.) When we deform a macro-

scopic sample of such a system the resistance comes from the sum of contri-
butions from each of the atomic springs.
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2.2.1 Bulk Elasticity

General physical chemistry texts4 have made us familiar with the concept of the
heat capacity being the rate of change of internal energy with temperature:

Cv ¼
@U

@T

� �
v

and Cp ¼
@H

@T

� �
p

ð2:9Þ

where Cv is the heat capacity at constant volume and Cp is that at constant
pressure withU being the internal energy andH the enthalpy (H¼U+ pV ). Why
is this important to us here? A quick check of the physical chemistry texts gives us
the compressibility, JT, of a material in terms of the difference in heat capacities:

Cp � Cv

� �
¼ a2T �V

JT
ð2:10Þ

where a is the coefficient of thermal expansion and �V is the molar volume. The
compressibility is defined from the change in volume with pressure:

JT ¼ � 1

V

@V

@p

� �
ð2:11Þ

Now, in rheological terminology, our compressibility, JT, is our bulk compliance
and the bulk elastic modulus K¼ 1/JT. This is not a surprise of course, as the
difference in the heat capacities is the rate of change of the pV term with
temperature, and pressure is the bulk stress and the relative volume change is
the bulk strain. Immediately we can see the relationship between the thermody-
namic and rheological expressions. If, for example, we use the equation of state
for a perfect gas:

substituting p �V ¼ RT into a ¼ 1

V

@V

@T

� �
p

yields a ¼ R

p �V
¼ 1

T

and so for our perfect gas:

Cp � Cv

� �
¼ R ð2:12Þ

A plot of the change of Cv with temperature for glycerol is shown in Figure 2.3.
This shows how the heat capacity changes with temperature and the nature of the
phase present. As glycerol is cooled, the viscosity rapidly becomes high with the
result that a supercooled liquid is produced that forms a glassy solid. In the glass
the degree of local order is high but the long-range order that is apparent in a
crystalline structure is absent.
If we consider the solid state and the pdV term (i.e. the value of Cp–Cv at a

given temperature) a little further but on an atomic scale, then we have two
factors to consider. Firstly, we must be able to estimate the interatomic forces
that are present, and secondly, that we need to know the local structure if we
are to describe if we are to model the effect of a volume change. To illustrate
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this we may consider crystals with a face-centred cubic structure. Three types of
crystals for this example are (1) van der Waals’ solids, such as the inert gases,
for which the pair potential is given by eqn (2.8), (2) metals with their
delocalised electrons and (3) ionic crystals such as sodium chloride. In the
crystals in an unstressed state the atoms/ions will be vibrating around
the minimum in the potential energy (see, for example, the energy well in
Figure 2.2). When a pressure p is applied we force the atoms/ions closer
together and have a volume change –pdV. The simplest consideration is to
make the work done in changing the internal energy due to change in
interatomic forces. Now we have –pdV¼ dU and using eqn (2.11) we have:

K ¼ @2U

@V2

� �
V ð2:13Þ

As we know the structure and the dimensions of the atoms/ions it is relatively
easy to write eqn (2.13) in terms of the energy minimum,Vm, i.e. the energy at the
equilibrium separation. For the three cases we may write6 the bulk modulus as:

K ¼ B
Vm

V
ð2:14Þ

where B is a constant for the type of atomic interaction and includes the
Madelung constant:

B ¼ �8 for the inert gases

B ¼ �2=9 for the alkali metals

B ¼ �1 for the alkali halides

2.2.2 Wave Propagation

An important aspect of any structure is its ability to store energy when work
has been done on it by imposing a strain. One result of this storage ability is
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Figure 2.3 The heat capacity of glycerol around its melting point (redrawn fromRef. 5).
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that an impulse can be transmitted over significant distances, i.e. a wave can
travel through the material over distances comparable to the wavelength or
greater. Loss processes will inevitably occur and at low Deborah numbers the
viscous processes rapidly damp out the oscillation close to the initiation point.
The type of strain as well as the frequency (timescale) of the application is
important. For example, a compression wave will travel considerable distances
through water at sonic frequencies and provides a very effective communica-
tion mechanism over vast distances for marine mammals such as whales.
However, a shear wave is damped very close to the moving surface.
Consider the situation sketched in Figure 2.4 where a mass, m, is caused to

oscillate by an initial displacement up to an amount a0 at t¼ 0. The amplitude a
would have to be smaller than shown for simple harmonic motion as a real
spring would only obey Hooke’s law over a limited strain amplitude. However,
the assumption is that Hooke’s law is obeyed and the restoring force from both
spring displacements is –2ka0, where k is the force constant or elastic modulus
of the spring. So we may write the force at any position as:

m
d2a

dt2
¼ �2ka ð2:15Þ

i:e:
d2a

dt2
¼ �2k

m
a ¼ �o2a; when we write o2 ¼ 2k

m

The solution to this equation can be written in terms of sines and cosines:

a ¼ AsinðotÞ þ BcosðotÞ ð2:16Þ

and the velocity of the motion as

v ¼ da

dt
¼ Ao cosðotÞ � Bo sinðotÞ ð2:17Þ

m

time

a

a0

Figure 2.4 Simple harmonic motion of the mass m cause by an initial displacement of
a0 from its equilibrium position.
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Now, using the initial condition that a¼ a0 at t¼ 0 in eqns (2.16) and (2.17) we
have the following results:

a0 ¼Asinð0Þ þ Bcosð0Þ and so B ¼ a0; and

0 ¼Ao cosð0Þ � Bo sinð0Þ hence A ¼ 0:

This gives the amplitude at time t as

a ¼ a0 cosðotÞ ð2:18Þ

Now, the time taken for one complete oscillation is the period of the oscillation
Tw:

Tw ¼ 2p
o

¼ 2p
m

2k

� �1=2
ð2:19Þ

The above discussion will be familiar to all physical scientists especially in the
context of microwave spectroscopy and atomic vibrations. We should now
consider what would occur if the mass m is in the middle of a long chain and
the masses either side are free to move. As the mass moves, the force on the
adjacent masses increases until ot¼ p/2. Following Tabor, we can make
the approximation that at this point the adjacent masses move in turn and a
wave propagates through the material. Now, this gives the wave velocity, vw, as

vw ¼ 4a0

Tw
ð2:20Þ

and then

vw ¼ 4a0

2p
2k

m

� �1=2

ð2:21Þ

and to a reasonable approximation for our purpose:

v2wEa20
k

m
¼ a30

m

k

a0
ð2:22Þ

For the small compression/extensional strain k/a0¼E, the Young’s modulus of
the system, and a30 is the volume occupied by the mass m, so using the density of
the system, r, we have:

EEv2wr ð2:23Þ

Hence we can estimate the elastic modulus by measurement of the wave velocity
and the density of a material. The simple treatment above can equally well be
applied to a shear strain as a compressional strain with the result that:

G ¼ v2wr ð2:24Þ
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where vw is now the velocity of the shear wave. It should be noted here that,
although a shear wave can readily be produced, the compressional wave used to
give eqn (2.23) cannot be produced in a real material as any volume element of
the material undergoes both a change in size and shape as the wave passes
through. We should use rather the longitudinal bulk modulus,7 M:

M ¼ v2wr ð2:25Þ

where

M ¼ K þ 4G

3
ð2:26Þ

and in terms of the Young’s modulus and Poisson’s ratio, n, as7:

K ¼ E

3ð1� 2vÞ ; G ¼ E

2ð1þ vÞ so M ¼ E
1� v

ð1� 2vÞð1þ vÞ

� �
ð2:27Þ

(clearly for an incompressible material M is infinite).

2.3 CRYSTALLINE SOLIDS AT LARGE STRAINS

So far, the discussion has really been concerned with small strains so that the
elastic response can be considered to be linear. When the applied strain is
increased steadily in a sample of a crystalline solid and the stress monitored, an
interesting curve is produced. Figure 2.5 illustrates schematically the behaviour

st
re

ss

elastic necking

st
re

ss

strain

elastic

uniform

elongation

necking

Figure 2.5 Schematic stress–strain curve for a metallic specimen such as wrought iron
or mild steel.
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of a metal sample subjected to an extensional stress. An upper yield value is
observed as the sharp peak (the elastic limit) and plastic flow occurs beyond this
point resulting in permanent deformation of the material. Beyond this, the
sample becomes thinner and the actual stress is higher due to the reduction in
cross-sectional area and the corrected curve is shown as the broken line in
Figure 2.5. This part of the curve shows the ‘‘work hardening’’ region. If the
elongation is now halted, the sample allowed to rest and then the strain
progressively reapplied, we will observe an elastic response up to a level of
stress slightly above that at which the sample had previously reached. That is,
the upper yield value will have shifted to a higher one just above the stress at
which the sample had previously attained. This gives a larger elastic region but
the modulus will be very similar to that found initially. To understand what has
happened we need to consider what is occurring on a microstructural level.

2.3.1 Lattice Defects

During crystal growth lattice defects often occur. Vacancies can occur and are
known as Schottky defects, when atoms or ions have migrated away from their
lattice positions to the surface of the crystallite. When they have left a vacancy
by migrating to a local interstitial position they are termed Frenkel defects.
These types of defect weaken the crystal and reduce the modulus of the system.
Perhaps more important than either of these defects is the presence of dis-
locations, where a mismatch in crystal planes occurs. These provide a source of
weakness where plastic flow can occur, i.e. they control the value of the limiting
stress or upper yield point. Impurities can be incorporated into crystal struc-
tures, for example carbon and nitrogen can fit interstitially into the face-centred
cubic iron lattice. When these impurities are strongly bonded into the lattice,
they may restrict the movement along the dislocation and so increase the yield
value markedly.
The importance of dislocations becomes evident when we consider the strain

on the microstructure of a simple crystal. The atoms or ions in a crystal are in
symmetric energy wells and so they vibrate around their lattice site. When we
track across a crystal plane, the potential energy increases and decreases in a
regular fashion with the minima at the lattice points and the maxima halfway
between these. The interatomic force, which is the rate of change of energy with
distance, is at a maximum halfway between the maxima and minima. So, if we
visualise the energy as changing as a sine wave with distance along a line of
atoms, the force would be the corresponding cosine function. What this means
is that the maximum force occurs at about 1/4 of the unit cell distance and we
can take this critical strain (gcrit¼ 25%) to be the point at which the plane
would slip over into the next minimum and we could write:

syðmaxÞ ¼ gcritG ð2:28Þ

In practice, this grossly overestimates the yield stress, which may be a factor
of 103 less than we would predict from this equation. The reason is that it is
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relatively easy for motion to occur across the end of the dislocation where there
is a mismatch in the lattice planes. Of course, the basic structure of the crystal is
not changed and so when we pause the experiment and start again we find the
same modulus. Figure 2.6 illustrates the process with a cubic lattice.
Work hardening of our crystal system occurs as the dislocations move and

eventually meet and lock. However, these are still potential weaknesses and
increasing applied stress or strain will again produce motion. Eventually,
catastrophic failure occurs as the material fractures. Here, dislocations can
come together to produce a crack.
As a solid is produced by crystallisation from the melt, a space filling

multicrystalline structure is produced. Each crystallite or grain has a different
orientation from its neighbour and the mismatch of the lattices at the crystallite
edges produces a region of poorer packing known as grain boundaries. Impu-
rities can also be concentrated in these regions. During creep, the dislocations
generated by plastic flow of the crystallites can move through the grains to the
grain boundaries at the same rate as they are being formed, i.e. a steady state is
achieved. At higher deformation rates the dislocations build and the grains
become shattered and are reduced in size. At temperatures that are a significant
fraction of the melting point, i.e. T4 0.5Tm, the creep rate, which in shear
would mean the shear rate and in extension the extension rate, is governed by
the diffusion of the atoms in the structure that enables the dislocation to remain
unblocked.6 The creep rate is then given by:

_g ¼ Asnexp
�E�

D

kBT

� �
ð2:29Þ

Where E�
D is the activation energy for self-diffusion. Now the diffusion of an

atom requires that there must firstly be an adjacent vacancy, so that the atom

slip plane

Figure 2.6 A dislocation in a cubic lattice. As a shearing force is applied in the
direction of the arrows, motion can most easily occur along the shaded
plane with the dislocation moving from left to right as the bonds ‘‘flip’’
from one atom to the next.
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can then move into the space. We can visualise the process as that of the
vacancy or hole migrating through the structure. The fraction of vacant sites
can be estimated from the Boltzmann function and the energy required to
remove an atom from its neighbours, ev,

n

n0
¼ exp � ev

kBT

� �
ð2:30Þ

where n0 is the number of lattice sites. Due to the vacancy in the coordination
shell, the energy, eD required to cause an atom, adjacent to a vacancy, to jump
into that vacancy is less than ev. um is the characteristic vibrational frequency of
atoms in the lattice and this, when reduced by the Boltzmann factor, gives the
number of potentially successful jump attempts:

jump frequency ¼ um exp � eD
kBT

� �
ð2:31Þ

This is, of course, the reciprocal of the time taken for an atom to move a lattice
site distance into a vacancy. um can be estimated from the heat capacity of the
crystalline material by using the Einstein or Debye models6 of atoms as
harmonic oscillators in a lattice. Combination of eqns (2.30) and (2.31) give
the number of atoms moving per second as

net jump frequency ¼ umn0 exp � eD þ ev
kBT

� �
ð2:32Þ

The diffusion constant, D, is given by the square of the distance moved per
second and so

D ¼ Pa2umn0 exp � E�
D

kBT

� �
ð2:33Þ

as we can equate the activation energy for diffusion with that required to
produce a vacancy and move a neighbouring atom into it. We have included a
constant P in the equation to recognise that this would only give an estimate
as details of the motion of the surrounding atoms should really be included, as
should the directional probability of any vibration. However, it would be
reasonable to expect P to be of order 1.
Annealing the system at temperatures close to its softening point allows

recrystallisation to occur and the grain size to increase. This process again
progresses by diffusion of holes through the structure and it is quite clear from
eqn (2.33) that this process will be assisted by elevated temperatures.

2.4 MACROMOLECULAR SOLIDS

This is a very important class of materials that covers both natural materials
such as wood, teeth and opals, and high-technology materials such as synthetic
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rubbers and other composite materials. We will, however, separate this cate-
gory into polymers and particulate systems as different modelling is required
for both of these, although both groups are made up of units consisting of very
large numbers of atoms. The topic of polymers will now be addressed and
particulate systems will be discussed in Section 2.5.

2.4.1 Polymers – An Introduction

There are three situations that appear to be relevant here. First, we may think
of a solid polymer formed from the melt; second, the much more compliant
elastomers that initially come to mind when we think of rubber elasticity; and
third, polymer gels formed in polymer solutions. In each case the details of the
physical chemistry of the macromolecules is crucial to the understanding of the
structure that is formed. In this section we will concentrate on organic macro-
molecules because the rheology of these molecular systems is often the reason
for their use.
The backbones of our polymers are made up of carbon chains. The bonds are

usually single but there may be a significant number of double bonds. The side
groups or side chains are a key feature as it is these that control the rotation
around the bonds and it is the bond rotation that gives a polymer molecule its
flexibility. The covalent C–C bond is rigid and the bond angle is fixed but, as
there are a great many bonds making up the backbone, rotation allows many
different coil shapes to be formed as well as a relatively easy change from one
conformation to another. The result is a system that is much more compliant in
shear and extension than the other types of solid (i.e. metals, ionic, or covalent
materials). The Poisson’s ratio is usually close to 0.5 and from eqn (2.27) we can
see that as

K ¼ G
2ð1þ nÞ
3ð1� 2nÞ ð2:34Þ

the bulk modulus can be large.

2.4.2 Chain Conformation

Prior to a discussion of the theory of rubber elasticity, it is important to review
how isolated polymer chains behave as this will provide a picture of the size and
shape of a polymer. Clearly, a polymer chain in a vacuum will collapse into a
dense unit, but when in a solution the molecule will take on a conformation that
is a function of the interaction with the surrounding molecules and the balance
between the entropically driven tendency to maximise the spatial configuration
and the connectivity of the monomer units. This is the case whether the chain is
surrounded by small molecules (solvent) or other macromolecules that may or
may not act like a solvent.
In a dilute polymer solution the chains are separated and take up some coil-

like conformation. The dimensions can be estimated from the statistics of a
random walk. Of course, the coil is not static and on average the shape is
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ellipsoidal. Detailed descriptions of the statistical conformation of polymer
chains in solution is given in the literature8–10 and here we will just summarise
the simple results. When we do this it must also be remembered that the
connectivity of the chain components gives us the result that polymer molecules
and solvents are necessarily nonideal. The molecular weights are markedly
different and all the behaviour of polymers in solution occurs at very small
mole fractions even though the weight or volume fractions are high. The
molecular weight of a chain is the monomer weight, mm, multiplied by the
degree of polymerisation, X, i.e. it is simply mmX. The monomer units may
be linear hydrocarbon chains, with or without side groups, or they may consist
of larger less mobile units, as in cellulose, where we must think of the basic unit
as a glucose ring that will act as a single link.
It has already been pointed out that the rotation about the chemical bonds

linking the building blocks of the chains allows many possible conformations.
The simplest model for a polymer chain is that of a 3D random walk with fixed
step lengths, i.e. the problem of fixed bond angles and physical atomic volume
is ignored. Figure 2.7 shows such a model. The important parameter that we
need to characterise this walk is the magnitude of the vector from atom 0 to
atom 11 shown as R in the figure. Taking our origin as the position occupied by
atom 0, the value of R is just the sum of all the individual bond vectors:

R ¼
X

n¼0!11

rn ð2:35Þ

The problem is that we must calculate an average value of this end-to-end
length. There will be as many bonds going in one direction (to the right being

Figure 2.7 Simple random walk in 3D showing equal magnitude steps r1 to r11. The
end-to-end vector is R.
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defined as the positive direction) as in the opposite (to the left being defined as
negative). Therefore, the mean value of the vector will be zero. However, we
can solve the problem of the directionality by using the square of each and then
taking the square root of the average value. Hence, we define the end-to-end
dimension as the root mean square value of N bonds of length b:

�R � R2
� 	1=2¼ b

ffiffiffiffi
N

p
ð2:36Þ

Figure 2.8 shows part of a poly(ethylene glycol) chain and illustrates the type
of problem encountered with real chains. First, there are fixed bond angles (in
this case the tetrahedral angle), and second, there is the physical volume
occupied by each atom so that the walk cannot, for example, cross itself. Both
of these constraints mean that the random walk is more open than the simple
model. We may express this expansion by introducing a factor, CN, known as
the characteristic ratio:

�R2 ¼ CNNb2 ð2:37Þ

CNb2 is ‘‘the effective bond length’’, b0. For the case of just the bond-angle
restriction on the random walk:

CN ¼ 1þ cosy
1� cosy

ð2:38Þ

and so for the tetrahedral angle y¼ 180–109.5o and CN¼ 2. Experimentally, we
can think of this characteristic ratio as describing the coil expansion due to
constraints imposed on the random walk such as fixed bond angles, restricted

Figure 2.8 Part of a poly(ethylene oxide) chain using wire frame and space-filling
models. Rotation about a carbon atom means that the following bond
sweeps out a cone with an included angle of 2y. The hydrogen atoms are
white and the oxygen atoms are grey.
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rotation due to bulky side groups, and exclude volume effects. The coil size
could be determined experimentally, for example from a viscosity study.
Alternatively, light or neutron scattering may be used to characterise the
polymer coil and here the radius of gyration, Rg, is determined. Rg is the
average distance of each atom from the centre of mass of the coil and is directly
related to the root mean square dimension by

Rg ¼
�Rffiffiffi
6

p ð2:39Þ

Table 2.1 illustrates the magnitudes of the characteristic ratio found for
typical polymers in dilute solution. The relatively simple poly(ethylene oxide),
(PEO), chain is fairly flexible, whereas the cellulosic chain has much more rigid
glucose rings and the poly(styrene) chain has large side groups on every second
carbon atom in the backbone.
So far the size and conformation of the polymer molecule has only been

considered in terms of the chemical architecture and the statistics of a random
walk. The chemical environment of the chain is also important, i.e. the solvent
and the temperature that was used to prepare the solution. This again focuses
attention on the interaction energies between molecules. Formally, it is the free
energy of the interaction between a solvent molecule and a chain segment
compared to both that acting between two chain segments and that acting
between two solvent molecules. The simplest theory is the Flory–Huggins
theory11 that is based on a simple cubic lattice model. The entropy is calculated
from the number of solvent–segment interactions while the enthalpy is calcu-
lated from the difference in interaction energy between the various combina-
tions of segment and solvent molecular interactions. The use of a simple cubic
lattice is not an important restriction, bigger problems arise from the assump-
tion that solvent molecules and polymer segments are the same size. The free
energy of mixing estimated from this model is

DGm ¼ kBT n1lnj2 þ n2lnj2 þ n1j2w½ � ð2:40Þ

where ni is the number of lattice sites per unit volume occupied by solvent (i¼ 1)
or polymer (i¼ 2) and the probability of a site being occupied is proportional to
the relative volume, i.e. to lnji. The first two terms in the bracket are just from
the number of ways the polymer and solvent can be arranged and these are

Table 2.1 Values of the characteristic ratio
for various chains.

polymer CN

unhindered rotation 2
poly(ethylene oxide) 3.4
cellulose ether 8
poly(styrene) 10
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taken as the entropic contribution. The third term accounts for the free energy
of the contact between polymer and solvent. This is assumed in the original
theory to be the result of the enthalpic contribution and so the w parameter is

w ¼ DHm

n1j2kBT
ð2:41Þ

As we have the free energy of mixing, we may now estimate the osmotic
pressure of our dilute polymer solution:

P ¼ RT
c2

M2
þ �v2

M2

� �2
1

v1

1

2
� w

� �
c22 þ � � � � � �

" #
ð2:42Þ

R is the gas constant and �vi is the molar volume of polymer or solvent as
appropriate and the concentration is in mass per unit volume. It can be seen
from eqn (2.49) that the interaction term changes with the square of the
polymer concentration but more importantly for our discussion is the impli-
cations of the value of w. When w¼ 0.5 we are left with the van’t Hoff expression
that describes the osmotic pressure of an ideal polymer solution. A solvent/
temperature condition that yields this result is known as the y condition. For
example, the y-temperature for poly(styrene) in cyclohexane is 311.5 K. At this
temperature, the poly(styrene) molecule is at its closest to a random coil
configuration as its conformation is unperturbed by specific solvent effects. If
w is greater than 0.5 we have a poor solvent for our polymer and the coil will
collapse. At w values less than 0.5 we have the polymer in a good solvent and
the conformation will be expanded in order to pack as many solvent molecules
around each chain segment as possible. A y condition is often used when
determining the molecular weight of a polymer by measurement of the con-
centration dependence of viscosity, for example, but solution polymers are
invariably used in better than y conditions.
It is now useful to consider how we may define the concentration of polymers

in solution. Dilute solutions are ones in which the polymer molecules have
space to move independently of each other, i.e. the volume available to a
molecule is in excess of the excluded volume of that molecule. Once the
concentration reaches a value where there are too many molecules in solution
for this to be possible, the solution is considered to be semidilute.8 The
concentration at which this occurs is termed c*. For convenience, c* is defined
as the concentration when the volumes of the coils just occupy the total volume
of the system i.e.

c�E
M

NA

3

4pR3
g

ð2:43Þ

in which NA is the Avogadro number. At concentration greater than this value
there will be polymer chains at any position in the solution but there will still be
large fluctuations in local concentration with position as the density of each
polymer coil is greatest at the centre of mass of the coil. The interactions
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between segments of neighbouring coils due to overlap progressively screen out
the intramolecular segment interactions and the coils move towards a more
ideal conformation. As the concentration is increased, the local fluctuations
become less and the local concentration can be taken as the average over the
system. The polymer solution is now known as concentrated and the concen-
tration where we can assume a uniform polymer density is c** where8

c��E
u
b06

Ms

NA
ð2:44Þ

Here, u is the excluded volume of a chain segment, b0 is the bond length of that
segment with a molar mass of Ms. In order to give the rotational flexibility to
produce a random walk a chain segment of bond length b0 ¼CNb is used,
representing a group of monomer units. The excluded volume is of course
related to the w parameter and may be written12

u ¼ ~vMs

NA
ð1� 2wÞ ð2:45Þ

and ~v is the specific volume of the polymer. Clearly as the solvent quality
improves, the excluded volume increases and the chains expand. As the
concentration rises beyond c**, we approach the melt.

2.4.3 Polymer Crystallinity

At this stage we only have part of the picture because we must think about what
happens as the chain density is high. When formed from a melt most solid
polymers have a degree of crystallinity and this has a marked effect on the
properties. The crystalline regions consist of sections of the polymer chains that
are closely aligned and so maximise the van der Waal’s interactions. During
cooling of the melt, these regions nucleate, as we would expect with any
crystallisation process, but because of the connectivity provided by the long
macromolecular chains, these regions are quite small and one molecule can be
associated with several crystallites. This is sketched in Figure 2.9. Hydrocar-
bons with a low molecular weight also form crystals due to the London–van der
Waal’s attraction. The C20 to C30 paraffinic hydrocarbons form a wide range
of useful crystalline waxes. In these cases, however, plastic flow readily occurs
as the crystals are not interconnected, as in the case of polymers.
Processing of polymers during the solidification process can be used to

control this, so for example when a high extensional deformation is produced
(fibre spinning) the crystallinity can be enhanced, but more importantly for
applications, it can be aligned with the fibre axis. This provides maximum
strength with minimum compliance. Sheet polymer can also be aligned by
drawing (a biaxial extension). Processing to produce maximum strength by
crystal manipulation has long been used with metals, of course, with wrought
iron being an obvious example. Although the great tensile strength is important
(linearised poly(ethylene) fibres have a much greater tensile strength than a
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similar weight steel), we should also note the low compliance. This is because in
the crystals the molecules are stretched out and the drawing process also tends
to stretch out the connecting molecules as well, so that there is little coil
structure left to unravel. The point here is that the compliance of a polymer
solidified from the melt is a combination of that of the crystallites with
the much more compliant, or ‘‘spring-like’’, interconnecting chains. In other
words, if we look at the deformation produced by a load, it is the response of
the interconnections that we are observing. Systems of this type can form high-
modulus solids. Measurement of the modulus can be measured by simple
means such as bending or stretching a sample. Of course, care must be taken at
any clamp points to avoid the introduction of errors due to stress concentration
at corners, sample deformation, etc. An easy and simple experiment is to study
the bending of a simply supported beam with increasing load. A suitable
geometric arrangement is sketched in Figure 2.10. The experimental data
shown in the figure is from an hydrogel. This was prepared using poly(vinyl
alcohol), (PVA). PVA is difficult to dissolve in water due to its high degree of
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Figure 2.10 Data from the bending of a simply supported cylindrical beam consisting
of 20% poly(vinyl alcohol) in water. In this case L¼ 110mm; d¼ 7mm.

Figure 2.9 Schematic of a linear polymer cooled from the melt showing crystallinity
as the darker regions of parallel sheets of chains folded back and forth.
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crystallinity, which is encouraged by extensive hydrogen bonding between the
hydroxyl groups. This hydrogel was prepared by dissolution in water using
dimethyl sulfoxide as a cosolvent and the polymer crystallised when the
solution was ‘‘crash-cooled’’ using a solid carbon dioxide/methanol slush
bath.13 Sheets, tubes and rods can be produced in this way. When a beam is
bent in the manner illustrated in Figure 2.10, the upper and lower halves carry
the maximum compression and tension loads, respectively. But there are also
shear components in the beam, i.e. there are components of compression and
tension acting diagonally (at 45o to the beam axis but normal to each other).
The expression for the Young’s modulus is given by14

E ¼ mg

D
L3

48I
ð2:46Þ

where D is the deflection caused by the applied load mg, L is the length of the
hydrogel rod between the supports, d is the rod diameter and I is the moment of
inertia of the section, which for a circular cross section is

I ¼ pðd=2Þ4

4
ð2:47Þ

Hence, eqn (2.46) can be rewritten

E ¼ mg

D
4

3pd
L

d

� �3

ð2:48Þ

The data for a hydrogel at 20% polymer is shown in Figure 2.10 and gives a
value of the Young’s modulus E¼ 11.8MPa.
It should be noted that this was an equilibrium value that was not reached

immediately. The initial value was higher and fell with time to this value.
Hydrogels of this type are a little different from a polymer prepared from a melt
in that they are heavily swollen with a liquid (80% water in this case). When the
load is initially applied the gel is incompressible until the fluid starts to drain
out through the mesh. In the initial stage it is the shearing that controls the
bending, i.e. the shear modulus can be calculated at this stage from the
deflection. Scherer15 made use of this by applying a deformation and measuring
the force as a function of time with silica gels that were covalently linked,
however, the technique is applicable to other systems. If the initial load is W(0)
and the final load isW(N), [equivalent to mg in eqn (2.46)], we have the pair of
equations:

a: Wð0Þ ¼ 144 ID
L3

G

b: WðNÞ ¼ 48 ID
L3

G

ð2:49Þ
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Now, the ratio of eqns (2.49b) to (2.49a) and eqn (2.5) provides a measure of
Poisson’s ratio as:

WðNÞ
Wð0Þ ¼ E

3G
and so n ¼ 3WðNÞ

2Wð0Þ � 1 ð2:50Þ

For a network of springs the shear modulus is16–18

G ¼ nskBT ð2:51Þ

where ns is the spring density in the system. This may be written in terms of the
molecular weight of the polymer springs as

G ¼ cp
NA

Ms
kBT ð2:52Þ

where cp is the polymer concentration and Ms is the molecular weight of the
spring. Using a value of Poisson’s ratio of 0.3, we have a value of Ms¼ 110 for
our 20% PVA hydrogel. This gives an average of 2 or 3 monomer units between
the ‘‘crystallites’’ and indicates the high degree of organisation in the system.
This is obvious from the high value of the modulus, which is two or three orders
of magnitude stiffer than a food-grade gelatin gel. The fact that the PVA
hydrogels are transparent is also important as this shows clearly that the
‘‘crystallites’’ must be very small, otherwise they would scatter light and an
opaque gel would result.

2.4.4 Crosslinked Elastomers

The picture can now be extended to elastomers where the polymer chains have
an occasional covalent crosslink tying them together. This gives a structure that
now consists entirely of interconnected springs as there are no crystallites
present. When this structure is deformed the conformation of the polymer coils
is constrained causing a decrease in entropy, i.e. the ‘‘springs’’ are ‘‘entropic
springs’’. This has the interesting result that the elastic modulus increases with
an increase in temperature in contrast to what we observe with other solids.
Swelling of the network with a solvent reduces the elastic modulus just by
reducing the number of ‘‘springs’’ in a unit volume. It will not change the
crosslinking as these are covalent bonds. Without the crosslinking the system
would no longer be a solid. It would be a liquid, albeit a viscoelastic liquid, with
a finite viscosity at low shear rates or low oscillation frequency, i.e. it would
have a zero-shear viscosity. What happens in this case is that polymer mole-
cules, which of course are in constant motion, can ‘‘wriggle’’ through the
mutual structure and so maintain a conformation that corresponds to a low-
energy state. This motion is called reptation. At higher deformation frequencies
the diffusive motion of the polymer molecules is too slow to free all the
entanglements and we start to see an elastic response. At sufficiently high
frequencies, none of the entanglements will have sufficient time to relax the
stress by reptation and all will be acting as effective crosslinks. The elastic
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modulus reaches a plateau value at frequencies in excess of this level and
the network modulus, GN, has been reached. Polymer melts and solutions
of high molecular weight polymers behave in this manner and form what is
termed physical gels. This behaviour of the storage modulus as a function
of frequency is illustrated schematically in Figure 2.11. The network modulus
can be expressed from eqn (2.51) in terms of the polymer concentration
(mass per unit volume), c, and the molecular weight between the entangle-
ments,8 Me:

GN ¼ c
NA

Me
kBT ð2:53Þ

Equation (2.53) is stating that the network modulus is the product of the
thermal energy and the number of springs ‘‘trapped’’ by the entanglements.
This is the result that is predicted for covalently crosslinked elastomers from the
theory of rubber elasticity that will be discussed in a little more detail below.
However, what we should focus on here is that there is a range of frequencies
over which a polymer melt behaves as a crosslinked three-dimensional mesh. At
low frequencies, entanglements will not hold as the reptation motion of the
chains allows relaxation of the stress – due to the work stored when distorting
the chain – and at very low frequencies all of the polymer molecules can diffuse
rapidly enough to maintain the preferred coil-like conformation. As the mole-
cular weight is increased, this centre of mass diffusion becomes slower and
slower and so the experiments must be carried out more slowly to see this
relaxation. These techniques are discussed in detail in later chapters. At this
stage we will assume that the slowest relaxation time is much less than
the experimental time. At very high frequencies the modulus increases above
the GN value as the experimental timescale becomes so short that only the
motion of shorter and shorter sections of the chain can be accessed. This means

logG ′ (�)

GN

log �

increasing molecular weight

Figure 2.11 Schematic of the dependence of the storage modulus as a function of the
frequency of the applied strain for a polymer melt. The plateau gives the
network modulus, GN. The plateau extends down to lower frequencies
as the molecular weight is increased as the relaxation time is proportional
to M3.
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that the mesh appears experimentally more and more like a rigid unit as
the frequency is increased until we are in effect just looking at the stiffness of the
C–C bonds making up the network.

2.4.5 Self-associating Polymers

Many polymers are not just simple homopolymer chains but are in fact
copolymers. They may be synthesised so that there are large blocks of a second,
or even a second and third polymer species along the chain. The latter are
known as terpolymers. With these systems the detailed chemistry is of great
importance. This is very clearly demonstrated by looking at the properties in
aqueous solution. The reason is that water is a strongly hydrogen-bonding
solvent and will interact differently with different types of polymer. Some
parts of the chain may be less soluble than others because they cannot fit into
the water structure and so they tend to cluster together. To illustrate this we will
consider in some detail the polymers used as ‘‘associative thickeners’’. These are
particularly good examples of how the chemical details of a polymer chain are
of major importance in determining the rheological behaviour. Now, the term
‘‘associative thickener’’ is usually reserved for water-soluble polymers that have
a small amount of low molecular weight hydrophobic modification to the chain
but it should be borne in mind that other types of chemical architecture can
result in polymer association. Poly(vinyl alcohol) is often used in aqueous
solution as a colloid stabiliser. It is produced from poly(vinyl acetate) by
hydrolysis of between 80% to 98% of the acetate groups to alcohol. The acetate
blocks are hydrophobic and provide a gelling mechanism by association of
the hydrophobic regions. Multivalent ion bridging is another type of gelling
mechanism that binds chains together. Calcium ions can be used to gel
poly(acrylic acid) or cobalt ions to gel hydroxypropyl guar.
For a polymer to dissolve in water, the high molecular weight chain must be

capable of ‘‘fitting into’’ the hydrogen-bonding structure. Chemical groups
such as the -OH or the -COOH can readily do this whilst aliphatic or aromatic
hydrocarbons cannot. Hence, around a simple hydrocarbon chain there is a
discontinuity in the water structure and we may visualise the hydrocarbon
chain as being in a ‘‘cage’’. When there are many of these in a given water
volume a significant gain in free energy can be achieved if the hydrocarbons are
grouped together to give a larger cage with less interfacial area. Clearly, there is
a balance here between the internal energy advantage of increasing the hydro-
gen bonding as well as increasing the interaction between hydrocarbons and
the decrease in entropy due to the hydrocarbon clustering. However, there is a
net advantage in the arrangement of BkBT per methylene group and this is the
origin of the hydrophobic bond.
Short hydrocarbon chains with 12 to 18 methylene groups may be readily

attached to water-soluble polymer chains. Only a few hydrophobes are required
on each polymer to produce a useful thickener. High degrees of addition
produce very strong gels, i.e. ones with a very high modulus. Polymers of this
type are generally classed as hydrophobically modified and the modification of
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the water-soluble backbone may be done in a number of ways. The chain may
be terminated at each end by hydrophobes. Poly(ethylene oxides), terminated
with an octadecyl chain, for example through a urethane link, are known as
HEURs.19 Cellulose ethers with 3 or 4 random grafts of, for example, hexa-
decyl chains are HMHEC,19 (the etherification of the cellulose is required
to render the chain soluble by reducing the ability to crystallise). Poly(acryl-
amides) can be synthesised to give a few small bunches of hydrocarbon chains
along the main backbone and can then be labelled HPAMs.19

These types of polymers have some particular advantages as thickeners as
they can be useful at relatively low molecular weights. This is important
because it reduces the elastic responses during flow, i.e. energy storage is less
as relaxation is rapid. A practical consequence of this is that coatings can be
manufactured that give low spatter when applied by a roller. However, under
quiescent conditions, a three-dimensional network is produced by hydrophobic
bonding. This is, however, weak and readily broken by shear or extensional
strains but is self-healing when deformation ceases. Each of the examples
mentioned above behave slightly differently and these differences are due to the
detailed structure. In each case the hydrocarbon groups associate via hydro-
phobic bonding but HMHEC, for example, can show a critical concentration
threshold before this occurs. HEUR on the other hand tends to associate at all
concentrations. This is due to the accessibility of the hydrophobes as they are at
the ends of very flexible chains. In HMHEC though we have a much stiffer
chain with the hydrophobes spread randomly along it. It is therefore a more
difficult process to bring these together to form network nodes. HPAM
conforms more closely to HMHEC than HEUR but, as we have groups of
hydrocarbon chains at each modification site, it associates somewhat more
readily.
In order to clarify they behaviour further, we will now discuss an HEUR in

more detail using a specific example that was prepared from a monodisperse
poly(ethylene glycol) with a number average molar mass of 35� 103 Dalton.
The terminal hydroxyls were capped by octadecyl chains.20 In the dilute regime,
aggregation of the hydrophobes occurs by a mixture of inter- and intramole-
cular associations. c* is reached at 73 kg m–3. Below c* there is a greater
probability of intramolecular interactions resulting in ‘‘closed-loop’’ network
defects. This reduces the number of elastically effective network links in the gel
as each end of the closed loop is connected to the same node. Above c* adjacent
polymer coils are overlapping and the probability of this type of network defect
is reduced. At concentrations where cc c* an increasing degree of chain
entanglement is to be expected. These will be effectively ‘‘locked in’’ by the
chain ends being in nodes formed by the clusters of hydrophobes. Thus, the
number of elastically effective links increase with each entanglement. The chain
entanglement is a bimolecular process and therefore gives a c2 contribution
to the modulus of the gel. The remaining type of network defect that could
occur is an unassociated hydrophobe that, like the closed-loop case, reduces the
number of elastically effective links. In this case by one link for each free
hydrophobe site.
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Now for our example of an HEUR gel the concentration used was 52.5 kgm–3

so that we had a value of c/c*¼ 0.72. This means that we may consider
entanglements to be unlikely but that some closed loops are likely to have been
formed. This was confirmed experimentally by the experimental value of the
network modulus, GNexpt, being linear with polymer concentration, indicating
no c2 dependence. The way that the network modulus was measured experi-
mentally was by oscillation of the gel at frequencies much larger than the
reciprocal of the slowest relaxation time. The slowest relaxation process in-
volved the removal of a hydrophobe from a cluster and for this gel was t B8 s
with GNexpt¼ 2.6 kPa. Now, in an ideal network of this type of polymer each
chain could be expected to form an elastic link. The number of chains per unit
volume is

nc ¼
cNA

Mn
ð2:54Þ

and so we calculate the network modulus as

GNcalc ¼
cRT

Mn
ð2:55Þ

where R is the gas constant. Hence, for this system we obtained:

GNexpt

GNcalc
¼ 0:7 ð2:56Þ

which indicates that 30% of the polymer chains are ineffective as elastic links.
The aggregation number of the hydrophobes in the clusters has been shown to
be Nagg B6,21 but the value may be as high as 20. This is much lower than that
found for the micellar clusters of common surface active agents (surfactants)
such as sodium dodecyl sulphate, SDS. The latter form spherical clusters at low
concentrations containing B74 hydrophobic chains.22 When surfactants are
added to an HEUR solution, mixed clusters are formed and with SDS, Nagg

B110,23 which means that ellipsoidal micellar clusters are formed. This is to be
expected due to the mismatch in the lengths of the two types of hydrophobe
involved.
The situation with the HMHEC polymers is a little more complicated and we

can use their behaviour to illustrate the importance of network defects. There
are a small number of hydrophobes randomly grafted along a relatively stiff
chain and the hydroxyethyl cellulose is prepared by the degradation of a
naturally occurring polymer so the molecular weight distribution is broad.
However, rheological measurements are an integration over a very large
number of interactions and so give a good measure of the average. Also,
the hydrophobes are of a narrow size distribution and these dominate the
stress relaxation times because the disaggregation of these requires the most
energy and is therefore the slowest process. The aggregation number of the
hydrophobe cluster is important in defining the range of relaxation times
that we see. If the aggregation number is large (say Nagg4 10), the local
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environment of any hydrophobe will vary little with the actual aggregation
number occurring at any given time for its cluster. That is to say that the energy
required to enable it to escape from its cluster becomes only a weak function of
Nagg and this leads to a sharp relaxation response. If the aggregation number is
low, as occurs with HMHEC due to a combination of chain stiffness and steric
restrictions, the local variations lead to a broadening of the relaxation response.
In terms of this chapter it is only important in the setting of the high-frequency
value that we choose for our experiment. So, we have to be sure that there is
little or no relaxation of the network and our Deborah number is sufficiently
high that a reliable value of GN, our network modulus, is obtained. The data
shown in Figure 2.12 were obtained by wave propagation experiments24 where
the frequency is o B1.2 � 103 rad s–1. The curvature of the data is a clear
indication that ‘‘locked-in’’ chain entanglements are contributing to the value
of the network modulus. We will now consider how we can model this type
of transient network. The system used had an Mn¼ 1� 105 Dalton and there
were an average ofB4 hexadecyl chains per hydroxyethyl cellulose chain in the
synthetic mixture so that the maximum number of crosslinking sites per chain,
Ni, was B4.
Now, if Ni¼ 1, when chains are linked together a network will not be formed

but just longer chains. When there are 2 or more, each site can lead to a
network spring if more than two hydrophobes can cluster to form a node.
(Note that this is different from the situation of a chemically crosslinked
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Figure 2.12 The network modulus of a solution of an HMHEC in water. The figure
shows the curves calculated from eqn (2.57) and the experimental points
taken from Ref. 24. The molecular weight was Mn¼ 105 and there were
B4 hexadecyl hydrophobes per cellulose chain at synthesis.
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network where only two chains would be joined by the formation of the link. In
this latter case a value of Ni4 2 is required for a network.) The potential
number of network springs is

ns ¼
ðNi � 1Þ

2

NAc

Mn
ð2:57Þ

Here, the 2 in the denominator is to avoid double counting as it takes two
sites to form one link. However, closed loops and chain entanglements are both
possibilities and eqn (2.57) must be modified for these effects. We may write the
network modulus as

GN ¼ nskBTð1� flÞ þ Bc2 ð2:58Þ

where the entanglement correction coefficient was assigned a value of
B¼ 0.25m5 kg–1 s–2 in line with swollen rubber networks and fl is a correction
for the probability of closed loops being formed, which can be written

fl ¼ 1þ NAM
1=2
n c

2b3=2Ni 1� 1=Ni½ �

 !
ð2:59Þ

where b is dependent on the characteristic ratio of the polymer chain (6.38 for a
cellulose ether chain), the skeletal bond length, lb¼ 0.187 nm, and molecular
weight per skeletal bond, Mb¼ 69 Daltons:

b ¼ 3Mb

2pCNl2b
ð2:60Þ

The calculated curves from eqn (2.58) are shown in Figure 2.12 and give a
good fit to the data with between three and four hydrophobes per chain.

2.4.6 Noninteractive Fillers

There are many situations when polymer networks contain a filler. The particle
size is frequently chosen to be in the colloidal size range. This is partly for ease
of processing, but frequently fillers are used to produce colour and/or opacity
as well as improving the mechanical properties and it is for this reason also that
colloidal particles are used as they provide good light scattering at low addition
levels. However, we will concentrate on changes in mechanical properties
caused by fillers. The term ‘‘noninteractive filler’’ means that the filler does
not play a role in the crosslinking of the network. Even so, fillers can have a
marked effect on both the elastic properties and the wear resistance. Filler
particles are usually inorganic or organic particles with a high modulus. For
example, carbon particles are used in car tyres.
The simplest approach would appear to be to add the compliances of the two

phases in proportion to the volume fractions of each phase, j:

J ¼ 1

GN
ð1� jÞ þ 1

Gf
j ð2:61Þ
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Here, Gf is the modulus of the filler and for many soft gels the right-hand side
is dominated by the first term as GfcGN. We could, therefore, write the
modulus as

GE
GN

ð1� jÞEGN 1þ jþOðj2Þ
� �

ð2:62Þ

However, this fails to take into account the form of the strain field around
the particles and if this is taken into account the modulus of a gel filled with a
noninteractive filler can be written as25

G ¼ GN 1þ 2:5jþOðj2Þ
� �

ð2:63Þ

This has the same form as the expression for the viscosity of dilute suspen-
sions (see for example Chapter 3). The expression is, however, limited to low
concentrations of particles, i.e. for jo 0.05; and there are others that can be
used throughout the range of volume fractions. Landel26 proposed that the
elastic modulus can be described by

G ¼ GN 1� j
jm

� ��2:5jm

ð2:64Þ

where jm is the maximum concentration that the filler can achieve. For
monodisperse spherical particles, the dense random packing value of 0.64
would be more appropriate than the hard-sphere transition at B0.5 found
from computer simulations of small particles in Brownian motion, as
the motion of filler particles is likely to become considerably restricted by the
polymer network as the mesh size will be smaller than most filler particles.
The derivation of eqn (2.64) is straightforward and is achieved by taking an
‘‘effective medium approach’’. We know from eqn (2.63) that the initial rate of
change in the relative elastic modulus is 2.5, i.e.

@G

@j
¼ 2:5GN ð2:65Þ

Now, if we assume that any volume fraction, any replacement of a small
volume of the network by particles will give rise to the same rate of increase in
modulus, we have

@G ¼ 2:5G@j ð2:66Þ

But as we cannot add particles to the volume already occupied by particle, we
must write the concentration addition to the available volume and eqn (2.66)
becomes

@G ¼ 2:6G
@j

1� j
ð2:67Þ

Now, integrating this equation to any volume fraction, j, with the boundary
conditions that the elasticity is equal to the network value of the polymer
matrix when there are no particles present, and that when the volume fraction
reaches jm, the elasticity becomes infinite (although formally we should make it
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equal to that of the packed filler bed). This then gives us eqn (2.64). There is an
analogous equation describing the viscosity of suspensions of particles and this
is introduced in Chapter 3. When a value of 0.64 is used for the maximum filler
concentration, eqn (2.64) becomes

G ¼ GN 1� j
0:64

� ��1:6

ð2:68Þ

An example of the effectiveness of this equation is given by an aqueous
HEUR gel made up of a polymer with Mn¼ 20� 103 Daltons at a concentra-
tion of 30 kgm–3 filled with a poly(styrene) latex with a particle diameter of
0.2 mm at j¼ 0.2. The unfilled gel had a network modulus of 0.4 kPa, whilst
the modulus of the filled gel was 0.7 kPa. Equation (2.68) predicts a value of
0.728 kPa. The poly(styrene) particles act as a noninteractive filler because the
surface is strongly hydrophobic as it consists mainly of benzene rings and
adsorbs a monolayer of HEUR via the hydrophobic groups resulting in a
poly(ethylene oxide) coating that does not interact with the HEUR network.
This latter point was further demonstrated at lower filler levels by depletion
flocculation of the filler, an event that would not occur with an interactive filler
as it requires a tendency for the system to phase separate.

2.4.7 Interactive Fillers

By interactive in this context we mean that the filler can adsorb network
polymer and thereby become involved in the crosslinking process creating a
larger number of network links. In some cases the polymer–particle interaction
may be the main crosslinking mechanism.
To illustrate how the effect of the adsorption on the modulus of the filled gel

may be modelled we shall consider the interaction of the same HEUR polymer
described above but in this case filled with colloidal poly(ethylmethacrylate)
particles. In this case the particle surface is not so hydrophobic as a poly
(styrene) surface but adsorption of the poly(ethylene oxide) backbone is pos-
sible. Note that if a terminal hydrophobe of a chain is detached from a micellar
cluster and is adsorbed onto the surface, there is no net change in the number of
network links and hence the only change in modulus would be due to the
volume fraction of the filler. It is only if the backbone is adsorbed that an
increase in the number density of network links is produced. As the particles are
relatively large compared to the chain dimensions, each adsorption site leads to
one additional link. The situation is shown schematically in Figure 2.13. If the
number density of additional network links per unit volume is NL, we may now
write the relative modulus Gr¼G/GN as

Gr ¼ 1þNL

N

� �
1� j

0:64

� ��1:6
ð2:69Þ
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where N is the number of network links per unit volume and

NL ¼ G
NA

Mn
rpj ð2:70Þ

Here, G is the adsorbed amount of polymer per unit weight of filler and rp is
the density of the filler. The fit to the data is shown in Figure 2.14.
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Figure 2.14 The relative shear modulus, Gr¼G/GN, of an HEUR gel filled with
polymethacrylate particles. GN¼ 0.4 kPa. Experimental points are
shown with the curves calculated for a noninteractive and an interactive
filler. The amount of adsorbed polymer, G¼ 78 g/kg of filler, gave a good
fit to the experimental data.
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Figure 2.13 (a) adsorption of terminal hydrophobic group giving no additional
network links; (b) adsorption of polymer chain giving an additional
network link for each chain adsorbed.
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2.4.8 Summary of Polymeric Systems

The above examples show that we can describe the network modulus of
polymer gels by using the concept of entropic springs making up the network.
In some cases corrections to the network are required to describe network
defects but these can be satisfactorily modelled. Filling a polymer network with
either an inert filler, or one that interacts with the network by adsorption, can
also be satisfactorily modelled in a simple fashion. It is stressed that we are
describing the plateau or network modulus, which means that the elasticity is
due to the formation of a network and the timescale of the experiments, is
sufficiently short that no relaxation of the network can occur. The relaxation
time is a function of the bond energy so that if the network is formed from
covalent bonds the relaxation time is very long. If the bond is weaker, as for
hydrophobic bonds for example, shorter relaxation times are found and then it
becomes clear experimentally that we have a viscoelastic material and we are
looking at a high-frequency plateau.

2.5 COLLOIDAL GELS

Dilute colloidal dispersions are fluid systems with a viscosity close to that of the
continuous phase. If the concentration is increased, the mean interparticle
separation will eventually approach the range of the interactions between the
particles. When this point is reached, a structure is formed that extends
throughout the dispersion. Particle motion becomes restricted and viscoelastic-
ity is observed as the relaxation processes become slow. As the particle number
density is increased further, the structures become denser and the elastic
modulus increases. The details of the particle–particle interactions are key
factors and will be discussed in outline only here. There are other texts that
give a detailed account and the reader is referred to these for a full discus-
sion.12,27,28,29 The elastic modulus of the colloidal gel is the sum over the
structure of all the contributions from the ‘‘colloidal springs’’. Recalling that the
modulus is the rate of change of force with distance, and that the force is the rate
at which the potential energy changes with distance of interparticle separation,
the elastic modulus of a ‘‘colloidal spring’’ is reflected in the curvature of the
pair-potential curve. Detailed modelling for different types of interaction is
given in Chapter 5, here we will examine the types of interactions that occur.

2.5.1 Interactions Between Colloidal Particles

The pair potential of colloidal particles, i.e. the potential energy of interaction
between a pair of colloidal particles as a function of separation distance, is
calculated from the linear superposition of the individual energy curves. When
this was done with the attractive potential calculated from London dispersion
forces, Va, and electrostatic repulsion, Ve, the theory was termed the DLVO
theory (from Derjaguin, Landau, Verwey and Overbeek). Here, we will use the
term to include other potentials such as those arising from depletion
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interactions, Vd, and steric repulsion, Vs, and so we may write the total
potential energy of interaction as

VT ¼ Va þ Vd þ Ve þ Vs ð2:71Þ

It is the convention to denote attractive potentials as negative and repulsive
ones as positive.

2.5.2 London–van der Waals’ Interactions

The London dispersion forces occur between any pair of atoms and are due to
the coupling of the oscillations of the electron clouds. This is the same van der
Waals’ force that acts between any two atoms and is responsible for the
nonideality of inert gases for example. As this is a nondirectional attractive
force (unlike permanent dipolar interactions for example), the oscillations of
large arrays of atoms also couple. There are two approaches used to calculate
the interaction energy for colloidal particles.30 The first is pairwise additivity of
the interaction between atoms interacting at a high frequency close to an
ionisation condition – the Hamaker approach. This does not take into account
the interactions with the atoms surrounding the pair. The problem of multi-
body interactions can be avoided if the interacting particles are treated as two
dielectric masses and the full frequency range is considered – the Lifshitz
approach. The result can be expressed in terms of the surface–surface separa-
tion of the particles, h, the particle dimensions, and a coefficient characteristic
of material i interacting across material j, Aij, which is termed the Hamaker
constant. The result for a variety of geometries is:
for thick slabs length L and breadth B

Va ¼ � Aij

12ph2
L � B ð2:72aÞ

for spheres of radii R1 and R2

Va ¼ �Aij

6h

R1R2

R1 þ R2
ð2:72bÞ

for a sphere and a plate

Va ¼ �Aij

6h
R ð2:72cÞ

for crossed cylinders of radii R1 and R2

Va ¼ �Aij

6h

ffiffiffiffiffiffiffiffiffi
R1R

p
2 ð2:72dÞ

for parallel cylinders of length L

Va ¼ � Aij

12
ffiffiffi
2

p
� h3=2

L
R1R2

R1 þ R2

� �1=2

ð2:72eÞ
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It is perhaps useful to point out at this stage that these interactions are much
longer range than found for two atoms because of the additive nature of the
dispersion forces. However, the repulsive potential expressed in the Lennard-
Jones–Devonshire equation as inversely proportional to the twelfth power of
distance is still present at this very short range and will limit the attraction at
very short range as the electronic orbital overlap of the surface atoms becomes
significant. On this scale the detailed atomic structure of particle surfaces
becomes critical and this includes, of course, adsorbed layers of ions, water or
other molecules. Although there are some theoretical developments that take
some of the detail of surface structure into account, it is usually assumed that
we are dealing with smooth surfaces and continuum models will apply. For
many situations this is adequate but detailed rheological modelling of systems
in which particles are very close should be approached with caution if contin-
uum modelling is being used for the pair potential.

2.5.3 Depletion Interactions

The depletion potential, Vd, occurs when bimodal systems become moderately
concentrated. To see a significant effect there needs to be a large size difference
and most studies have been done with polymer/particle systems. It is a
prerequisite that the solution polymer does not bind to the surface as is often
the case when high levels of surfactants have been used to disperse and stabilise
the colloidal system. The origin of the effect is illustrated schematically in
Figure 2.15 and is as follows. In a well-mixed system we may expect the
particles and polymer coils to be randomly distributed throughout the volume.
The concentration of polymer in the continuous phase must be close to c* or
higher for a measurable effect as the polymer molecules begin to exert a
significant osmotic pressure as they become space filling. Once the particulate
phase reaches a concentration at which the average separation is of a similar

A. randomly mixed  B. depletion flocculated 

Figure 2.15 Equal volumes of a polymer-thickened dispersion. When the particles are
aggregated there is a bigger solvent volume available to the polymer
molecules.
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size to the dimensions of the polymer coil, i.e.

�h � 2Rg

then the volume between the particles becomes unavailable to the polymer. The
result is that there will be a free-energy gain if the particles are clustered
together into a separate phase giving a balance between the osmotic pressure of
the particulate phase and the now more dilute polymer-rich phase. This is
clearly a cooperative effect and so the depletion potential should be formally
considered from the standpoint of a potential of mean force. However, the
treatments in the literature normally model the potential in terms of a pair
interaction and then assume pairwise additivity. The route31,32 used for the
calculation is to determine the force from the osmotic pressure of the polymer
solution multiplied by the cross-sectional area of the volume excluded to the
polymer chains between an approaching pair of particles. This is then inte-
grated to give the pair potential. The result is simply the osmotic pressure
multiplied by a volume term, which is the volume excluded to the polymer. We
may write for example32

Vd ¼ �P
4p
3

aþ Rg

� �3
1� 3r

4 aþ Rg

� �þ r3

16 aþ Rg

� �
 !

ð2:73Þ

where P is the osmotic pressure of the polymer solution and r¼ ( 2a+ h).

2.5.4 Electrostatic Repulsion

The surfaces of colloidal particles are often charged and these charges can arise
from a number of sources. Chemically bound ionogenic species may be found
on the surface of particles such as rubber or paint latex particles. Charged
species may be physically adsorbed if ionic surface-active materials, for exam-
ple, have been added. A charged surface may occur on a crystal lattice. An
example is the isomorphous substitution of lower-valency cations such as
aluminium for silicon in the lattice structure of clays. A further example is
the adsorption of lattice ions that are in excess in solution such as silver iodide
that is negatively charged if there is an excess of iodide and are positively
charged if silver is in excess. The charge on the particle surface is balanced by a
solution charge, which makes up the other half of the electrical double layer.
Unlike charges attract and like charges repel each other, so there is a high

concentration of counterions attracted to the particle surface whilst co-ions
(those with the same sign charge as that of the surface) are repelled. Thermal
motion, i.e. diffusion, opposes this local concentration gradient so that the
counterions are in a diffuse cloud around the particle. Of course, particles that
have a like charge will also repel each other but the interaction of the particle
surfaces will be screened by the counterion clouds between the particles. The
interaction potential is a function of the surface potential, c0, the permittivity
of the fluid phase, e¼ ere0 with er being the relative permitivitty12,27
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For identical spheres at constant surface potential:

Vr ¼
4pea2c2

0

r
expð�krÞ for kao5

Vr ¼ 2peac2
0 ln 1þ expð�krÞ½ �f g for ka45

ð2:74aÞ

The Debye–Hückel decay parameter, k, which has units of m–1 is a function
of the ionic strength, I, and permittivity:

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ekBT
2e2NAI

s !�1

ð2:74bÞ

In practice, we use the electrokinetic potential, z, in place of the surface
potential as it is readily measurable and will reflect the changes to the surface as
the result of adsorbed ionic species.
For two plates:

Vr ¼ LB 64n0kBT tanh2
zec
4kBT

� �2,
k

 !
expð�khÞ ð2:74cÞ

n0 is the ion number density in the bulk electrolyte. The expression for a sphere
and a plate is given by multiplying eqn (2.74a) by a factor of 2 and there are
expressions in the literature for dissimilar spheres,33 cylinders34 and a cylinder
and a plate.35 The calculations can also be carried out using a surface charge
that remains constant whilst the potential changes as the surfaces approach.12,27

The expressions given are the simplest because they are based on the additivity
of potentials, and hence ion concentrations, between particles. This means that
we are thinking of ‘‘weak overlap’’. In many cases of rheological interest this
will be a satisfactory approximation whether we are dealing with charge
stabilised, weakly flocculated or coagulated colloidal dispersions.
Another important practical problem is encountered when it is recognised

that the concept of a ‘‘bulk electrolyte ionic strength’’ is difficult to sustain
when a colloid becomes concentrated. The problem is that the counterions
that surround each charged particle are in the form of a diffuse cloud and, as
the concentration of particles is increased, the ions around neighbouring
particles can become involved in the interaction between a particle pair. Thus
in a concentrated system the concentration of counterions needs to be added
to the background electrolyte content when calculating12 the value of the
Debye–Hückel parameter k. Figure 2.16 illustrates how the screening of the
potential increases with volume fraction.

2.5.5 Steric Repulsion

Steric repulsion is the term used to describe the repulsion between surfaces
covered by layers of polymer or nonionic surfactant. The concept is that, as the
coated surfaces approach each other, a large local osmotic pressure develops as
the layers interact.36 Initially, the interaction is a mixing one as the outer layers
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start to interpenetrate but, as the surfaces approach closer, the interaction
includes changes due to restriction of chain conformation as the space is
reduced. The interaction is governed by:

a. the number of chains per unit area on the surface, np¼GNA/MnA, (where
A is the specific surface area)

b. the thickness of the adsorbed layer, d,
c. the solvent quality, i.e. the value of (0.5–w)
d. the strength of the ‘‘anchor’’ of the adsorbed chains.

The last point is of critical importance and is a prerequisite for effective
stabilisation. The most common means of providing this is to use block copoly-
mers so that the dispersion medium is a poor solvent for part of the chain but a
good solvent for the remainder. The anchoring sections commonly vary from
between 5% and 50% of the chain, depending on the nature of the polymer.
Chemical grafting of the stabilising moieties is even more effective but rarely
done in commercial products due to cost. With a strong anchor group, steric
stabilisation means that the system is thermodynamically stable and not kineti-
cally stable as with electrostatically stabilised systems. Steric stabilisation is also
less sensitive to electrolyte levels and can also be useful in low-polarity media.
Isrealachvilli30 gives the interactions between planar surfaces per unit area as:
for low coverage, w¼ 0.5 and d¼Rg (Dolan and Edwards37)

VsE
36

A

G
Mn

RT exp � h

d

� �
ð2:75aÞ
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Figure 2.16 The pair potential calculated for rutile particles with a radius of 100nm,
background electrolyte concentration of 10–4mol dm–3 and a z-potential of
–50mV. Curve a was calculated for an isolated pair of particles and curve b
corresponds to the potential for a pair of particles in a dispersion at a
volume fraction of 0.45. Note how the increased electrolyte content due to
the counterions introduced with the particles shorten the range of the
repulsion enough for a small secondary minimum to be found at hB70nm.
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for high coverage, wo0.5 and d¼ np
0.5 (RgCN)0.6 (deGennes38)

VsE
100d
ps

G
MnA

RT exp � ph
d

� �
ð2:75bÞ

where s is the spacing between anchor points of attached chains and is given by

s ¼ np
� ��0:5¼ GNA

AMn

� ��0:5

ð2:75cÞ

For spherical particles of radii a1 and a2 we could use the Derjaguin
approximation (see for example Ref. 30) to calculate the potential:

VsE
a1a2

a1 þ a2

� �
200d2

ps
G

MnA
RT exp � ph

d

� �
ð2:75dÞ

There are other approximations in the literature12,27,30,36 that may be more
appropriate for particular conditions. In many colloidal systems the value of d
is 2 nmodo10 nm and until ho2d the pair potential will be dominated by the
other types of interparticle interactions, i.e. it is of short range albeit very steep.
It is important to recognise that many of the models that have been tested by

experiment have used special systems such as terminally grafted polymer
chains. In practical systems using a good steric stabiliser, the osmotic pressure
difference of the initial particle interaction will be more a function of the
polydispersity in the chains of the stabilising moieties than the particular details
of any of the models. Also, the surface density of chains is as high as intrachain
interactions will allow, so that the osmotic pressure increases very rapidly
indeed with only a small overlap. Hence, using the value of d just as a limiting
distance of approach is often a satisfactory approximation.

2.5.6 Electrosteric Interactions

Polyelectrolytes are sometimes used as stabilising species and many systems of
biological origin have proteins as stabilising species. The result is a strong steric
contribution but in addition there is also an electrostatic contribution to the
pair potential. The electrostatic term starts from the outside of the layer as the
charged species are strongly solvated. Of course, they also repel each other
and so an expanded conformation of the layer occurs. As electrolyte is added,
or the pH is reduced with –COO– groups the repulsion is reduced and the layer
contracts. Repulsion still limits the conformation, however, and the potential at
the outer surface (the z or electrokinetic potential) is very little changed (unlike
most ionogenic surfaces) until nearly all of the charge groups are in the
undissociated state. This type of stabiliser is a very robust system and ionic
surfactant systems also have a component of this type.
The robustness occurs due to the apparent surface charge being displaced

from the particle surface by about the length of the chain in a densely packed
layer. Although the displacement is only around a nanometre or two, this can
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make a very large difference to the shape of the pair potential around the
maximum and, as this is close to where the maximum in the force occurs (i.e. at
the point of inflection) the interparticle forces can be changed significantly.
Figure 2.17 shows how this displacement of the origin of the electrostatic
interaction combined with a steric contribution can turn a potentially unstable
dispersion into a stable one. Another example of the combination of electro-
statics and steric barriers is shown in Figure 2.18, which shows the calculated
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Figure 2.17 Pair potentials calculated for 50 nm polystyrene particles in 0.1mole dm–3

electrolyte and with a z-potential of –30mV. Curve a is the result for a
simple polystyrene surface and curve b was calculated from the model of
a 1 nm surfactant layer so that the z-potential is taken as occurring at the
outer edge of the adsorbed layer. A maximum in the potential of B8kBT
is insufficient to provide long-term stability and the curves clearly shows
how electrosteric stabilisation can achieve this.
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Figure 2.18 The pair potential calculated for polystyrene particles of radius 500 nm,
with a measured z-potential of –12mV in 0.5mole dm–3 electrolyte. A
steric barrier of d¼ 3.5 nm was used as the particles had monolayer
coverage of a monodisperse nonionic surfactant. This was C12EO6 that
represents a dodecyl hydrophobic moiety linked to an hexaethylene
glycol via an ether link.
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pair potential for large particles of 1 mm diameter in a sodium chloride solution
at a concentration close to that found in sea water. Under these electrolyte
conditions the electrostatics are very short range starting from a low potential
(the measured value was –12 mV) and the systems would irreversibly coagulate.
However, the addition of a nonionic surfactant, to a level that would ensure
monolayer coverage, limits the depth of the attractive well to B12kBT. This is
sufficiently shallow for aggregates of such large particles to be readily broken
up by shear forces and the systems are therefore only weakly flocculated.
The data in Figures 2.17 and 2.18 are displayed in terms of the dimensionless

centre-to-centre separation of particles, i.e. r/2a¼ (2a+ h)/2a. This has been
done to illustrate another important point: the range of linear elastic response.
In a concentrated system, which is showing solid-like or elastic responses, the
structure has to be able to span the volume. This means that the mean value of r
is often similar to the particle diameter (or is at least the same order of
magnitude). It is therefore useful to think of the strain as a deformation
occurring over the distance 2a for these ‘‘colloidal springs’’. As the energy is the
force (stress) multiplied by the distance and the spring constant is the rate at
which the force changes with distance, the spring constant or modulus is the
curvature of the pair potential. For this spring modulus to be constant, i.e. a
linear force–distance curve, the curvature must be constant. (This is the same
problem as anharmonicity becoming important in infrared spectroscopy.) A
quick visual inspection of Figures 2.17 and 2.18 shows that for the electro-
statically stabilised colloid – curve b in Figure 2.17 – the curvature is similar
over B2% of r/2a, whilst for the weakly flocculated system it is less than
B0.1% of r/2a. Bearing in mind that this is only meant as an illustration, it is
useful to remember that the critical strain where nonlinearity is observed is an
indication of the type of network structure. In practice, many electrostatically
stabilised systems are linear up to 3 or 4% strain, in contrast to polymer
systems that may respond linearly for strains in excess of 50%. It is also the case
that the upper limit for weakly flocculated systems isB0.1% strain and that for
coagulated systems it is difficult to find a linear region at all. This latter
condition is because the long-range attraction is eventually limited by very
short range repulsion (interaction of adsorbed species occurring at Bh–12 as in
atomic interactions). This results in very sharp curvature indeed.
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CHAPTER 3

Viscosity: Low Deborah Number
Measurements

3.1 INITIAL CONSIDERATIONS

The flow of materials occurs when the deformation that we have produced by
applying a stress to the material is not recovered fully after the stress has been
removed. This is a familiar concept when we think of the behaviour of common
materials such as light oils or water. Indeed, it would be surprising if any of the
deformation was recovered, although we shall see that with some solutions and
dispersions this is not the case.
We have seen that with high Deborah number experiments the work done

when a stress was applied was stored throughout the microstructure as the
components were moved into a higher energy configuration. At Deborah
numbers {1, the thermal or diffusive motion is sufficient for the microstruc-
ture to remain at, or very close to, the low-energy configuration. In other
words, the work done is continually dissipated. This gives us the mechanical
equivalence of heat and results in the concept of an internal friction coefficient.
When the stress that we apply is kept constant, the deformation will occur at a
constant rate. As an example of this, we have a sample of our material in a cup
with a bob immersed in it, as illustrated in Figure 3.1. When we apply a
constant torque to the bob, it will rotate at a constant angular velocity and so
the strain will be increasing at a constant rate. The tangential velocity of the
bob surface is v¼ dx/dt, and so the rate of strain, dg=dt ¼ _g, is d(dx/dt)/dt
or the velocity gradient. A typical rheogram for water at 25 1C is shown in
Figure 3.2. This rheogram shows a linear relationship between the shear stress
and the shear rate and a fluid that exhibits this type of behaviour is known as a
Newtonian fluid. The slope of the line gives the coefficient of (shear) viscosity,
i.e. Z ¼ s=g, which in this case is B9� 10�4 Pa s. The reciprocal of the viscosity
is known as the fluidity, f, of the material. However, the term is less frequently
used than viscosity although there may be occasions when it is useful to think in
these terms.
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It is important to note that the reciprocal of the shear rate is the time taken
for unit strain to occur in the material and is the characteristic timescale for our
experiment. As long as the microstructure can reorganise by thermal motion in
a shorter timescale, the value ofDe is less than 1 and the structure will remain in
a configuration that is close to its equilibrium structure. The energy of course is

Figure 3.1 Simplest cup and bob geometry. The x-direction is tangential to the
moving surface and y is perpendicular.
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Figure 3.2 Rheogram for water at 25 1C. The slope gives a value for the viscosity of
8.85� 10–4 Pa s.
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continually dissipated and we can calculate the rate from the force and the
distance moved per second:

_E ¼ s_g ð3:1Þ

Now the constitutive equation or equation of state for our Newtonian fluid is:

s ¼ Z_g ð3:2Þ

and so the rate of energy dissipation for a Newtonian material is now:

_E ¼ Z _g2 ð3:3Þ

We can take as an example a Newtonian oil, hexadecane say, which has a visco-
sity of 3.34� 10–3 Pa s at 20 1C, in our rheometer with a sample size of 2 g of oil.
We are going to shear this sample at 300 s–1 for 100 s. The energy input is
3340 J. Now, as the heat capacity of the oil is B500 Jmole–1K the temperature
rise would be 6.7 1C if our rheometer was a very poor heat conductor (i.e. an
adiabatic system). The viscosity reduces exponentially with temperature and so
clearly there is a requirement for good thermostatting so that the experiment is
isothermal. But even if the rheometer is a good heat conductor, large samples of
viscous organic materials may not remain at a uniform temperature across the
sample!
The energy changes that occur when a fluid flows are due to the sum

1. changes in potential energy (e.g. changes in height);
2. changes in pressure (reversible pressure volume term);
3. changes in kinetic energy (from the momentum changes);
4. the viscous or ‘‘frictional’’ losses.

Formally this is expressed by the Bernoulli equation (see for example Ref. 1),
but in the laboratory we have the ability to work under conditions where we
can minimise some of these. For example, in a small sample in our simple
viscometer pictured in Figure 3.1, a small volume element of fluid would not be
expected to change in height in the cup. We usually regard liquids as incom-
pressible but we should bear in mind that this is not strictly the case. The faster
a fluid flows, the lower is the pressure. The best example of this is the lift
generated by an aerofoil moving through a fluid. This will also not raise any
problems in our simple viscometric flow so let us focus for a moment on 3 and 4
above for a flowing liquid. The amount of energy dissipated in one second due
to the flow is the force multiplied by the velocity. The force being given by the
momentum of the fluid element, which is simply the mass times the velocity.
The mass of fluid that we are considering is calculated from the density, r, and
the volume of fluid passing through the element. Hence, we can say that the
force due to the momentum is:

Fm / mv
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or

Fm / ra2v2 ð3:4Þ

The velocity times the Stokes friction factor gives the viscous resistive force:

Fv / vZa ð3:5Þ

It is interesting when we ask what we observe when one or the other of these
forces dominate. The ratio of these two forces gives us the dimensionless group
known as the Reynolds number, Re:

Re ¼
rav
Z

ð3:6Þ

We find experimentally that when Re Z O(103) the flow is no longer laminar,
i.e. the flow becomes unstable and vortices are formed. These are first seen at
the boundaries between the fluid and solid surfaces. These chaotic flows should
be avoided in our laboratory equipment in the course of viscometric charac-
terisation. The conclusion that we draw is that we should make measurements
at low Reynolds numbers in order to ensure that only the viscous dissipation is
making a significant contribution to our measurements.

3.2 VISCOMETRIC MEASUREMENT

A wide variety of viscometers suitable for liquids are currently available, often
with computer control. Many quality-control laboratories use simple, cheap,
robust instrumentation, which perform quite adequately in a day to day
context. However, these instruments can have a very narrow range and do
not always give well-defined shear rates, which makes them less suitable for
research and development work and we will not consider them further here.
Figure 3.3 schematically shows the two main instrument types in common use:

|

Controlled Stress Controlled Strain

drag-cup motor

position | load cell
Sensor

air bearing

themostatted measurement
geometry

variable speed motor

Figure 3.3 Schematic of current rheometers. Computer control of stress, strain and
temperature is standard.

58 Chapter 3



controlled stress where the stress is applied electrically via a motor leaving us to
measure the strain; and the controlled strain instruments where a strain is
imposed and the stress is computed from the deformation of a calibrated spring
system (i.e. a simple load cell).
Both types of instrument commonly have an air bearing to give greater

sensitivity for low-viscosity samples, although the viscosity of water or simple
organic liquids is usually at the lower end of the range. Most instruments would
benefit from improvements in thermostatic control.
A range of different measuring geometries is available in addition to simple

parallel plates. The designs are such that the shear rate is approximately
constant throughout the sample. Commonly used ones are shown in cross
section in Figure 3.4.

3.2.1 The Cone and Plate

A flat plate forms the lower element and the upper element has a conical shape
with a cone angle close to p rad. Advantages of such an arrangement are that
only small sample volumes are needed, the mass of the cone can be kept low to
minimise the moment of inertia, and they are easy to clean. The point of the
cone is truncated to reduce friction and the gap between the two elements is
adjusted so that the point of the cone would have just contacted the plate. In
addition this small truncated region makes the gap-setting procedure easier to
carry out. Any error introduced by the truncation is negligible. More important
is the included angle between the two elements that should normally be in the
range 0.5� 10–24 a4 2� 10–2 rad. The velocity gradient at any point on
the plate is calculated from the tangential velocity at that point divided by
the separation between the surfaces. For an angular velocity of O rad s�1, the
tangential velocity is Or. If the included angle is a, then the gap at r is
z ¼ r tan aEra if the angle is small. The shear rate in a small angle cone and
plate is then

_gcpE
O
a

ð3:7Þ

What we measure experimentally at a given shear rate is the moment of the
force on the cone, this gives us the twist in the spring or load cell. That is, the

cone and plate                 Couette    Mooney  double gap

Figure 3.4 Vertical cross sections of common measuring geometries used to provide
simple viscometric flow.
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sum of the forces on each element dr wide times the distance from the centre r:

Mcp ¼
Za

0

s2pr2dr ð3:8Þ

that is

Mcp ¼ 2pa3

3
s ð3:9Þ

If D is the angular displacement of the spring with a spring constant of Cs, i.e.
the torque required to give unit angular displacement, then the stress is

s ¼ D
3Cs

2pa3

� �
ð3:10Þ

and the viscosity of a Newtonian liquid is simply Z¼ (instrument constant) D/O
where the constant is 3Csa

2pa3

� �
.

3.2.2 The Couette or Concentric Cylinder

There are several combinations of Couette available. The simple bob shown in
Figure 3.4 has a concave base, which is designed to trap air in order to reduce
the drag contribution from the base. This geometry usually has a larger area
and delivers a larger torque for a given sample condition than a cone and plate.
The sample size is larger than for a cone and plate and it may be easier to reduce
problems of evaporation by coating the surface with a thin layer of low
viscosity insoluble liquid. The gap between the two cylinders should be small
in order to get as narrow a range of shear rates as possible. The analysis is
simple and at this stage we will only consider a Newtonian liquid so that
Z ¼ s= _g.
If the length of the bob is L and the radii of the cylinders are Ri and Ro for

the inner and outer cylinders, respectively, the local change in tangential
velocity across a small liquid element dr at r from the centre line of the
bob is the local shear rate¼ r do/dr and the shear stress in the element is
s¼ Zr do/dr for our Newtonian liquid. The moment of the drag force is the
sum of the stress in each element multiplied by the area of the cylindrical
surface times the distance r, i.e.

Mcc ¼ sum of ½2pLr2ðstress from each elementÞ� ð3:11Þ

So, to calculate the angular velocity of the outer cylinder, we have to sum all the
contributions from the static cylinder to the moving one:

ZO

0

do ¼ Mcc

2pLZ

ZRo

Ri

dr

r3
ð3:12Þ
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so that

O ¼ Mcc

4pLZ
1

R2
i

� 1

R2
o

� �
ð3:13Þ

We can rearrange this in terms of the viscosity to give the Margules equation:

Z ¼ Mcc

4pLO
1

R2
i

� 1

R2
o

� �
ð3:14Þ

Now we can calculate the local shear rate in this Newtonian liquid at any point
in the gap. The stress at r is

s ¼ Mcc

2pr2L
ð3:15Þ

and so the shear rate is

_g ¼ s
Z
¼ 2O

r2
1

R2
i

� 1

R2
o

� ��1

ð3:16Þ

This equation enables us to calculate the shear rate at each cylinder surface and
the mean value.
When r¼Ri:

_gi ¼ 2O
R2

o

R2
o � R2

i

ð3:17Þ

and at r¼Ro

_go ¼ 2O
R2

i

R2
o � R2

i

ð3:18Þ

and the mean value

_gh i ¼ O
R2

o þ R2
i

R2
o � R2

i

ð3:19Þ

A quick calculation will demonstrate that if the gap is 5% of the outer
cylinder radius, then the shear rate varies by 5% across the gap and so small
gaps should be used if possible. If the gap is small, we can make the approx-
imation (Ro+Ri)E 2RoE 2Ri and then the shear rate is

_gE
ORo

Ro � Rið Þ ð3:20Þ

The Mooney arrangement of a bob with a conical base is an attractive design
as it is relatively easy to fill and uses the base area to enhance the measurement
sensitivity. However, the cone angle must be such that the shear rates in both
the cone and plate and concentric cylinder sections are the same. This means
that the gap between the cylinders must be very slightly larger than the gap at
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the edge of the cone and plate if a constant shear rate is required. Unfortu-
nately, the DIN standard bob is poor in this respect.
The double-gap geometry provides a high sensitivity with a light construc-

tion. However, the engineering is subtle in that the inner gap must be slightly
smaller than the outer one if a uniform shear rate is to be achieved throughout
the sample. In addition, it is less satisfactory in terms of the onset of flow
instabilities. Taylor2 showed that the Reynolds number for the onset of such
instabilities was lower if the inner cylinder is made to rotate and, with the
double-gap arrangement, this occurs in the inner section. This will significantly
lower the upper range of shear rate available, although not to the level in a cone
and plate with a large included angle.
So far we have restricted our discussion to Newtonian liquids, but

the analysis will change somewhat if the systems are non-Newtonian. A
useful illustration of the problems that arise is the case of a Bingham plastic.
This gives us a linear response, as does a Newtonian liquid, but in this case
there is an intercept or yield stress. The constitutive equation for a Bingham
plastic is

s ¼ ZðNÞ _gþ sB ð3:21Þ

Here, the yield stress is the Bingham yield value and the value of Z(N) is the
linear value reached at high shear, often referred to as the plastic viscosity.
The calculation of the material behaviour follows the same route as with the
Newtonian case so

moment ¼ sum of moments from all the elements

i.e.

Mcc ¼ sum of ½2pLr2 ðstress from each elementÞ� ð3:22Þ

We must use the constitutive equation for the Bingham plastic for the stress.
This then gives the angular velocity of the outer cylinder from:

ZO

0

do ¼
ZRo

Ri

Mcc

2pLZðNÞr3 �
sB

ZðNÞr

� �
dr ð3:23Þ

giving the Riener–Riwlin equation for plastic flow in a Couette

O ¼ Mcc

4pLZðNÞ
1

R2
i

� 1

R2
o

� �
� sB
ZðNÞ ln

Ro

Ri

� �
ð3:24Þ

Clearly the Riener–Riwlin equation reduces to the Margules equation when the
Bingham yield value is zero. There is an important consequence in that it is
assumed that all the material is flowing, i.e. the shear stress at the wall of the
outer cylinder must be

Mcc

2pLR2
o

� sB ð3:25Þ
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If this is not the case, a region near the outer wall will not flow and only part of
the sample will be sheared with the result that the actual shear rate will be
higher than the nominal value. The point at which the flow commences is
readily found from

Mcc

2pLsB

� �1
2

¼ r ð3:26Þ

Figure 3.5 shows the curves that would result from a controlled stress experi-
ment, showing that there is significant curvature if the shear rate is simply
calculated from cylinder sizes. This illustrates the importance of using the
appropriate equation of state when analysing the viscometer response.

3.3 THE MOLECULAR ORIGINS OF VISCOSITY

Up to this point we have characterised our materials as continua and defined
the material parameters. This may be all that is required for engineering
purposes or quality-control needs. Whenever a modification of the behaviour
is sought, a deeper understanding of the origins of the response is required. It
was pointed out in Chapter 1 that the rheology is controlled by the atomic or
molecular interactions in the system, and this brings the subject properly into
focus for the chemist.

3.3.1 Flow of Gases

Let us consider what happens when a stress is applied to a surface as illustrated
in Figure 3.4 and the fluid between the surfaces is a gas. Prior to the stress being
applied, the gas molecules are moving randomly with thermal motion at a
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Figure 3.5 Calculated rheograms for a Bingham plastic with a Z (N)¼ 5� 10�3 Pa s
and a sB¼ 0.8 Pa. Note how the nominal shear rate is significantly lower
than the actual value resulting from a given applied stress.
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velocity described by the kinetic theory of gases.3 When the stress is applied, the
inner surface moves and attains a constant velocity and the proportionality
between the stress and rate of strain gives the gas viscosity from Z ¼ s= _g.
The motion of the cylinder sets up the velocity gradient in the gas and, if we
visualise what is occurring at any cylindrical surface between, and parallel to,
the surfaces, the origin of the resistance to motion becomes clear. The average
momentum of the molecules in a plane is the product of their mass and the
velocity at the plane. The flux of molecules through the cylindrical surface from
diffusion means that there is a flux of momentum also that will be transferred to
the moving surface. This will always result in a decrease in momentum as the
molecules are coming from layers that are moving more slowly (the molecules
colliding with the static surface will lose their momentum). Hence, a force
(stress) must be maintained to keep the motion constant. A clear and simple
derivation is given by Tabor4 from the kinetic theory of gases to give the
viscosity:

Z ¼ 1

3

m�c

ps2e
ð3:27Þ

Here, m is the mass of a molecule with an effective diameter of se and a mean
speed of �c (which of course is also a function of mass). This equation was first
derived by Maxwell in 1860. We immediately see the importance of the nature
of the molecules through their mass and through their effective diameter, which
is not just a geometric size but includes a contribution from the interaction with
their neighbours.

3.3.2 The Flow of Liquids

The liquid state is a condensed state, so that each molecule is always interacting
with a group of neighbours although diffusing quite rapidly. As a result,
although momentum transfer through a shear plane still occurs, it is a small
contribution when compared to the ‘‘frictional resistance’’ of the molecules in
adjacent layers. It is the nature of this ‘‘frictional resistance’’ that we must now
address and it will become clear that it arises from the intermolecular forces.
The theories of the viscosity of liquids are still in an unfinished state but the
physical ideas have been laid down. The first point to remember is that the
intermolecular forces are strong. For example, the surface tension of a pure
liquid (gs) is simply the work done in creating unit surface area. So, if we were to
pull a section of liquid apart we would expend 2gs Jm

�2. When we scale this to
the size of say a water molecule (0.25 nm); the tensile stress required is of the
order of 600MPa (equivalent to 6000 atmospheres)!
A consequence of the intermolecular forces is that any molecule in the liquid

state has a large coordination number so that the structure has a low-energy
configuration. In other words there is short-range order in the liquid state. A
significant amount of work must be done to remove a molecule from this
structure – the latent heat of vaporisation.
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What happens when we make a liquid flow by applying a shear stress for
example? The molecules move relative to one another if flow occurs, but unlike
the gaseous state the molecules are in continuous interaction with their neigh-
bours. This means that the molecules in the structure change their nearest
neighbours whilst maintaining the same average coordination number. The rate
at which liquid structure can rearrange is a function of the strength of the
intermolecular interactions and the amount of free volume in the system.
Experimentally, we observe that the viscosity of molecular liquids changes
rapidly (exponentially) with temperature and pressure.

3.3.3 Density and Phase Changes

Let us first consider how the density of a condensed phase changes with
temperature. As our material in the vapour phase is cooled at constant pressure
the density increases until the boiling point is reached. Further cooling then
allows us to differentiate between the vapour and liquid states by the formation
of a boundary. Further cooling increases the liquid density but at a much
slower rate than that of the gaseous phase. The density of many liquids can be
described by a simple linear equation over a wide temperature range:5

rT ¼ ro 1� ðT � ToÞ
Al

� �
ð3:28Þ

Here, To is a reference temperature and if this is B273K the coefficient
Al B103. The temperature may then be lowered until the melting point, Tm,
is reached. At this point a crystalline solid is formed, the density of which will
usually be withinB10% of the liquid. The density can be described by a similar
equation to eqn (3.28) but the coefficient is quite different, i.e. As B1015! The
origin of the thermal expansion in a crystal is simply the increasing oscillations
of the molecules about their mean positions. The intermolecular forces are
quite strong and of short range and hence the motion is restricted. It is useful to
consider further (i) the melting and (ii) the solidification processes.
As the temperature is raised, the vibrational energy increases, because it is

kBT in each direction. If we have a simple cubic crystal, in which the inter-
molecular spacing is r, the molar volume is NAr

3. The Young’s modulus for the
crystal is Y and we assume a Hooke’s law spring. We can define the local stress
as the applied force per molecule, Fm, divided by r2, giving a local strain of x/r,
where x is the extension caused by the oscillation. Hence:

Fm

r2
¼ Y

x

r
; or Fm ¼ rYx ð3:29Þ

and the energy is

kBT ¼
Zþx=2

�x=2

Fmdx or kBT ¼ rY

Zþx=2

�x=2

xdx
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i.e.

kBT ¼ 1

2
rYx2 ð3:30Þ

Lindemann6 said melting would occur when x became some significant frac-
tion, a, of r, say of the order of 0.1. Now, eqn (3.30) can be written in terms of
the molar volume, Vm, and a:

RTm ¼ 1

2
YVma2 ð3:31Þ

where R is the gas constant. As Vm¼M/r, the melting point can be written as

Tm ¼ YM

2r
a2 ð3:32Þ

This very approximate model gives reasonable agreement with such disparate
materials as iron, quartz and sodium chloride with aB 0.14. Alternatively, of
course, if we know the melting point, we may achieve an estimate of the elastic
modulus.
The crystallisation process, whether from the melt or a concentrated solution,

is also an interesting process that has a bearing on the rheological behaviour. On
cooling, crystal nuclei will eventually form and then grow to form macroscopic
crystals. In some circumstances either or both of these processes may not occur
readily. Nucleation requires that a few molecules become locally organised to
such an extent that the energy is minimised. This may be difficult to achieve if we
have large complex molecules such as a high molecular weight polymer. These
usually only show crystalline regions in which only a portion of any one
molecule is involved. However, small molecules may also be slow to nucleate.
Glycerol and solutions of monosacharides are common examples. The details of
molecular shape and hydrogen bonding can mean that nuclei are slow to form as
a large amount of cooperative motion is required and, if the system is being
cooled at a steady rate, marked supercooling may occur. This will enhance the
nucleation rate but the viscosity will be increasing simultaneously and this will
reduce molecular motion and inhibit crystal growth.
The granulation of honey provides a good example of these phenomena. The

glucose/fructose ratio is important. The glucose is in the pyranose ring struc-
ture and crystallises readily, whereas the fructose occurs as furanose rings as
well as pyranose rings and is very much more difficult to nucleate. As honey
is cooled below 25 1C the nucleation increases and granulation becomes
rapid. However, the rate reaches a maximum at B14 1C and holding at
lower temperatures slows crystallisation due to the rapid increase in viscosity.
Figure 3.6 shows the viscosity of glycerol as a function of temperature.7 The
viscosity increases steadily as the temperature is decreased well below the
melting point. Over most of the range displayed in Figure 3.6, the glycerol is a
supercooled liquid.
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Further cooling of a supercooled liquid increases its density and viscosity until
solid-like behaviour is observed. At this point, the material is in a glassy state and
the temperature is the glass-transition temperature or Tg. The viscosity at this
point is now extremely high so that we can say Z4 1012 Pa s for example.5 This
viscosity value is high but not infinite and so we must recognise that slow
relaxation may occur and so the value that we assign to the Tg will be a function
of our patience with the experiment.8 Figure 3.7 shows a schematic phase diagram
of the specific volume as a function of temperature. Note that the equilibrium
glass has a denser structure than that formed at the Tg by normal cooling. The
density is, however, lower than the crystalline solid as the order is shorter range in
the glass. At To the transition is second order and the molecular volume is defined
asVo, and so at any point in the liquid region wemay define the free volumeVf as:

Vf ¼
1

rT
� Vo ð3:33Þ

and we see that the free volume increases monotonically as we heat our material
through the liquid region.

3.3.4 Free-volume Model of Liquid Flow

This stems from the idea that when the free volume in the liquid is zero, motion is
restricted to local molecular oscillation so flow cannot occur and the material is a
solid. As the temperature is increased, the decrease in density means that the free
volume is increasing and flow now becomes possible with the viscosity decreasing
as the free volume increases. Doolittle9 suggested an exponential relationship:

Z ¼ Ae
Vo
BVf

� �
ð3:34Þ
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Figure 3.6 The viscosity of glycerol as a function of temperature.7 Tm is 278K and at
lower temperatures the glycerol is a supercooled liquid.
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Here, A and B were constants and a good fit is achieved over a wide temperature
range. Using DT¼T�To in eqn (3.28), we may write the ratio of the molecular
volume to the free volume as

Vo

Vf
¼ A1

DT
� 1

and then eqn (3.34) can be rewritten as

ln Zþ ln 2:718
eB

A

� �
¼ A1

DT

or, with B1 ¼ 1

2:718 eB

A

� �:
Z ¼ B1e

A1
DT ð3:35Þ

An alternative model was proposed by Hildebrand10 in which he considered
the highest packing region. Because the liquids became rapidly more fluid as the
packing expanded from the molecular volume, i.e. at low levels of free volume,
he proposed that the fluidity of the liquids was directly proportional to the ratio
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Figure 3.7 Schematic phase diagram showing the specific volume as a function of
temperature (adapted from Ref. 5).
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of the free volume to the molecular volume:

F ¼ 1

Z
¼ C

Vf

Vo
ð3:36Þ

A good fit was obtained for data obtained with carbon tetrachloride.
Figure 3.8a shows a plot of Hildebrand’s data.10 A good linear fit was obtained
over the temperature range 278K to 338K; (note though that the exponential
fit [e.g. eqn (3.34)] is poor over this range when plotted as fluidity). A good fit is
found when the data is plotted as the natural logarithm of viscosity versus the
reciprocal of the temperature in Figure 3.8b indicating a good fit to the form:

Z ¼ B2e
�A2
T ð3:37Þ
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Figure 3.8 (a) Data for CCl4 for the fluidity versus the ratio of free to filled volumes
(redrawn from Hildebrand10) (b) temperature dependence of the natural
logarithm of the viscosity of CCl4.
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The exponential dependence on temperature was taken by Hildebrand to be
due to the variation of the free-volume ratio with temperature.

3.3.5 Activation-energy Models

Fits to equations with the form of eqn (3.37) have frequently been used to fit
experimental data, and are particularly useful at temperatures at the part of the
liquid range near the boiling point. The concept of an activation energy barrier to
flow was modelled by Eyring11 and his model is outlined here. In this model of
the liquid state, the structure was taken to be similar to that of a solid but with
approximately one vacancy in each coordination shell. This gives aB10% lower
density than the solid and enough space for sufficient movement of molecules to
take place to allow relaxation of an applied stress. If there is no energy barrier to
motion, a molecule can move from one site to a vacant site at the frequency of
the vibration BkBT/h where h is Planck’s constant. However, the neighbouring
molecules interact with our reference molecule and oppose the motion. This
results in an activation energy barrier as shown schematically in Figure 3.9. The
Boltzmann distribution will give the fraction that can successfully make the
transition. Hence, the fraction making the transition in each second is:

N ¼ kBT

h
exp � E�

RT

� �
ð3:38Þ

where E* is the activation energy per mole. (Recall that we are assuming one
vacant site in each coordination shell.)
When we apply a shear stress, s, to the ensemble the force on each molecule

is:

Force=mol ¼ s�r2

where �r is the time average distance between molecular centres. Now, the
motion required for the transition is over half this distance; i.e. to the maximum

E*

E* + σr 2
r 

2

energy
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E * + σ r 2 r
2

E * − σ r 2 r

2 Sheared

Figure 3.9 Activated flow.
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in the curve, and so the energy per molecule is

Energy=mol ¼ s�r3

2

This energy assists the motion to the right in Figure 3.9 and would oppose it
in returning to the left. Using Vm as the minimum volume occupied by
Avogadro’s number of molecules enables us to write the jump frequency as

N ¼ kBT

h
exp �E� � sVmð Þ=2

RT

� �
ð3:39Þ

The shear rate is the distance moved in each second over the distance separating
the layers:

_g ¼ �rN

�r0
EN

where �r0 is the perpendicular distance between moving layers.
Recalling that sinh x ¼ ex � e�x

2
, we can write eqn (3.39) as:

_g ¼ kBT

h
exp � E�

RT

� �
2 sinh

sVmð Þ
2RT

� �
ð3:40Þ

Also, recalling that sinh x- x as x- 0 gives us the zero-shear viscosity as:

Zð0Þ ¼ hNA

Vm
exp

E�

RT

� �
ð3:41Þ

3.4 SUPERFLUIDS

Helium provides an interesting variant of normal liquid behaviour. When 4He
is cooled at atmospheric pressure, the gas liquefies to He I at 4.2K. On further
cooling a second-order transition to He II, another liquid form, occurs at 2.2K.
This form persists down to as close to 0K as can be attained. To form solid
helium, a pressure of 25 atmospheres is required at 2.2K. The mass of the 4He
atom is low and the intermolecular interactions are very weak. This means that
the motion of the helium atoms is unusually large, too large in fact for a solid-
like structure to persist except when high pressure forces closer distances and
hence restricts the motion.
The density of He I at the boiling point at 1 atm is 125 kgm�3 and the viscosity

is B3� 10�6 Pa s. As we would anticipate, cooling increases the viscosity until
He II is formed. Cooling this form reduces the viscosity so that close to 0K a
liquid with zero viscosity is produced. The vibrational motion of the helium
atoms is about the same as or a little larger than the mean interatomic spacing
and the flow properties cannot be considered in classical terms. Only a quantum-
mechanical description can prove satisfactory. We can consider this condition to
give the limit of De- 0 as we have difficulty in defining a relaxation when we
have the positional uncertainty for the structural components.
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3.5 MACROMOLECULAR FLUIDS

So far we have considered systems in which the flow units have been made up of
only a few atoms. This is satisfactory when we consider fluids such as common
solvents or simple lubricating oils. Now many of the materials that we use
everyday are made up of flow units containing a very large numbers of atoms
and we must recognise how this extends some of the problems that we have
considered so far. These large aggregates of atoms and molecules may be in the
form of particles or large soluble species. We need only think of items such as
foods, agrichemicals, pharmaceuticals, paints and inks to have an abundance of
examples. Although these systems all have some special problems due to their
heterogeneity, they also have a strong element of the flow response governed
by intermolecular forces. We will now consider colloidal dispersions, self-
assembled surfactant systems and polymer systems.

3.5.1 Colloidal Dispersions

In this group of disperse systems we will focus on particles, which could be
solid, liquid or gaseous, dispersed in a liquid medium. The particle size may be a
few nanometres up to a few micrometres. Above this size the chemical nature of
the particles becomes rapidly unimportant and the hydrodynamic interactions,
particle shape and geometry dominate the flow. This is our starting point also
for particles within the colloidal domain although we will see that interparticle
forces are of great importance.

3.5.2 Dilute Dispersions of Spheres

This is our starting point and the infinite dilution case was analysed by Einstein
in the early years of the last century.12 This analysis was based on the dilation
of the flow field as the liquid flows around each particle. The particles were
assumed to be hard spheres so that they were rigid, uncharged and without
attractive forces; small compared to any measuring apparatus so that the
dilatational perturbation of the flow would be unbounded and would be able
to decay to zero (the hydrodynamic disturbances decay slowly with distance,
i.e. r�1); and at such dilution that the disturbance around one particle would
not interact with the disturbance around another. The flow field is sketched in
Figure 3.10. The coordinates are centred on the particle so that the symmetry is
clear. The result of the analysis for slow flows (i.e. at low Reynolds number)
was:

Z ¼ Zo 1þ 5j
2

þOðj2Þ
� �

ð3:42Þ

where Z is the dispersion viscosity, Zo is the viscosity of the dispersion medium
and j is the volume fraction and all terms in the volume fraction with an
exponent greater than 1 are neglected. This limits the concentration to
jo 0.01. The coefficient 5/2 is known as the intrinsic viscosity, [Z] and will
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vary with the nature of the particle. For example, if the assumption of rigidity is
dropped, Taylor13 showed that a fluid drop with a thin interface is deformed by
the shear forces to give a prolate ellipsoid whose axial ratio is a function of the
interfacial tension.14 The orientation of the ellipsoid is along the principal axes
of shear – i.e. at 451 to the direction of flow – and as the stress is transferred
across the interface, circulation occurs inside the drop that results in a decrease
in the rate of energy dissipation. The analysis gives the intrinsic viscosity for an
uncharged emulsion drop as:

½Z� ¼ 2:5
Zi þ 0:4Zo
Zi þ Zo

� �
ð3:43Þ

Here, Zi is the viscosity of the disperse phase. It is interesting to look at various
limiting cases:

Zi¼N; [Z]¼ 2.5; the Einstein value;
Zi¼ Zo; [Z]¼ 1.75;
Zi¼ 0; [Z]¼ 1; the situation for gas bubbles.

This latter case is the same result as Einstein calculated for the situation where
slip occurred at the rigid particle/liquid interface. Cox15 has extended the
analysis of drop shape and orientation to a wider range of conditions but for
typical colloidal systems the deformation remains small at shear rates normally
accessible in the rheometer. The data shown in Figure 3.11 was calculated from
Cox’s analysis. His results have been confirmed by Torza et al.16 by optical
measurements. The ratio of the viscous to interfacial tension forces, Rf, was
given as:

Rf ¼
20

19

16

Zi
Zo

þ 1

� �

1�Zi
Zo

� �
19

Zi
Zo

� �2

þ 20gio
_gaZo

� �2
" #1

2

ð3:44Þ

Figure 3.10 The dilation of the flow field around a spherical particle. The shear field
has a vorticity equal to _g=2 and the particle rotates with this constant
angular velocity.
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where the drop radius is a and the interfacial tension is gio. Now, the axial ratio
of the prolate ellipsoid is

ra ¼
Rf þ 1

1� Rf
ð3:45Þ

and its orientation angle in the shear field relative to the flow direction is

a ¼ p
4
þ 1

2
tan�1 19

20

_gaZi
gio

� �
ð3:46Þ

As the concentration is increased above jB 0.01, hydrodynamic interactions
between particles become important. In a flowing suspension, particles move at
the velocity of the streamline corresponding to the particle centre. Hence,
particles will come close to particles on nearby streamlines and the disturbance
of the fluid around one particle interacts with that around passing particles.
The details of the interactions were analysed by Batchelor17 and we may write
the viscosity in shear flow as

Zð0Þ
Zo

¼ 1þ 2:5jþ 6:2j2 þOðj3Þ ð3:47aÞ

or in extensional flow:

Zð0Þ
Zo

¼ 1þ 2:5jþ 7:6j2 þOðj3Þ ð3:47bÞ

There are three points to be made about eqn (3.47). Firstly, the viscosity is the
low-shear-limiting value, Z(0), indicating that we may expect some thinning as
the deformation rate is increased. The reason is that a ‘‘uniform’’ distribution
was used (ensured by significant Brownian motion, i.e. Peo1) and this
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Figure 3.11 The axial ratio and orientation angle of a liquid drop 10mm in diameter
and with Zi¼ 0.8Zo and gio¼ 40mNm–1. Data calculated from the ana-
lysis of Cox.15
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microstructure will change at high rates of deformation. Secondly, there is a
difference between the result for shear and that for extension. Thirdly, the
equation is only accurate up to jo 0.1 as terms of order j3 become increas-
ingly important above this value. If we write the equation in the form often
used for polymer solutions we have for eqn (3.47a):

Zð0Þ
Zo

¼ 1þ ½Z�jþ kH½Z�2j2 þOðj3Þ ð3:48Þ

where the intrinsic viscosity for hard sphere is [Z]¼ 2.5 and the Huggins
coefficient, kH, is 1. The Huggins coefficient can now be thought of as an
interaction parameter characterising the colloidal interactions between the
particles as opposed to the purely hydrodynamic ones, i.e. either forces of
repulsion or attraction will mean that kH4 1. As the concentration is in-
creased, interactions occurring between three or four particles become increas-
ingly important. Unfortunately, we have no rigorous analysis of this situation
and so if the power series is extended to give terms of j3 and j4 the coefficients
are unknown. Of course, we could as a first ‘‘guess’’ assume that we should see
the same type of interaction between several particles as between two so:

Zð0Þ
Zo

¼ 1þ ½Z�jþ kHð½Z�jÞ2 þ k2Hð½Z�jÞ
3 þ k3Hð½Z�jÞ

4 þ � � � � ð3:49Þ

However, we should seek a more reliable solution that will describe the full
range of volume fractions at which flow can occur and will give some guidance
as to the shear-thinning behaviour.

3.5.3 Concentrated Dispersions of Spheres

There are numerous equations in the literature describing the concentration
dependence of the viscosity of dispersions. Some are from curve fitting, whilst
others are based on a model of the flow. A common theme is to start with a
dilute dispersion, for which we may define the viscosity from the hydrodynamic
analysis, and then to consider what occurs when more particles are added to
replace some of the continuous phase. The best analysis of this situation is due
to Krieger and Dougherty18 and the route presented here, due to Ball and
Richmond,19 is particularly transparent and emphasises the problem of ex-
cluded volume. The starting point is the differentiation of eqn (3.42) to give the
initial rate of change of viscosity with concentration:

dZ ¼ 2:5Zo dj ð3:50Þ

Now, consider a suspension at a volume fraction j and the viscosity is Z(j).
When a small increase in concentration of this suspension is caused by replac-
ing some of the medium by more particles, the expected increase in viscosity
from the value Z(j) is

dZ ¼ 2:5ZðjÞdj ð3:51Þ
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Hence, to calculate an increase in viscosity eqn (3.51) must be integrated up to
the value of interest, so

Z
dZ
ZðjÞ ¼ 2:5

Z
dj ð3:52Þ

This ‘‘effective medium’’ or ‘‘mean field’’ assumption is easy to understand if
there is a very large size difference between the newly added particles and any
there previously, for example if we think of adding particles to a molecular
liquid, we merely treat the liquid as a structureless continuum. However, when
the dimensions become comparable, the finite volume of the particles present
prior to each addition must be considered, i.e. new particles can only replace
medium and not particles. The consequence of this ‘‘crowding’’ is that the
concentration change is greater than expressed in eqn (3.52) and it must be
corrected to the volume available:

Z
dZ
ZðjÞ ¼ 2:5

Z
dj

1� j
jm

� � ð3:53Þ

where jm is the maximum concentration at which flow is possible – above this a
solid-like behaviour will occur. j/jm is the volume effectively occupied by
particles in unit volume of the suspension and therefore is not just the geometric
volume but is the excluded volume. This is an important point that will have
increasing relevance later. Now, integration of eqn (3.53) with the boundary
condition that Z- Zo as j-0 gives

Z
Zo

¼ 1� j
jm

� ��2:5jm

or more generally:

Z
Zo

¼ 1� j
jm

� ��½Z�jm

ð3:54Þ

There are two important issues that concern the factor that gives the
excluded volume 1/jm. These are (i) what is the effect of shear rate? (ii) what
is the effect of polydispersity?
Few dispersions in everyday use are monodisperse and this will mean

modification to eqn (3.54). A general expectation resulting from polydispersity
is that denser packing may be achieved.22 The simplest case occurs for bi- or
multimodal systems with very large size differences between each mode, several
orders of magnitude for example. To calculate the zero-shear viscosity of
systems containing 1, 1:3, and 1:3:6 large to small particles as a function of
volume fraction we consider the contribution the volume fraction of each size
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fraction in turn. Then, each addition of particles is to an effective medium and
eqn (3.55) becomes the product relationship:

Zð0Þ
Zo

¼
Y

n
1� jn

jm

� ��1:24

ð3:55Þ

where there are n narrow modes in the distribution. The result is given in
Figure 3.12. The effect of the ratio of big to small particles by volume in a
bimodal mix is plotted in Figure 3.13. However, we must recall that these
results are for the case where the size ratios are very large. When this is not
the case the excluded volume of the larger particles will tend to increase as the
packing efficiency is reduced. There is, however, an effect of the shear rate.
Under quiescent conditions, particles in a dispersion move around with
Brownian motion. Computer simulations of hard spheres20,21 indicate that as
the concentration is increased a liquid to solid or freezing transition occurs at
j¼ 0.495, (and that on dilution a melting transition commences at j¼ 0.54),
i.e. [Z]jm¼ 1.24. The effect of high shear rates is to organise the particles into a
layered or string-like arrangement as the shear field dominates the Brownian
motion. This structure was first shown by Hoffman23 and has been confirmed
by optical rheometry, neutron scattering and computer simulation. The upper
limit for j can therefore be set at the packing of monodisperse spheres in layers
with hexagonal symmetry, hence for this density of packing j¼ 0.605, i.e.
[Z]jm¼ 1.51. eqn (3.54) may now be rewritten for monodisperse hard spheres as

Zð0Þ
Zo

¼ 1� j
0:495

� ��1:24

;
ZðNÞ
Zo

¼ 1� j
0:605

� ��1:51

ð3:56Þ
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Figure 3.12 The low-shear-limiting viscosity for unimodal, bimodal and trimodal size
distributions calculated from eqn (3.55).
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The results of eqn (3.56) are plotted in Figure 3.14. It can be seen that shear
thinning will become apparent experimentally at j4 0.3 and that at values of
j4 0.5 no zero-shear viscosity will be accessible. This means that solid-like
behaviour should be observed with shear melting of the structure once the yield
stress has been exceeded with a stress-controlled instrument, or a critical strain
if the instrumentation is a controlled strain rheometer. The most recent
data24,25 on modelling near hard-sphere suspensions gives values of maximum
packing close to those used in eqn (3.56).
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Figure 3.14 The relative viscosity as a function of volume fraction from eqns (3.49)
and (3.56).
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Figure 3.13 The effect on the viscosity of the volume ratio in a bimodal mixture of
spherical particles.
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The shear rate range over which the shear thinning of hard-sphere suspen-
sions occurs can be determined from the equations due to Krieger26 or Cross27

in conjunction with the reduced stress or Péclet number, respectively:
Krieger:

ZðsrÞ ¼ ZðNÞ þ Zð0Þ � ZðNÞð Þ

1þ sr
sc

� �n ð3:57aÞ

Cross:

Z Peð Þ ¼ ZðNÞ þ Zð0Þ � ZðNÞð Þ

1þ Pe

Pec

� �m ð3:57bÞ

where the reduced stress sr is given by

sr ¼
sa3

kBT
ð3:58Þ

Note that sr ¼ _gZðsrÞa3=kBT and recall that in a concentrated dispersion the
Péclet number is Pe ¼ 6p_gZðsrÞa3=kBT . The use of the suspension viscosity
implies that the particle diffusion can be estimated from an effective medium
approach. Both Krieger and Cross gave the power-law indexes (n and m) as 1
for monodisperse spherical particles. In this formulation, the subscript c
indicates is the characteristic value of the reduced stress or Péclet number at
the midpoint of the viscosity curve. The expected value of Pec is 1 as this is the
point where diffusional and convective timescales are equal. This will give a
value of scB 5� 10�2. Figure 3.15 shows a plot of eqn (3.57a) with this value
and n¼ 1 and 0.66. Cross indicated that for increasing polydispersity m would
approach 2/3.
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Figure 3.15 Calculated shear-thinning response for a hard-sphere dispersion at
j¼ 0.45.
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3.5.4 Shear-thickening Behaviour in Dense Suspensions

Equations (3.57) describe the typical shear-thinning behaviour of disper-
sions at high solids and can provide good fits to experimental data. At high
shear rates another phenomenon may be observed where the viscosity increases
with increasing shear rate. The first normal stress difference is also found to
change in proportion to the increase in shear rate. At concentrations appro-
aching the liquid–solid transition we may also observe a physical expansion of
the sample volume with a very rapid viscosity increase and fracture of the
material. This phenomenon of the sample expansion is termed dilatancy and is
due to the densely packed structure of the particles having to expand in
order for particles to move past each other. Of course as the physical volume
of liquid dispersion medium plus particles becomes less than the appa-
rent sample volume, air is entrained and the sample can appear dry. Often in
the older literature, ‘‘dilatancy’’ is used to indicate shear-rate-thickening
behaviour and not just the volumetric expansion. Although the shear-rate
thickening, the change in normal stress with shear rate and the volu-
metric expansion all follow from the same microstructural changes, the former
term is the preferred one. Barnes28 has given a general review of the phenom-
enology.
At high shear rates, the formation of transient clusters has been demon-

strated by neutron scattering29 and by conductivity.30 At concentrations
and shear rates that mark the onset of shear thickening, the clusters immobi-
lize dispersion medium and hence the system appears to have an increase
in volume fraction, giving rise to a viscosity increase. Very rapidly though
the clusters become large and grow into a percolating network where fric-
tional terms (lubrication stresses between particles) exceed the hydrodynamic
contributions and the behaviour becomes similar to that of dry granular
materials.
The work of Lee et al.31 using sterically stabilised poly(methyl methacrylate)

particles dispersed in di-octyl phthalate shows a well-defined shear-thickening
response at a volume fraction B0.5, that is, close to the liquid–solid transition
for hard spheres. With this system, the critical shear rate for shear thickening to
occur wasB30 s�1. Some points that make this work particularly noteworthy is
the measurement of both the first normal stress difference, N1, and the second
normal stress difference, N2. At _gc o 30 s�1 the value of N1 was small and
positive. As the shear rate was increased above the critical value, the value ofN1

increased markedly, reached a maximum of O(102 Pa) and as a shear rate B3_gc
was exceeded the value of N1 became large and negative. However, at the high
shear rates, a short-lived stress overshoot was observed prior to a steady-state
value being achieved so that at a shear rate of 124 s�1, N1 reached a value of
400 Pa before falling to a steady-state value of �100 Pa, all in the space of 3 s.
This response clearly illustrates the complexity of the microstructural changes
that are occurring as the macroscopic clusters form and rearrange. The values
of N2 were also negative and notably greater in value than N1 although
measured with less precision.

80 Chapter 3



3.5.5 Charge-stabilised Dispersions

The use of surface charge to provide colloid stability to particles dispersed in
dilute electrolytes in aqueous solution, or even in media of intermediate
polarity, is an effective means of stabilising particles against van der Waals’
forces of attraction. Figure 3.16 shows typical potential-energy curves calcu-
lated for titanium dioxide dispersions in ethylene glycol at different values of
the diffuse layer potential. The pair potential can be calculated from the usual
DLVO theory as outlined in Chapter 2. The increase in particle concentration
means that the total ion concentration increases, and this also contributes to
the screening of the electrostatics, in the manner illustrated in Figure 3.17. The
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Figure 3.16 The pair potential for rutile in ethylene glycol at infinite dilution as a
function of diffuse layer potential. Background concentration
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range of the interaction is an important feature when considering the viscosity
of suspensions. The long repulsive tail of the pair potential, which is of a similar
order to the size of a colloidal particle, means that the excluded volume of the
particle is markedly increased. However, from Figures 3.16 and 3.17 it is clear
the excluded volume will be a function of both the background electrolyte
concentration as well as the particle concentration. In addition, the shear forces
will push the particles closer together and hence the excluded volume will be
smaller at higher shear rates in addition to any structural reorganisation.
Three electroviscous effects have been noted in the literature.32 The primary

electroviscous effect refers to the enhanced energy dissipation due to the
distortion of the diffuse layer from spherical symmetry during flow. The
analysis for low diffuse layer potentials has been clearly reviewed by van de
Ven33 and the result for the intrinsic viscosity with ka-N is:

½Z� ¼ 2:5þ 6 ezð Þ2

KZoa2
ð3:59Þ

where K is the specific conductivity.
Figure 3.18 shows how this varies as the z-potential is varied at an electrolyte

concentration of 10�2 M potassium chloride. Once the potential exceeds 50mV
the calculation error becomes large and eqn (3.59) should really be restricted to
ka4 100. However, Figure 3.18 shows how small the effect normally is. A
numerical solution valid for any potential and all ka values was published by
Watterson and White.34

The secondary electroviscous effect is the enhancement of the viscosity due to
particle–particle interactions, and this of course will control the excluded
volume of the particles. The most complete analysis is that due to Russel35

and we may take this analysis for pair interactions as the starting point.
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Figure 3.18 The primary electroviscous effect estimated from eqn (3.59) for spherical
particles dispersed in 10�2MKCl.
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Russel’s result gives the viscosity as

Zð _gÞ
Zo

¼ 1þ 5

2
jþ 5

2
þ 3

40

ro

a

� �5� �
j2 þ � � � � � ð3:60Þ

Now, ro is the minimum centre-to-centre separation of a colliding pair of
particles. The value of ro may be estimated from the balance of the electrostatic
repulsion and the forces bringing the particle together (i.e. Brownian motion
and shear field). The limiting value at low shear will be given by Brownian
motion probing the repulsion and, at higher shear, the hydrodynamic forces
dominate and these may be estimated from the radial component of the Stokes’
drag force. Figure 3.19 shows the particle trajectories during collision drawn
with curvilinear shapes as a simplifying approximation.
In the low-shear limit, the Brownian interaction is the dominant component.

Only the electrostatic repulsion needs to be considered if the particles are small
and the electrolyte concentration is low, i.e. the van der Waals’ attraction is
much less than the electrostatic repulsion. The problem is to determine the
average minimum separation of the particles produced by Brownian motion.
We can choose this separation such that

Ve rð Þ
kBT

E1 at roð0Þ ð3:61Þ

where

VeðrÞ
kBT

¼ 4pekðazÞ2expð2kaÞ
kBT

 !
expð�krÞ

kr
¼ a

expð�krÞ
kr

so that the asymptotic approximation to the effective hard-sphere diameter is

roð0ÞB
1

k
ln fa= ln½a= lnða= . . . . . .Þ�g ð3:62Þ

Substitution of eqn (3.62) into eqn (3.60) gives the relative zero-shear viscosity.
When the shear rate makes a significant contribution to the interparticle
interactions, the mean minimum separation may be estimated from balancing

charged particles uncharged

ho

charged                           uncharged

ho

Figure 3.19 The collision trajectories of particles in a shear field. ro¼ ho+ 2a.
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the radial hydrodynamic force, Fhr, with the electrostatic repulsive force, Fe.
The maximum radial forces occur along the principle axes of shear, i.e. at an
orientation of the line joining the particle centres to the streamlines of y¼ 451.
This is the orientation shown in Figure 3.19. The hydrodynamic force is
calculated from the Stokes drag, 6pZoau, where u is the particle velocity, which
is simply u ¼ _grosin y. So, decomposing this into the tangential and radial
components gives:

Fhr ¼ 6pZo _gro sin
2 y ¼ 3pZo _gro ð3:63Þ

and the electrostatic repulsive force is

Fe ¼ 4peðazÞ2expð2kaÞ 1þ kro
r2o

expð�kroÞ ð3:64Þ

From balancing these two forces we may write

1þ kro
r3o

expð�kroÞ ¼
3Zo _g

4eaz2expð2kaÞ
ð3:65Þ

The results from eqn (3.65) are plotted in Figure 3.20 for 100-nm particles with
a z-potential of 50mV dispersed in 10�5 and 10�3 M sodium chloride solutions.
From the graph, it can be seen that at low shear (o30 s�1) the particles have an
effective hard-sphere diameter of B650 nm for the lowest electrolyte concen-
tration and this only approaches the particle diameter at shear rates 4104 s�1.
Thus, in the low-shear limit the particles only approach each other to a distance
of B4.5k�1. At the higher electrolyte concentration, the effective hard-sphere
diameter is much closer to the particle diameter at B250 nm and the greater
steepness of the repulsive force curve is shown in the range of shear rates
required to vary this dimension.
The effective hard-sphere diameter may used to estimate the excluded

volume of the particles, and hence the low-shear-limiting viscosity by modifying
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Figure 3.20 The effective hard-sphere diameter, ro, calculated from eqn (3.65) for
100 nm radius particles with z¼ 50mV.
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eqn (3.56). The liquid–solid transition of these charged particles will occur at

jme ¼ 0:495
2a

ro

� �3

ð3:66Þ

However, some problems must be addressed prior to the use of eqn (3.66) from
the data generated above. The first problem is that the ions in the diffuse layers
must be included in the estimation of k. This becomes essential as soon as the
particle–particle interactions become significant and so eqns (3.62) to (3.65)
should contain a volume fraction dependence of k of the form given by Russel
et al.36 for example for a symmetrical electrolyte:

k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2

ekBT

2z2no �
3qzj
ea

1� j

vuut
ð3:67Þ

Here, z is the ion valency, no is the number density of added electrolyte ions and
q is the surface charge density of the particles. Figure 3.21 clearly illustrates the
sensitivity at the lower added electrolyte concentrations where the diffuse layer
Debye length at a volume fraction of 0.5 is equivalent to that which would be
estimated for an added electrolyte concentration two orders of magnitude
higher. Clearly, higher concentrations of added electrolyte are not as sensitive
but the variation is still significant. The next problem is that the variation of ro
with shear rate is only valid as written in eqn (3.65) at low volume fractions
because the solvent viscosity is used to calculate the value of ro over the shear-
rate range. If an effective medium treatment is used to make a simple estimate
of the effect of many-body hydrodynamic interactions we have:

1þ kroð _gÞ
r3oð _gÞ

expð�kroð _gÞÞ ¼
3Zð _gÞ _g

4eaz2expð2kaÞ
¼ 3sð _gÞ

4eaz2expð2kaÞ
ð3:68Þ
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Figure 3.21 The variation of the Debye length with volume fraction of particles.
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The calculation is not straightforward as we need the effective hard-sphere
diameter at each shear rate in order to estimated the viscosity at that shear rate
and we also need to consider the concomitant structural reorganisation. In
summary, we may easily define the zero-shear viscosity. This is plotted in
Figure 3.22 for a polystyrene latex dispersion in 1� 10�3 and 5� 10�4 M
sodium chloride solutions. The mean particle size was a¼ 85 nm and the
z-potential was measured at �78mV. The calculated curves fit reasonably well
to the experimental points. The high-shear-limiting viscosity, calculated from
eqn (3.56), is shown for comparison. It is clear from Figure 3.22 that the liquid–
solid transition has moved to much lower volume fractions and is markedly
dependent on the electrolyte concentration. The rheological behaviour that we
observe experimentally at 5� 10�4M is (1) for 0o jo 0.1, the dispersion is
close to Newtonian; (2) at concentrations 0.1ojo 0.21 the dispersion is
pseudoplastic and both high- and low-shear viscosities are experimentally
accessible; and (3) for j4 0.12, solid-like behaviour is observed with flow
resulting from the shear melting of the system.37

The tertiary electroviscous effect is the change in viscosity of a polymer
solution or a dispersion due to the change in conformation of polyelectrolytes
as the pH or ionic strength is changed. The charged groups along the poly-
electrolyte chain repel each other. A typical example of such a system is
poly(acrylic acid). The weak acid groups interact strongly with each other
because they are only separated by two carbon atoms. This means that the pKa

of the polyelectrolyte is no longer a single value and full dissociation of the
groups is not achieved until pH values above 8 are reached. Electrolytes screen
the interactions and hence the conformation of the polymer in solution is a
function of the combination of the pH and salinity.
Polyelectrolytes provide excellent stabilisation of colloidal dispersions when

attached to particle surfaces as there is both a steric and electrostatic contri-
bution, i.e. the particles are ‘‘electrosterically’’ stabilised. In addition, the origin
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Figure 3.22 The high- and low-shear viscosity of a polystyrene latex with a¼ 85 nm,
z¼�78mV in 5� 10–4 and 1� 10–3MNaCl.
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of the electrostatic interactions is displaced away from the particle surface and
the origin of the van der Waals’ attraction reinforcing the stability. Kaolinite
stabilised by poly(acrylic acid) is a combination that would be typical of a
paper-coating clay system. Acrylic acid or methacrylic acid is often copoly-
merised into the latex particles used in cement systems giving particles that
swell considerably in water. Figure 3.23 illustrates a viscosity curve for a
copoly(styrene-acrylic acid) latex system where the particle dimensions are very
sensitive to the value of pH.

3.5.6 Dilute Polymer Solutions

We will use a similar definition of ‘‘dilute’’ for polymer solutions as we use for
particulate dispersions. That is, the macromolecules diffuse independently from
each other, colliding and separating in a random fashion. Hence, the data
analysis for the dependence of the viscosity on the concentration of polymer in
solution follows the same path as we have used for dilute particulate disper-
sions, the general form of the relationship being expressed in eqn (3.48) in terms
of the intrinsic viscosity, [Z], and the Huggins coefficient, kH. However, the
problem is that although we have the polymer concentration of the solutions in
terms of mass/unit volume, polymer molecules in solution are not hard spheres
but occupy a volume that is a function of their molecular weight and their
interaction with the solvent. The hydrodynamic size of a polymer molecule in a
solution is a function of:

1. the molar mass of the macromolecule
2. the chemical structure of the repeat units making up the chain
3. the interaction between the solvent and repeat units of the chain.
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Figure 3.23 The tertiary electroviscous effect observed for particles of polystyrene
latex with a copolymer of polyacrylic acid at the outer surface. The
experimental points were obtained at pH values of 3 and 10. The dry
particle radius was 75 nm and kaB 25.
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Section 2.4.1 gives an outline of the Flory–Huggins theory of polymer solutions
and introduces the Y-solvent as a solvent that gives as close to ideal behaviour
as can be obtained, defines the solution dimension (the radius of gyration, Rg)
and the value of concentration, c*, below which our solution is dilute. At
polymer concentrations of co c*, the vescosity of the solution is given by

Z ¼ Z0 1þ ½Z�cþ kHc
2 þ � � � �

� �
ð3:69Þ

The value of the intrinsic viscosity is used to calculate the molecular weight as
described in Section 5.6.1 using the Mark–Howink equation

½Z� ¼ KMn ð3:70Þ

where K and n are constants that can be obtained from the literature for a
particular polymer–solvent–temperature combination.38 Frequently, the units
used for the polymer concentration are g/dL and not the current S.I. system.
Hence, the values for the intrinsic viscosity have units of dL/g.
In a Y-solvent a polymer coil is as close to the random-coil configuration as

possible as the polymer-segment–solvent-molecule interactions are minimised.
In this case, (3.71) becomes

½Z�Y ¼ KYM
0:5 ð3:71Þ

where KY is related to the size of the unperturbed coil:

KY ¼ F
�R2

M

� �3
2

ð3:72Þ

F is known as the Flory–Fox parameter and substitution of eqn (3.72) in eqn
(3.71) gives

½Z�Y ¼ F
M

�R3 ð3:73Þ

In non-theta solvents we can use an experimentally determined value of F as an
indicator of the degree of chain expansion.
The Huggins coefficient indicates the strength of the pairwise interaction of

the polymer molecules. It can be useful to express the Huggins coefficient as

kH ¼ ½Z�2k0
H ð3:74Þ

In eqn (3.69) a value of k0
H : 1 indicates that the interaction is just hydrodynamic

with no interactions from van der Waals’ or electrostatic forces. Attractive
interactions, such as those found with self-associating polymers, result in much
larger values. With polyelectrolytes, the repulsive interactions between the charges
on the polymer produce an expansion of the chain (the tertiary electroviscous
effect) so that the details of the chemical environment need to be known and
specified when comparing data. For example, if we consider a common polyelec-
trolyte such as poly(acrylic acid), the dimensions in solution are a function of both
pH and salt concentration. In addition, ion type can be important. Calcium ions
bind strongly to carboxyl groups and can form ion bridges with poly(acrylic acid)
leading to multimolecular associations at low polymer concentration and gel
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structures at higher concentrations. Another example of this type of behaviour is
the interaction between isopropyl guar and divalent cobalt ions.
As polymer concentrations are increased, non-Newtonian behaviour is ob-

served. This usually consists of shear thinning and extensional thickening, and
the higher the molar mass of the polymer, the more marked this behaviour
becomes. The viscoelastic response becomes increasingly marked at higher
concentrations. Chapter 5 discusses this behaviour in some depth.

3.5.7 Surfactant Solutions

Below the critical micelle concentration of a surfactant, the viscosity of the
solution should increase with increasing concentration of surfactant because
the anisometric shape of the molecules and electrostatic interactions if the
molecules are ionic. However, the concentrations are low so that extremely
accurate measurements are required to differentiate between the viscosity of the
solution and that of the solvent. Once the cmc is exceeded the system becomes a
dispersion of micellar clusters, often charged, and the rate of viscosity increases
with increases in concentration.
The shape of micelles is spherical close to the cmc and eqn (3.42) can be used

to determine the viscosity as the volume fraction of micellar dispersions is low.
For nonionic surfactants the intrinsic viscosity is the Einstein value of [Z]¼ 2.5.
If the surfactant is ionic, the micelles are charged with z-potentials typically in
the range 50–100mV as a large fraction of the charge is neutralized by strongly
bound counterions. The intrinsic viscosity is now given by eqn (3.59). The solid
curve in Figure 3.18 would be appropriate for a surfactant such a sodium
dodecyl sulfate and predicts that a value of [Z] B3.5 would be appropriate.
As the surfactant concentration becomes several orders of magnitude above

the cmc, the shape of the micelles becomes elongated and eventually complex
viscoelastic phases are formed. However, the phase behaviour is markedly
dependent on the components added. For example, a strongly viscoelastic
lamellar phase is formed by sodium dodecanoate at a concentrationB25% w/v
in water, but this turns into a low-viscosity phase as dodecane is added giving a
low-viscosity microemulsion phase.
A surfactant phase that has attracted a significant amount of attention is

the worm-like micellar phase of which hexadecyl trimethyl ammonium sali-
cylate (HDAS) is the most studied model system.39 These types of systems are
becoming useful as agents for drag reduction and as additives to concrete where
they act as thickeners. There are some similarities between these systems and
monodisperse polymer solutions in that they have a clear low-stress-viscosity
region and a sharp transition to a marked shear-thinning region. However, the
analogy is misleading as the micelles form infinite interconnected networks. The
reason for the sharp relaxation time is that the micelles break and reform under
shear and that the diameter of the micelle is highly monodisperse so that each
break takes the same amount of energy input as any other.
Interesting transient behaviour can be observed during the start-up on the

application of shear. Ouchi et al.40 studied a 0.03mol L�1 HDAS solution
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containing 0.20mol L�1 sodium salicylate during the start-up of deformation as
a function of shear rate with an optical rheometer tracking both shear stress
and light transmission. At low shear rates BO(1) s�1 a steady shear stress was
rapidly achieved and the solution remained transparent. The plot of
logðsÞ vs: logð _gÞ was linear shear rates o1 s�1 with a slope of unity indicating
terminal behaviour, i.e. indicating that _g�14t and that the viscosity would be
approaching the low-shear-limiting value. At higher shear rates a significant
stress overshoot was observed during which the light transmission was reduced
indicating a marked structural change as the elastic network of worm-like
micelles was distorted. At shear rates in excess of 14 s–1, the authors observed
strong flow instabilities with elastic recoil as the structures were broken,
reformed and broken again.
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CHAPTER 4

Linear Viscoelasticity I:
Phenomenological Approach

4.1 VISCOELASTICITY

Many materials can be readily classified as solids or fluids, displaying elastic
and viscous behaviour, respectively. As with all such simple classification
schemes it is far from complete. For example, fluids encompass both gases
and liquids that show differing short-range molecular order. The thermo-
dynamic properties of these systems are very different. The ideal method of
assessing if a material is a solid or a fluid is by experimental observation.
However, whether a material appears as a solid or a liquid depends upon the
length of time over which you are prepared to make observations. As an
example consider lead, which is of course a metallic solid used in the past as a
roof material for churches. However, lead possess some fluid-like character and
will creep and flow under its own weight. This happens slowly, over many
years, but if a roof is pitched too steeply it could eventually slip completely off !
Thus, over a long enough timescale lead will appear to flow. Apparently fluid
materials, such as water systems, when subjected to short timescale ultrasonic
pulses displays elastic behaviour, which is the principle underlying medical
ultrasound scans. A classification of materials should include a consideration of
the timescale of the measurement relative to the characteristic time of the
material. The ratio of the times is given by the Deborah number (Chapter 1).
When the Deborah number is of order 1 the material will display both viscous
and elastic behaviour and is described as viscoelastic. In common with thermo-
dynamic treatments, the viscoelastic response of the material can presented in
two complementary ways. The first is a macroscopic viewpoint in which
the material can be considered as a continuum. Its properties are considered
to be dynamic but not explicitly ascribed to a microscopic mechanism. The
properties depend upon the balance of energy storage and loss processes. These
are used to determine a viscoelastic response, the value of which depends on the
time dependence of the sample and the measurement timescale. Secondly, a
microscopic picture of a sample is constructed, for example using a cell model
or a thermodynamic ensemble. These microscopic models can be modified to
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allow for the application of a body force and more or less complex statistical
mechanical models are used to generate the experimental response. This can be
obtained from an analytical model or a computer simulation. Microscopic and
macroscopic approaches are complimentary. In this chapter a macroscopic
view will be used to describe the phenomena arising from the application of a
stress or strain to a body. Such an approach is described as a phenomenological
approach.

4.2 LENGTH AND TIMESCALES

The phenomenological approach does not preclude a consideration of the
molecular origins of the characteristic timescales within the material. It is these
timescales that determine whether the observation you make is one that ‘‘sees’’
the material as elastic, viscous or viscoelastic. There are very wide differences
between timescales and length scales for atomic, molecular and macromole-
cular materials. When an instantaneous deformation is applied to a body the
particles forming the body are displaced from their normal positions. They
diffuse from these positions with time and gradually dissipate the stress. The
diffusion coefficient relates the distance diffused to the timescale characteristic
for this motion. The form of the diffusion coefficient depends on the extent of
ordering within the material.
For an ideal gas the diffusion coefficient is related to the mean free path of

the gas molecule, l, which represents the mean distance between collisions for
that molecule:

D ¼ 1

3
l�c ð4:1Þ

For a molecule at RTP this is of the order of a few hundred molecular
diameters. In our ideal gas there are a distribution of velocities of the molecules
about a mean value �c. The mean free path defines a length scale in gases. As the
density of the gas is increased and the mean free path approaches the molecular
dimensions, a short-range molecular order develops and the material condenses
to a liquid. The diffusional length scale is now much shorter range as a molecule
encounters its nearest neighbour on length scales approaching its molecular
diameter. By treating all the molecules surrounding any test molecule of radius
a, as a continuum with a viscosity Zo the Stokes–Einstein equation can be
derived (Section 1.3.1):

D ¼ kBT

6pZoa
ð4:2Þ

In contrast to a gas, the short-range order in the fluid demands that significant
structural relaxation has occurred when the molecule has diffused a distance
equivalent to the distance to the surrounding shell of nearest neighbours. This
is of the order of a molecular radius. Since the diffusive process is described by
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the square of the mean distance moved by a molecule in a time t then

t ¼ 6pZoa
3

kBT
ð4:3Þ

This expression represents the structural relaxation time of a liquid so that if a
strain is applied to the material it will relax this strain with a time characterised
by t. This prompts a question; ‘‘What is the form of the stress when a strain
is applied?’’ To answer this question we must consider linear viscoelasticity in
detail.

4.3 MECHANICAL SPECTROSCOPY

The use of infrared or ultraviolet spectroscopy to examine the molecular groups
present in a chemical compound is familiar to any chemist. In this technique a
range of electromagnetic frequencies are applied to a sample. The sample
response is used to identify the frequency at which a process occurs. This can be
characteristic of, say, the stretch of carbonyl group or an electronic transition
in a metal complex. The frequency, wavelength or wave number where an
absorption occurs is of most interest to an analytical chemist. In order to use
this information quantitatively, for example to establish the concentration of a
molecule present in a sample, the Beer–Lambert law is used.

Irel ¼ expð�exclÞ ð4:4Þ

Here, the relative intensity of radiation Irel being transmitted, travelling a
distance l through a sample, has an exponential dependence on two properties,
the concentration of the material c and ex the extinction coefficient or absorp-
tion coefficient of the material. The value of ex depends upon the nature of
the transition (electronic, vibrational, etc.). Often, this relationship is used at a
particular wavelength characteristic of a process in a material and the magni-
tude of the absorbance indicates the amount of material present. An analogous
mechanical measurement can be made by applying an oscillating strain at a
range of frequencies. This will result in a stress in the sample with a magnitude
characteristic of the material and its concentration. This will vary in magnitude
as a function of frequency. An important difference between mechanical
and electromagnetic probes is that the origin of the mechanical response is
often very difficult to isolate as a single structural process. We must acquaint
ourselves with the idea that viscoelastic responses often arise from a distribu-
tion of processes. It is also true that two different samples can have very
similar rheological features but that they may be due to entirely different
causes. It is these features that lead to the notion of a phenomenological
treatment of the rheological behaviour. In this approach the origin of the
observed process is not accounted for in terms of molecular or colloidal
interactions but in terms of a combination of Hookean springs and Newtonian
dashpots. These can be added together in series or parallel, in more or less
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complex combinations. They are able to mimic the linear viscoelastic behaviour
of any material.

4.4 LINEAR VISCOELASTICITY1–3

Modern instrumentation is capable of applying very complex stress or strain
profiles to a sample. For example, if you choose to apply an oscillating stress,
the result is an oscillating strain. When you are in a linear viscoelastic region
and you double the applied stress the resulting strain will also double. The ratio
of the maximum stress to the maximum strain is constant. You will also observe
this behaviour if you apply the stress to a Hookean spring or dashpot
containing a Newtonian oil shown in Figures 4.1 and 4.2.
A Hookean spring is one that obeys Hooke’s law, i.e. the force is linearly

related to the displacement. The response of the spring can be described by
a shear modulus G. A Newtonian dashpot consists of a cup filled with a
Newtonian oil of viscosity Z, with a piston placed in the oil. Combinations of
such devices are often used to dampen vibrations. It is of course possible for us
to visualise situations where the piston could be pulled free from the oil or the
spring stretches too far and is permanently deformed. This would not be
linearly viscoelastic! We are only interested in small strains or stresses where
these two simple mechanical models display the property of linear viscoelasti-
city, where the piston remains in the oil or the spring recoils completely once
the deformation is released. It is also true that any combination of these models
will display linear viscoelasticity. It is this feature that gives these models their
utility because seemingly complex experimental behaviour can be described by
a combination of these simple models. This will enable us to relate the complex
response of a system in terms of some simple parameters such as G and Z. These

Viscosity
η

Figure 4.2 A dashpot containing an oil of viscosity Z.

Modulus
G

Figure 4.1 A spring with modulus G.
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in turn can be related via microstructural models to the main chemical features
of the system.

4.4.1 Mechanical Analogues

The use of mechanical models such as the spring and dashpot as analogues of the
behaviour of real materials enables us to describe very complex experimental
behaviour using a simple combination of models. We can also use models to
represent a wide range of deformations so we need not restrict ourselves to the
application of a shear stress. Models can be appropriately applied to extension
or bulk deformations with the appropriate substitutions for the bulk or elonga-
tional moduli and viscosity. We will concentrate in this chapter on the shear
properties of the material since this is the feature most commonly measured in
the chemical laboratory. Ideally, we would like our mechanical analogues to be
able to describe more than just the response of our material to say an oscillating
strain. We would like it to be able to predict the stress response to all the possible
deformations and timescales we can apply, in other words to be a complete
rheological description of the material. Such an expression is described as the
constitutive equation of the body. Whilst obtaining this is the ultimate goal for
many rheologists, it is frequently impractical to develop such a complete
description. However, our mechanical analogues do allow us to develop linear
constitutive equations that allow us to relate the phenomena of linear viscoelastic
measurements. For a spring the relationship is straightforward. When any form
of shear strain is placed on the sample the shear stress responds instantly and is
proportional to the strain. The constant of proportionality is the shear modulus

s ¼ Gg ð4:5Þ

where s is the stress due to the applied strain g. This model has the response of a
purely elastic solid. The constitutive equation is equally simple for the dashpot.
When any form of shear strain rate is placed on the sample the shear stress
responds instantly and is proportional to the strain rate. The constant of
proportionality is the shear viscosity

s ¼ Z_g ð4:6Þ

Here, the time derivative of the strain is represented by Newton’s dot. This is the
response of purely viscous fluid. Now, suppose we consider a combination of
these models. The simplest two arrangements that we can visualise are the
models in series or parallel. When they are placed in series we have a Maxwell
model and in parallel we have a Kelvin (or sometimes a Kelvin–Voigt) model
(Figures 4.3 and 4.4).
The constitutive equations for these models become more complex. When we

apply a stress to the parallel elements of a Kelvin model both elements will
respond. Thus, a linear addition of the stresses describes the constitutive
equation.

s ¼ Ggþ Z _g ð4:7Þ
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For a Maxwell model it is the strain rates that linearly add

_g ¼ _s
G
þ s

Z
ð4:8Þ

Both of these models show contributions from the viscosity and the elasticity,
and so both show viscoelastic behaviour. You can visualise a more complex
combination of models possessing more complex constitutive equations and
thus able to describe more complex rheological profiles.

G

η

G = 1
J

; τ = η
G

G (t) = G exp − t

τ

′ G (ω) = G
ωτ( )2

1+ ωτ( )2
;  G″ (ω) = G

ωτ( )
1+ ωτ( )2

J(t) = J + t

η
; ′ J (ω) = J ; J″ (ω) = 1

ωτ

tanδ = 1
ωτ

Figure 4.3 A Maxwell model.

G η 

J = 1
G

; τ = ηJ

G(t) = G

′ G (ω) = G ; G″ (ω) = G(ωτ )

J(t) = J 1− exp − t

τ
; J ′ (ω) = J

1

1 + (ωτ)2
; J″ (ω) = J

(ωτ)2

1+ (ωτ)2

tanδ = ωτ

Figure 4.4 A Kelvin–Voigt model.
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4.4.2 Relaxation Derived as an Analogue to 1st-order Chemical Kinetics

The simplest experiment we can visualise performing is the very rapid appli-
cation of a small strain that is then maintained at a constant level. This is
simply a strain-jump experiment and can be treated in an analogous fashion to
a temperature- or a pressure-jump experiment. The stress will follow the strain
and increase to a maximum value. For an elastic material represented by a
spring the stress will remain constant all the time the strain is applied. If the
strain is applied to a Maxwell model you can visualise the spring responding
instantly, giving rise to a stress. However, the stress in the spring will
gradually reduce with time, as the piston slowly moves through the fluid in
the dashpot. The reduction in stress can be considered analogous to a first-
order rate process. The curve describing the decay of stress with time is shown
in Figure 4.5.
It is a monotonically decreasing function with time, where the rate of decay

is directly proportional to the stress. Using a first-order rate expression to
describe the decay of stress we get the following expression:

ds
dt

¼ �ks ð4:9Þ

where k represents the rate constant. We will rearrange the expression to gather
all the terms in stress on the left-hand side of the expression:

ds
s

¼ �kdt ð4:10Þ

Now, in order to get an expression for stress in terms of time we need
to integrate from the initial time t¼ 0, where the maximum stress s(0) is
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Figure 4.5 A stress-relaxation curve.
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achieved to a time t and stress s(t) later:

ZsðtÞ

sð0Þ

ds
s

¼ �
Zt

0

kdt ð4:11Þ

Evaluating this expression gives an explicit relationship between the stress and
the experimental time t:

ln sðtÞ � ln sð0Þ ¼ �kt ¼ � t

tm
ð4:12Þ

The rate constant has the dimensions of reciprocal time and so k can be
replaced by a time constant tm. If we now take the exponential of both sides of
this expression and rearrange we can obtain an expression for the stress:

sðtÞ ¼ sð0Þexp � t

tm

� �
ð4:13Þ

This expression describes the decay of the stress with time when a rapid strain is
applied to a Maxwell model. The characteristic decay time tm is given by the
ratio of the viscosity to the shear modulus.

tm ¼ Z
G

ð4:14Þ

Now, if we divide the shear stress in eqn (4.13) by the applied strain we obtain
an expression in the form of a shear modulus. This term G(t) is described as the
relaxation function or modulus:

GðtÞ ¼ sðtÞ
g

¼ sð0Þ
g

exp � t

tm

� �
ð4:15Þ

At very short experimental times compared with tm the exponential term tends
to 1. Under these circumstances the relaxation function tends to the value of the
modulus of the spring. The response is just that of the spring so that the initial
stress divided by the strain gives the modulus of the spring.

GðtÞ ¼ G exp � t

tm

� �
ð4:16Þ

This expression describes the decay of the shear modulus with time. The very
short time response is that of the spring:

Gðt ! 0Þ ¼ G ð4:17Þ

The spring is elastically storing energy. With time this energy is dissipated
by flow within the dashpot. An experiment performed using the applica-
tion of rapid stress in which the stress is monitored with time is termed a
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stress-relaxation experiment. For a single Maxwell model we require only two
of the three model parameters to describe the decay of stress with time. These
three parameters are the elastic modulus G, the viscosity Z and the relaxation
time tm. The exponential decay described in eqn (4.16) represents a linear
response. This type of material response is termed linear viscoelastic behaviour.
We must remember that once the strain is increased past some critical value the
process in the material becomes more complex and some of the elegant
simplicity of these expressions is lost.

4.4.3 Oscillation Response

In this section we deal with perhaps the most conceptually difficult of all the
responses observed in linear viscoelastic materials. This is the response of a
material to an oscillating stress or strain. It is an area that illustrates why
rheological techniques can be considered as mechanical spectroscopy. When a
sample is constrained in, say a cone and plate assembly, an oscillating strain at
a given frequency can be applied to the sample. After an initial start-up period
due to transient sample and instrumental responses a stress develops in direct
response to the applied strain. If the strain has an oscillating value with time the
stress must also be oscillating with time. We can represent these two waveforms
as in Figure 4.6.
All the information about the response of the sample at this frequency is

contained within these waveforms. However, this information is not in a
particularly tractable form. What we would really prefer is to have a few
representative terms such as the relaxation time and elasticity or viscosity of the
sample in order to characterise its material properties. In order for us to obtain
this information some mathematical manipulation is required. Two key fea-
tures can be utilised that are constant in time for any given frequency. The first
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Figure 4.6 An oscillating strain and the stress response for a viscoelastic material.
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feature is that the maximum stress, so, divided by the maximum strain, go, is
constant for a given frequency o. The ratio of these terms is called the complex
modulus G*:

G�ðoÞj j ¼ so
go

ð4:18Þ

The term o is the radial frequency, which is 2pf, where f is the applied
frequency measured in Hertz. The other feature that is constant with time at
any given frequency is d, the phase difference in radians between the peak value
of the stress and the peak value of the strain. These two values, G* and d, are
characteristic of the material. It is straightforward for us to visualise the
situation where an elastic solid is placed between the cone and plate. When a
tangential displacement is applied to the lower plate a strain in the sample
is produced. That displacement is transmitted directly through the sample.
The upper cone will react in proportion to the applied strain to give a stress
response. An oscillating strain will give an oscillating stress response that is
in phase with the strain so d will be zero. However, if we have a Newtonian
liquid in our instrument, the peak stress is out of phase by p/2 rad as the peak
stress is proportional to the rate of strain. So it follows that if we have a
viscoelastic material in our instrument so that some energy is stored and some
dissipated, the stored contribution will be inphase, whilst the dissipated or loss
contribution will be out of phase with the applied strain.
In order to describe the material properties as a function of frequency for a

body that behaves as a Maxwell model we need to use the constitutive equation.
This is given by eqn (4.8) that describes the relationship between the stress and
the strain. It is most convenient to express the applied sinusoidal wave in the
exponential form of complex number notation:

g� ¼ go expðiotÞ; _g� ¼ iogo expðiotÞ ¼ iog� ð4:19Þ

Now the stress response lags by the phase angle d:

s� ¼ so expðiðotþ dÞÞ; _s� ¼ ioso expðiðotþ dÞÞ ¼ ios� ð4:20Þ

So, when we substitute the complex stress and strains into the constitutive
equation for a Maxwell fluid the resulting relationship is given by eqn (4.21):

_g� ¼ _s�

G
þ s�

Z
ð4:21Þ

and using eqns (4.19) and (4.20):

iog� ¼ ios�

G
þ s�

Z
ð4:22Þ

or rearranging we have:

g�

Gs�
¼ 1þ G

ioZ
ð4:23Þ
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The ratio of the stress to the strain is the complex modulus G*(o). We may
rearrange this expression to give the complex modulus and the frequency, and
using eqn (4.14) we have:

G

G�ðoÞ ¼ 1þ 1

iotm
ð4:24Þ

This can be further rearranged to give an expression in terms of G*(o).

G�ðoÞ ¼ G
iotm

1þ iotm

� �
ð4:25Þ

This expression describes the variation of the complex modulus with frequency
for aMaxwell model. It is normal to separate the real and imaginary components
of this expression. This is achieved by multiplying through by (1 – iot) to give,

G�ðoÞ ¼ G0ðoÞ þ iG00ðoÞ ¼ G
otmð Þ2

1þ otmð Þ2
þ iG

otm
1þ otmð Þ2

ð4:26Þ

where G0ðoÞ is called the storage modulus and G00(o) the loss modulus:

G0ðoÞ ¼ G
otmð Þ2

1þ otmð Þ2
ð4:27Þ

G00ðoÞ ¼ G
otm

1þ otmð Þ2
ð4:28Þ

Now, these expressions describe the frequency dependence of the stress with
respect to the strain. It is normal to represent these as two moduli that determine
the component of stress in phase with the applied strain (storage modulus) and
the component out of phase by 901. The functions have some identifying features.
As the frequency increases the loss modulus at first increases from zero toG/2 and
then reduces to zero giving the bell-shaped curve in Figure 4.7. The maximum in
the curve and crossover point between the storage and loss moduli occurs at tm.
The storage modulus increases from zero to a maximum value; in fact as the

frequency tends to infinity the complex modulus and G0(o) equate, i.e.

G�ðo ! NÞ ¼ G0ðo ! NÞ ¼ G ð4:29Þ

The result that the high-frequency limit of the storage modulus equates with the
elastic modulus of the spring means that for a single Maxwell it is possible to
replace G by G( � ). Conceptually, the storage modulus is related to the energy
stored in the elastic contributions within the sample. By integrating the stress
during one cyclic period of the strain we can calculate the average energy stored
in the material per unit volume in one cycle:

Es ¼ G0ðoÞg2o
4

ð4:30Þ
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and the energy dissipated per unit volume is

E l ¼ pG00ðoÞg2o ð4:31Þ

These expressions are general for any viscoelastic fluid in the linear region. For
a Maxwell model the ratio of these values is given by eqn (4.32).

El

Es
¼ 4p

otm
ð4:32Þ

You can see that until otm is greater than 4p more energy is dissipated than
stored. At the crossover point otm¼ 1 and only 8% of the work done per unit
volume on the material is recoverable as elastically stored energy, the remaining
92% being dissipated as heat. In other words the curves in Figure 4.7 do not
directly represent the energy stored as a function of frequency and it is false to
say that at the crossover point the rate of energy dissipation and storage per
unit volume is the same. The storage and loss moduli are subtle descriptions of
the material properties of the system. These two properties are related to the
phase angle and complex modulus. These are both functions of the applied
frequency and represent an alternative description of the system.

G0ðoÞ ¼ G�ðoÞcosðdÞ ð4:33Þ

G0ðoÞ ¼ G�ðoÞsinðdÞ ð4:34Þ

The phase angle also changes with frequency, from 90 degrees at low frequency,
to 0 degrees at the high-frequency limit. The peak maximum occurs at d¼ 45
degrees and this is shown in Figure 4.7. As the frequency increases the sample
becomes more elastic. Thus, the phase difference between the stress and
the strain reduces. There is an important feature that we can obtain from the
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Figure 4.7 The frequency response of a Maxwell model.
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dynamic response of a viscoelastic model and that is the dynamic viscosity. In
oscillatory flow there is an analogue to the viscosity measured in continuous
shear flow. We can illustrate this by considering the relationship between the
stress and the strain. This defines the complex modulus:

G�ðoÞ ¼ s�

g�
¼ G0ðoÞ þ iG00ðoÞ ð4:35Þ

Now if we use the relationship used in eqn (4.19) relating the strain and rate of
strain we get

s� ¼ G0ðoÞ þ iG00ðoÞ
io

� �
_g� ð4:36Þ

where the term in the square brackets is analogous to viscosity since it relates
shear stress to shear rate. We can express this as a complex or dynamic viscosity
Z*(o), (and noting that i�1¼�i).

Z�ðoÞ ¼ Z0ðoÞ � iZ00ðoÞ ð4:37Þ

The term inphase with the rate of strain is related to the loss modulus and the
term out of phase is related to the storage modulus:

Z0ðoÞ ¼ G00ðoÞ
o

¼ Gtm
1þ otmð Þ2

; Z00ðoÞ ¼ G0ðoÞ
o

¼ Got2m
1þ otmð Þ2

ð4:38Þ

The functions have some important features. As the frequency reduces, the
value of Z0(o) increases from zero to a maximum value. In fact, as the frequency
tends to zero, the complex viscosity and Z0(o) equate, i.e.

Z�ðo ! 0Þ ¼ Z0ðo ! 0Þ ¼ Z ð4:39Þ

The result, that the low-frequency limit of the in phase component of the
viscosity equates with the viscosity of the dashpot, means that for a single
Maxwell model it is possible to replace Z by Z(0). Thus far, we have concen-
trated on the description of experimental responses to the application of a
strain. Similar constructions can be developed for the application of a stress.
For example, the application of an oscillating stress to a sample gives rise to an
oscillating strain. We can define a complex compliance J* that is the ratio of the
strain to the stress. We will explore the relationship between different experi-
ments and the resulting models in Section 4.6.

4.4.4 Multiple Processes

A stress-relaxation experiment can be performed on a wide range of materials.
If we perform such a test on a real material a number of deviations are normally
observed from the behaviour of a single Maxwell model. Some of these
deviations are associated with the application of the strain itself. For example,
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it is very difficult to apply an instantaneous strain to a sample. This experi-
mental constraint influences the measured response at short experimental times.
It is often difficult to apply a strain small enough to provide a linear response.
A Maxwell model is only applicable to linear responses. Even if you were to
imagine an experiment where a strain is applied instantaneously and the sample
responds as a linear viscoelastic material, the relaxation need not follow a single
Maxwell model. There are two main approaches to dealing with this problem.
The approach we will adopt in this and the following section is to assume that
the material can be described by a combination of springs and dashpots, added
together to give an overall material response, but where the relaxation of any
spring is not affected by the response of the others. In Section 4.6 we will
consider what happens if the material cannot be described by a simple addition
of springs and dashpots. Let us begin by briefly considering the origin of
the relaxation time in the Maxwell model. We have seen (Section 4.2) that the
characteristic diffusional time for a system of spherical particles depends
upon the cube of the particle radius. This represents the characteristic
distance moved by the particle in time t that would cause the relaxation of
the stress that resulted from the applied strain. However, most molecules are far
from spherical and there are many systems that are mixtures of different
molecules. For many systems the idea that there is just a single relaxation time
is too simple. At any instant in time the thermal motions of the molecules or
particles in the system imply a distribution of interparticle spaces and particle–
particle interactions. This gives a range of relaxation times with accompanying
viscous and elastic contributions. One way we can model this distribution
of molecular interactions with their characteristic relaxation times is to
imagine that each is replaced by a single Maxwell model. The overall relaxation
is formed by summing all these processes together. A model of this is
shown schematically in Figure 4.8 and is called a multiple or generalised
Maxwell model.
Suppose the multiple Maxwell model that describes the material we are

interested in is composed of m processes each with an elasticity Gj, a viscous
process with a viscosity Zj and a corresponding relaxation time tj. We can form
the relaxation function by adding all these models together:

GðtÞ ¼
Xm
j¼1

Gj exp � t

tj

� �
ð4:40Þ

Now we can visualise that each of these models represents a relaxation process
in the system. However, it is likely that some spacings, or sizes, and interactions
occur more often than others, and so that each process is not unique. We could
represent the mmodels by a series of unique models where each model occurs pi
times. There would be n such models where n is less than m:

GðtÞ ¼
Xn
i¼1

piGi exp � t

ti

� �
ð4:41Þ
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If we divide the probability of occurrence by the number of models m we obtain
the frequency of occurrence fi.

GðtÞ ¼
Xn
i¼1

fi mGið Þ exp � t

ti

� �
ð4:42Þ

The product of m and Gi could be replaced by a ‘‘new’’ elasticity that for
convenience we could write as Gj. eqns (4.41) and (4.42) describe the relaxation
of the stress in terms of a distribution of discrete processes. Some processes may
be broadly separated in time to give two clearly separated relaxation processes.
Other systems may show a distribution of elastic processes very closely sepa-
rated in time.
One feature of the Maxwell model is that it allows the complete relaxation of

any applied strain, i.e. we do not observe any energy permanently stored in the
sample, all the energy stored in the springs is dissipated by flow in the dashpot
flow. Such a material is termed a viscoelastic fluid or viscoeleastic liquid.
However, it is feasible for a material to show an apparent yield stress at low
shear rates or stresses (Section 6.1). We can think of this as an elastic response
at low stresses or strains regardless of the application time (over all practical
timescales). We can only obtain such a response by removing one of the
dashpots from the viscoelastic model in Figure 4.8. When a strain is applied to
this model all the energy stored in the springs with an accompanying dashpot is
dissipated in the flow. However, the spring in isolation has no mechanism
by which it can relax the applied strain. Elastic energy will always be stored
in this spring. Thus, at long times after all the other spring and dashpot pairs
have relaxed, the stress will be maintained. The stress-relaxation function now

Figure 4.8 A multiple Maxwell model and a multiple Kelvin–Voigt model.
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appears as in Figure 4.9 with the relaxation function displaced from the
baseline by the value of the spring Go, which is equal to the low-frequency
limit in oscillation, G(0).
This material is a linear viscoelastic solid and is described by the multiple

Maxwell model with an additional term, the spring elasticity G(0):

GðtÞ ¼
Xn
i¼1

piGi exp � t

ti

� �
þ Gð0Þ ð4:43Þ

These same ideas apply equally well to the application of an oscillating stress or
strain. For a viscoelastic liquid we obtain the following results:

G0ðoÞ ¼
Xn
i¼1

piGi
ðotÞ2

1þ ðotÞ2
ð4:44Þ

G00ðoÞ ¼
Xn
i¼1

piGi
ot

1þ ðotÞ2
ð4:45Þ

For a viscoelastic solid, the loss modulus that reflects the viscous processes in
the material is unaffected by the presence of a spring without a dashpot. The
storage modulus includes the elastic component G(0).

G0ðoÞ ¼
Xn
i¼1

piGi
ðotÞ2

1þ ðotÞ2
þ Gð0Þ ð4:46Þ

This results in an elastic contribution at all frequencies. This is shown in
Figure 4.10 where the storage modulus is displaced from the baseline by G(0) at
low frequencies.
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Figure 4.9 A stress-relaxation curve for a viscoelastic solid.
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4.4.5 A Spectral Approach to Linear Viscoelastic Theory

We have developed the idea that we can describe linear viscoelastic materials
by a sum of Maxwell models. These models are the most appropriate for
describing the response of a body to an applied strain. The same ideas apply to
a sum of Kelvin models that are more appropriately applied to controlled-stress
experiments. A combination of these models enables us to predict the results
of different experiments. If we were able to predict the form of the model from
the chemical constituents of the system we could predict all the viscoelastic
responses in shear. We know that when a strain is applied to a viscoelastic
material the molecules and particles that form the system gradual diffuse to
relax the applied strain. For example, consider a solution of polymer molecules.
If we were to consider a single polymer molecule in solution we can visualise the
strain both moving the molecule and displacing the segments forming the
molecule. The strain is relaxed by the diffusion of the segments eventually
achieving the natural conformation of the polymer. We could consider each
process to have a characteristic timescale of relaxation and associated viscous
drag. Each mode of relaxation would have an associated Maxwell model.
If we were to sum all these models together we could construct a multiple
Maxwell model appropriate to that polymer chain. We must recognise that
whilst these ideas give rise to a model for the system, a typical system is far
more complex. In reality, it is not usual to have a single molecular weight
produced from a polymerisation but a continuous distribution of weights. So
there must exist a corresponding continuous distribution of relaxation proc-
esses. This can be reflected by using a relaxation mechanism consistent with
that shown by a Maxwell model but replacing a discrete distribution of
behaviour with a continuous distribution. A continuous distribution of
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Figure 4.10 The storage and loss moduli for the viscoeleastic solid in Figure 4.9.
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mechanisms relaxing as a Maxwell model is termed a relaxation spectrum H.
The corresponding distribution in stress for a Kelvin model is termed a
retardation spectrum L. In order to evaluate the relaxation function from a
step-strain experiment the sum needs to be replaced by an integral over all
such processes. If we examine the response of the single Maxwell model in
Figure 4.7, we can see it gives a variation in loss modulus over four orders of
magnitude in frequency. The data is plotted on a log scale to illustrate this.
Rheological relaxation processes tend to occur over very long timescales and so
a relaxation spectrum is most appropriately modelled in logarithmic time. The
limits of the integral must encompass the slowest process at time t- 0 to the
fastest at time t-N. On a logarithmic timescale this corresponds to ln(t)¼ –
N to ln(t)¼+N.
The relaxation function for a viscoelastic liquid is described by:

GðtÞ ¼
ZþN

�N

H expð � t=tÞd lnt ð4:47Þ

The relaxation spectrum H is independent of the experimental time t and is a
fundamental description of the system. The exponential function depends upon
both the experimental time and the relaxation time. Such a function in the
context of this integral is called the kernel. In order to describe different
experiments in terms of a relaxation spectrum H or retardation spectrum L it is
the kernel that changes. The integral can be formed in time or frequency
depending upon the experiment being modelled. The inclusion of elastic pro-
perties at all frequencies and times can be achieved by including an additional
process in the relaxation spectrum at infinite time or more simply by adding the
value of G(0) to the integral.

GðtÞ ¼ Gð0Þ þ
ZþN

�N

Hexpð�t=tÞd lnt ð4:48Þ

The relaxation spectrum greatly influences the behaviour observed in experi-
ments. As an example of this we can consider how the relaxation spectrum
effects the storage and loss moduli. To evaluate this we need to change the
kernel to that for a Maxwell model in oscillation and replace the experimental
time by oscillation frequency:

G0ðoÞ ¼
ZþN

�N

H
ðotÞ2

1þ ðotÞ2
d lnt ð4:49Þ

G00ðoÞ ¼
ZþN

�N

H
ot

1þ ðotÞ2
d lnt ð4:50Þ

109Linear Viscoelasticity I: Phenomenological Approach



Z0ðoÞ ¼
ZþN

�N

H
t

1þ ðotÞ2
d lnt ð4:51Þ

Z00ðoÞ ¼
ZþN

�N

H
ot2

1þ ðotÞ2
d lnt ð4:52Þ

In the limit of high frequencies the integral for the loss modulus tends to zero
as the denominator in eqn (4.50) tends to infinity. The storage modulus tends to
G(N), which is just the integral under the relaxation spectrum:

GðNÞ ¼
ZþN

�N

Hd lnt ð4:53Þ

In the limit of low frequencies the integral for the imaginary part of the complex
viscosity tends to zero. The real part, Z0(o), tends to Z(0), which is the integral
under the relaxation spectrum after it has been multiplied by the appropriate t
value at each point,

Zð0Þ ¼
ZþN

�N

Htd lnt ð4:54Þ

We can illustrate the effect of the relaxation spectrum by assuming a form for
the distribution. A log normal distribution will illustrate the effect on the
storage and loss moduli,

H ¼ GðNÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8:405ph2

p exp
�ðlnðt=toÞÞ2

8:405h2

 !
ð4:55Þ

The spectrum has been selected such that the integral under the distribution
gives G(N). The distribution is centred on the relaxation time to and the width
of the peak is given by h. The term h is the half-width of the peak at half of the
maximum height. A range of distributions with different half-width half-
heights is shown in Figure 4.11. Now we can calculate the storage and loss
moduli for a material that is described by these distributions. This is shown in
Figure 4.12.
The range of frequencies used to calculate the moduli is typically available on

many instruments. The important feature that these calculations illustrate is
that as the breadth of the distributions is increased the original sigmoidal and
bell-shaped curves of the Maxwell model are progressively lost. A distribution
of Maxwell models can produce a wide range of experimental behaviour
depending upon the relaxation times and the elastic responses present in the
material. The relaxation spectrum can be composed of more than one peak or
could contain a simple Maxwell process represented by a spike in the distribu-
tion, and this results in complex forms for all the elastic moduli.
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4.5 LINEAR VISCOELASTIC EXPERIMENTS

There are many types of deformation and forces that can be applied to
material. One of the foundations of viscoelastic theory is the Boltzmann
superposition principle. This principle is based on the assumption that the
effects of a series of applied stresses acting on a sample results in a strain that is
related to the sum of the stresses. The same argument applies to the application
of a strain. For example, we could apply an instantaneous stress to a body and
maintain that stress constant. For a viscoelastic material the strain will increase
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with time. The ratio of the strain to the stress defines the compliance of the body:

JðtÞ ¼ gðtÞ
s

ð4:56Þ

Now suppose at a time t1 later we apply another stress s1. The strain will
respond to this additional stress. This can be predicted by adding the result of
this additional stress onto the strain at a time t – t1 later:

gðtÞ ¼ sJðtÞ þ s1Jðt� t1Þ ð4:57Þ

It should be remembered that s1¼ 0, while to t1. This linear superposition of
stresses can be generalised to any number of applied stresses:

gðtÞ ¼
Xti¼t

ti¼�N

siJðt� tiÞ ð4:58Þ

This sum in this expression can be replaced by an integral that will enable us to
describe the strain response to any stress history:

gðtÞ ¼
Zt

�N

Jðt� t0Þ _sðt0Þdt0 ð4:59Þ

There is an analogous relationship for a series of strains:

sðtÞ ¼
Zt

�N

G t� t0ð Þ _gðt0Þdt0 ð4:60Þ

These two mathematical equations (4.59) and (4.60) illustrate an important
feature about linear viscoelastic measurements, i.e. the central role played by the
relaxation function and the compliance. These terms can be used to describe the
response of a material to any deformation history. If these can be modelled in
terms of the chemistry of the system the complete linear rheological response of
our material can be obtained.
Finally, it is worth noting an alternative form for the stress dependence of a

series of strains. Some microstructural models utilise the memory function m(t).
This is the rate of change of the stress-relaxation function:

mðtÞ ¼ � dGðtÞ
dt

ð4:61Þ

When we use the memory function, the superposition integral becomes, for a
viscoelastic liquid,

sðtÞ ¼
Zt

�N

m t� t0ð Þg t; t0ð Þdt0 ð4:62Þ
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The term g(t,t0) is the shear strain at time t0 relative to the strain at time t. The
use of a memory function has been adopted in polymer modelling. For
example, this approach is used by Doi and Edwards11 to describe linear
responses of solution polymers that they extended to nonlinear viscoelastic
responses in both shear and extension.

4.5.1 Relaxation

The ideal stress-relaxation experiment is one in which the strain is instanta-
neously applied. We have seen in Section 4.4.2 the exponential relaxation that
characterises the response of a Maxwell model. We can consider this experi-
ment in detail as an example of the application of the Boltzmann superposition
principle. The practical application of an instantaneous strain is very difficult to
achieve. In a laboratory experiment the strain rises to its maximum value over a
finite time. We can represent this feature in Figure 4.13.
Let us suppose the strain is applied at time t0 increases over a time n to a

maximum value g. At times less than t0 – n no strain is applied and at times
greater than t0 the strain is constant. This gives the limits to the Boltzmann
superposition integral.

_g ¼ 0 tot0 � n

_g ¼ g=n t0 � n � t � t0

_g ¼ 0 t > t0

Now we can apply these conditions to the Boltzmann superposition integral
(eqn (4.60)):

sðtÞ ¼
Zt0
t0�n

Gðt� t0Þ g
n

� �
dt0 ð4:63Þ

In principle, this integral could be applied directly to the Maxwell model to
predict the decay of stress at any point in time. We can simplify this further with
an additional assumption that is experimentally verified, i.e. the function in the
integral is continuous. The first value for the mean theorem for integrals states
that if a function f(x) is continuous between the limits a and b there exists a

timet=0 to=ν

γ

Figure 4.13 The applied strain in a typical stress-relaxation experiment.
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value f(q) such that

Zb

a

fðxÞdx ¼ fðqÞðb� aÞ ð4:64Þ

where q lies between a and b. We can apply this to expression to the super-
position integral to give

sðtÞ ¼ GðqÞ g
n

� �
ðt0 � ðt0 � nÞÞ ð4:65Þ

and so we get from this expression

sðtÞ ¼ gGðqÞ ð4:66Þ

Now, we know that the value of q lies between the limits t0 – n and t0. We can
choose time t0¼ 0. We do not have a value for q but we know that it occurs at
t+ gn where g lies between 0 and 1:

sðtÞ ¼ gGðtþ gnÞ ð4:67Þ

Now, providing gn{ t then for a viscoelastic liquid we obtain

sðtÞ ¼ gGðtÞ ð4:68Þ

In an experiment when we apply a step strain, the rate of application of the
strain influences the relaxation of the stress at short times. There are other
factors that can influence the response that is observed. For example, it is
common for elastic samples to resonate with the applied actuator and transmit
transient waves through the sample. This can lead to fluctuations in the stress at
short times. A typical example is shown in Figure 4.14.
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It is difficult to predict these responses directly because they depend upon a
wide range of instrumental properties in addition to the material properties of
the sample. The onset of this behaviour can be explored through the use of a
stress-growth experiment.

4.5.2 Stress Growth

The application of a linearly ramped strain can provide information on both the
sample elasticity and viscosity. The stress will grow in proportion to the applied
strain. The ratio of the strain over the applied time gives the shear rate. Applying
the Boltzmann superposition principle we obtain the following expression:

sðtÞ ¼ _g
Zt

0

Gðt� uÞdu ð4:69Þ

Now, we can substitute a Maxwell model for the relaxation function thus:

sðtÞ
_g

¼ ZðtÞ ¼ GðNÞ
Zt

0

exp �ðt� uÞ
tm

� �
du

so that

ZðtÞ ¼ sðtÞ
_g

¼ Zð0Þ 1� expð� t

tm
Þ

� �� �
ð4:70Þ

Now when we apply a shear rate to the sample, as t-N the viscosity tends to
Z(0). At short times the elasticity can be obtained by differentiating the viscosity
versus time curve:

dZðtÞ
dt

¼ �Zð0Þ d expð�t=tmÞð Þ
dt

¼ GðNÞexpð�t=tmÞ ð4:71Þ

This is the stress-relaxation function so the slope plotted as a function of time
provides us with G(t). Now in the limit of short times we find the exponential
tends to unity:

dZðtÞ
dt

����
t!0

¼ GðNÞ ð4:72Þ

Therefore, the slope of the viscosity at short times tends to G(N). These
relationships are shown in Figure 4.15.
The spectral relationships apply in a similar fashion to those for relaxation.

For a viscoelastic liquid we have a viscosity that depends upon the spectrum
and the relaxation time t.

ZðtÞ ¼
ZþN

�N

tHð1� expð�t=tÞÞd ln t ð4:73Þ
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For a viscoelastic solid the situation is more complex because the solid
component will never flow. As the strain is applied with time the stress will
increase continually with time. The sample will show no plateau viscosity
although, there maybe a low-shear viscous contribution. This applies to both a
single Maxwell model and one with a spectrum of processes:

ZðtÞ ¼ Zð0Þð1� expð�t=tÞÞ þGð0Þt ð4:74Þ

ZðtÞ ¼
ZþN

�N

tHð1� expð�t=tÞÞd lntþGð0Þt ð4:75Þ

In both cases, the apparent viscosity increases with time.

4.5.3 Antithixotropic Response

An important and sometimes overlooked feature of all linear viscoelastic liquids
that follow a Maxwell response is that they show antithixotropic behaviour. That
is, if a constant shear rate is applied to a material that behaves as aMaxwell model
the viscosity increases with time up to a constant value. We have seen in the
previous examples that as the shear rate is applied the stress progressively increases
to a maximum value. The approach we should adopt is to use the Boltzmann
superposition principle. Initially, we apply a continuous shear rate until a steady-
state viscosity of Z(0) is achieved. We then cease to strain the material and the
stress decays to zero in the inverse manner of the stress growth. Hence, the
viscosity falls as the shear rate reduces. We will state the results for both a
viscoelastic liquid with a single relaxation time and one with a spectrum of times:

ZðtÞ ¼ Zð0Þ expð�t=tÞ ð4:76Þ
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Figure 4.15 The stress-growth function for a Maxwell model.
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ZðtÞ ¼
ZþN

�N

tHexpð�t=tÞd lnt ð4:77Þ

4.5.4 Creep and Recovery

So far, we have largely concentrated on the application of a strain and the
resulting stress response. All the strain experiments we have discussed thus far
have analogues in the stress regime. Perhaps the most important of these is the
creep and recovery functions. Here, we apply a step stress to the sample, s0, and
we achieve a strain response. As with the stress-relaxation experiment where it
is difficult to apply an instantaneous strain, it is equally difficult to apply
an instantaneous stress. In addition the instantaneous strain response is prone
to oscillations at short times. The Boltzmann superposition principle can be
applied and we obtain the result shown in eqn (4.56) for the compliance. The
compliance is sometimes referred to as the creep compliance. After the stress
has been applied for a time t1 it is removed. If there has been no flow during the
application of the stress the strain is gradually recovered and falls to zero. If
there has been some flow the recovery will be incomplete. We have two zones of
physical responses, the creep region gc(t) and the recovery region gr(t):

gc ¼ s0JðtÞ ð4:78Þ

grðtÞ ¼ s0 Jðt1Þ � Jðt� t1Þð Þ ð4:79Þ

In order to obtain a general model of the creep and recovery functions we need
to use a Kelvin model or a Kelvin kernel and retardation spectrum L. However,
there are some additional subtleties that need to be accounted for. One of
the features of a Maxwell model is that it possesses a high-frequency limit to the
shear modulus. This means there is an instantaneous response at all strains. The
response of a simple Kelvin model is:

J1ðtÞ ¼
1� expð�t=tkÞð Þ

G
¼ J 1� expð�t=tkÞð Þ ð4:80Þ

Here, the term tk is the retardation time. It is given by the product of the
compliance of the spring and the viscosity of the dashpot. If we examine this
function we see that as t- 0 the compliance tends to zero and hence the
elastic modulus tends to infinity. Whilst it is philosophically possible to simu-
late a material with an infinite elastic modulus, for most situations it is not a
realistic model. We must conclude that we need an additional term in a single
Kelvin model to represent a ‘‘typical’’ material. We can achieve this by
connecting an additional spring in series to our model with a compliance Jg.
This is known from the polymer literature as the ‘‘standard linear solid’’ and Jg
is the ‘‘glassy compliance’’:

gcðtÞ ¼ s0 Jg þ J1ðtÞ
	 


ð4:81Þ
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grðtÞ ¼ s0 Jg þ J1ðt1Þ � J1ðt� t1Þ þ Jg
	 
	 


ð4:82Þ

The response of this body is shown in Figure 4.16.
We can see that as the stress has been applied the strain increases up to a time

t¼ t1. Once the stress is removed we see complete recovery of the strain. All the
strain stored has been recovered. The material has the properties of an elastic
solid. In order to achieve viscous flow we need to include an additional
term, this is the viscous loss term. This is known as a ‘‘Burger body’’ and a
dashpot, with a viscosity equivalent to Z(0), is added in series to a standard
linear solid:

gcðtÞ ¼ s0 Jg þ J1ðtÞ þ
t

Zð0Þ

� �
ð4:83Þ

grðtÞ ¼ s0 Jg þ J1ðt1Þ þ
t1

Zð0Þ � J1ðt� t1Þ þ Jg
	 
� �

ð4:84Þ

The response of this body is shown in Figure 4.17.
As with the elastic solid we can see that as the stress has been applied the

strain increases up to a time t¼ t1. Once the stress is removed we see partial
recovery of the strain. Some of the strain has been dissipated in viscous flow.
Laboratory measurements often show a high-frequency oscillation at short
times after a stress is applied or removed just as is observed with the stress-
relaxation experiment. We can replace a Kelvin model by a distribution of
retardation times.

J1ðtÞ ¼
ZþN

�N

Lð1� expð�t=tÞÞd lnt ð4:85Þ
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Figure 4.16 The creep and recovery curve for a viscoelastic solid.
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Now, as t- 0 the spectral function L, reduces to the area under the distribu-
tion. This is the steady-state compliance Je.

Je ¼
ZþN

�N

Ld lnt ð4:86Þ

The contribution of this component is shown in Figures 4.16 and 4.17. One of
the important features to recognise about the retardation spectrum is that it
only has an indirect relationship to both the zero-shear-rate viscosity and the
high-frequency shear modulus. Both these properties are contained in the
relaxation spectra. As we shall see in Section 4.5.7 whilst a relationship exists
between H and L, it is somewhat complex.

4.5.5 Strain Oscillation

So far, we have seen that if we begin with the Boltzmann superposition integral
and include in that expression a mathematical representation for the stress or
strain we apply, it is possible to derive a relationship between the instrumental
response and the properties of the material. For an oscillating strain the
problem can be solved either using complex number theory or simple trigono-
metric functions for the deformation applied. Suppose we apply a strain
described by a sine wave:

g ¼ gosinðotÞ ð4:87Þ

Now, in order to apply the Boltzmann superposition principle (eqn (4.60)) we
need to express this as a strain rate. Differentiating with respect to time gives us

_g ¼ ogocosðotÞ ð4:88Þ
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Figure 4.17 The creep and recovery curve for a viscoelastic liquid.
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Now, the Boltzmann superposition integral is given by eqn (4.60). Substituting
for the strain and replacing t by t0 in eqn (4.88) gives

sðtÞ ¼ ogo

Zt

�N

Gðt� t0Þcosðot0Þdt ð4:89Þ

For convenience we can change variables and the integral limits so that
s¼ t� t0:

sðtÞ ¼ ogo

ZN

0

GðsÞcosðoðt� sÞÞds ð4:90Þ

Simple trigonometry allows the cosine term to be rearranged:

sðtÞ ¼gosinðotÞ o
ZN

0

GðsÞsinðosÞds

0
@

1
A

þ gocosðotÞ o
ZN

0

GðsÞcosðosÞds

0
@

1
A

ð4:91Þ

Now, the first term on the right is in phase with the applied strain, i.e. it has the
form of a sine wave. This can be equated with the storage modulus. Conversely,
the phase difference between the second term on the right and the applied signal
is the difference between sine and cosine waves, which can be equated with the
loss modulus:

G0ðoÞ ¼ o
ZN

0

GðsÞ sinðosÞds ð4:92Þ

G00ðoÞ ¼ o
ZN

0

GðsÞ cosðosÞds ð4:93Þ

These are one-sided Fourier transforms that will be discussed further in Section
4.6.3. With these definitions we can substitute back into the above expression
to give

sðtÞ ¼ gosinðotÞG0ðoÞ þ gocosðotÞG00ðoÞ ð4:94Þ

Now, as we have stated earlier we can represent the phase difference between
the applied stress and strain as d. So, for a peak stress so we can visualise a
stress displaced by a phase difference d:

sðtÞ ¼ sosinðotþ dÞ ð4:95Þ

120 Chapter 4



Trigonometry gives us

sðtÞ ¼ socosðdÞsinðotÞ þ sosinðdÞcosðotÞ ð4:96Þ

Thus, equating eqns (4.94) and (4.96) we obtain expressions for the storage and
loss modulus:

G0ðoÞ ¼ so
go

cosðdÞ ¼ G�ðoÞcosðdÞ ð4:97Þ

G00ðoÞ ¼ so
go

sinðdÞ ¼ G�ðoÞsinðdÞ ð4:98Þ

which is the result from eqns (4.33) and (4.34). In complex number form one
obtains,

G� ¼ G0ðoÞ þ iG00ðoÞ ð4:99Þ

4.5.6 Stress Oscillation

The application of an oscillating stress gives a corresponding response in strain.
The Boltzmann superposition principle may again be utilised as our starting
point. The creep function is utilised rather than the stress-relaxation function.
The derivation follows much the same course as that for a strain lead oscillation
returning similar results for the complex compliance. The storage compliance
J0(o) and loss compliance J00(o) represent contributions to the energy stored
and lost in the system although their relationship to these parameters is not as
straightforward as given by eqns (4.33) and (4.34). They contain both the
viscosity and the elasticity:

J�ðioÞ ¼ ðJg þ J 0ðoÞÞ þ i � 1

oZð0Þ þ J 00ðoÞ
� �

ð4:100Þ

The corresponding compliance functions are

J 0ðoÞ ¼ o
ZN

0

JðtÞsinðotÞdt ð4:101aÞ

J 00ðoÞ ¼ �o
ZN

0

JðtÞcosðotÞdt ð4:101bÞ

In the same manner as the modulus can be related to the relaxation spectrum so
the compliance can be related to the retardation spectrum.

J 0ðoÞ ¼
ZþN

�N

L
1

1þ o2t2
d lnt ð4:102Þ
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J 00ðoÞ ¼
ZþN

�N

L
ot

1þ o2t2
d lnt ð4:103Þ

In the limit of zero frequency we obtain

Je ¼ J 0ðo ! 0Þ ¼
ZþN

�N

Ld lnt ð4:104Þ

which is the steady-state compliance.

4.6 INTERRELATIONSHIPS BETWEEN THE MEASUREMENTS

AND THE SPECTRA

The mathematics that underpins the theory of linear viscoelasticity is common
to many simple time-varying processes. It has already been indicated that linear
viscoelastic experiments are a form of mechanical spectroscopy. The closest
analogue to linear viscoelasticity is that of direct and alternating current
applied to electrical circuits of resistors and capacitors. The resistor, which
dissipates energy, is an analogue of a dashpot and the capacitor, storing energy,
is the analogue of a spring. The first impression is that this behaviour – whilst it
might be analogous mathematically to rheological processes – has little to do
with the chemistry of systems. However, one should recall that conductivity
measurements made on ac bridges are routinely performed to determine
the purity of water relative to its ion content or to distinguish water-in-oil
from oil-in-water emulsions. This behaviour is in the low-frequency region of
electromagnetic behaviour and represents the low-frequency contribution to
the dielectric spectrum. It is an aspect of electrochemistry. As the frequency is
increased through to radio and visible radiation, the way in which the energy is
stored at the atomic and molecular level changes. However, the underlying
relationship between the way the test signal is applied and the response is
interpreted is unaltered. These interrelationships are important in, for example,
the design of FTIR instrumentation, but less commonly impinge in analysis of
the resulting data in the laboratory. This is a distinct difference between
mechanical and electromagnetic spectroscopy. Rheologists are interested in
transforming the material responses from say the frequency domain to the time
domain for very good reasons.
Firstly, it helps to provide a crosscheck on whether the response of the

material is linear or can be treated as such. Sometimes a material is so fragile
that it is not possible to apply a low enough strain or stress to obtain a linear
response. However, it is also possible to find nonlinear responses with a stress–
strain relationship that will allow satisfactory application of some of the basic
features of linear viscoelasticity. Comparison between the transformed data
and the experiment will indicate the validity of the application of linear models.
Secondly, rheological measurements can be applied to mimic the way

materials are used and so relate to say the chemical engineers’ actual process.
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So, whilst it may not be possible in practice to perform a measurement that
mimics the process it may be possible to transform the data in such a way as to
provide an insight into the way the material will behave in such a process. A
typical example is encountered in the data handling of many rheometers that
use the application of oscillating stress. The results are often reported as moduli
rather than the measured property of compliance and this is achieved using a
linear viscoelastic interrelationship.
Thirdly, in order to understand and predict the behaviour of our system we

may wish to develop a chemical model for the behaviour. Certain experimental
regimes can be easier to model than others. By applying mathematical trans-
formations to the models a wider range of experimental responses can be
predicted.
Finally, and perhaps most importantly, is that many rheological processes

operate over a very broad range of timescales, much broader than IR or UV
spectral widths. The relaxation processes are often wider than those readily
achievable by experimental measurement on any rheometer. We can extend our
knowledge of the material to an extent beyond the operating ranges qualita-
tively by comparing data gathered in different tests with their transforms.
These interrelationships should not be viewed as an exercise in mathematics

but an additional and useful tool in material characterisation. The mathemati-
cal relationships between some of the experiments are complicated to derive.
The simplest example is presented in the next section and in sections that follow
the relationships are stated rather than discussed in depth. They are summa-
rised in Figure 4.18.

4.6.1 The Relationship Between Compliance and Modulus

When an oscillating stress is applied to a material the result is an oscillating
strain. The applied stress can be thought of as the independent variable and the

(4.113)

(4.114)

(4.108a)

(4.108b )

(4
.1

02
) 

&
 (

4.
10

3)

(4.119)

(4.120)

(4.118)

(4.47)

(4.49) &
 (4.50)

(4.101)

(4.86)

Complex
Compliance

Complex
Modulus

Creep
Function

Relaxation
Function

Redardation
Spectrum

Relaxation
Spectrum

Figure 4.18 The interrelationship between experiments and the spectra. The numbers
in brackets refer to the equation numbers.
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strain response the dependent variable. The ratio of dependent to independent
variable defines the dynamic compliance. Similarly, when an oscillating strain is
applied and a stress results the ratio of dependent to independent variable
defines the complex modulus. Linear theory demands that these ratios are
numerically the same. This can be represented algebraically as

s�

g�
¼ g�

s�

� ��1

ð4:105Þ

or in terms of modulus and compliance as

G�ðoÞ ¼ 1

J�ðoÞ ð4:106Þ

This relationship is the simplest of those describing the connection between
stress- and strain-controlled measurements. Of course, it also follows that the
complex terms must be similarly related:

G0ðoÞ þ iG00ðoÞ ¼ 1

J 0ðoÞ þ iJ 00ðoÞ ð4:107Þ

We can separate out the real and imaginary parts by multiplying by (a� ib) as
appropriate. This demonstrates the more sophisticated relationship between
the complex compliances and the complex moduli:

G0ðoÞ ¼ J 0ðoÞ
J 0ðoÞ2 þ J 00ðoÞ2

;G00ðoÞ ¼ J 00ðoÞ
J 0ðoÞ2 þ J 00ðoÞ2

ð4:108aÞ

J 0ðoÞ ¼ G0ðoÞ
G0ðoÞ2 þ G00ðoÞ2

; J 00ðoÞ ¼ G00ðoÞ
G0ðoÞ2 þ G00ðoÞ2

ð4:108bÞ

These expressions show that, for example, any value of the storage modulus
depends upon the values of both the storage and loss compliance. This is true
for these dynamic properties, only the ratios interrelate simply:

G0ðoÞ
G00ðoÞ ¼

J 0ðoÞ
J 00ðoÞ ð4:109Þ

Deriving this relationship is more than an exercise in mathematics but provides
information on the nature of the material. We have argued it is physically
realistic for most viscoelastic systems to have a finite response to an instanta-
neous deformation or stress. There are some important consequences when
considering the application of these ideas to the above expressions. As an
example, imagine that we have a viscoelastic solid material. We may relate the
moduli and compliance as

G0
1ðoÞ þ Gð0Þ þ iG00

2ðoÞ ¼
1

Jg þ J 0
1ðoÞ þ iJ 00

2 ðoÞ
ð4:110Þ
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where the subscripts 1 and 2 on the moduli refer to the storage and loss
response excluding G(0). Subscripts 1 and 2 on the compliance terms refer to
the resulting response in compliance. Now, as the frequency tends to zero the
only modulus term to remain nonzero is G(0). In Section 4.5.6 it was shown
that the J01 in the limit of o- 0 tends to Je and J002 tends to zero. So as o- 0
the result is

Gð0Þ ¼ 1

Jg þ Je
ð4:111Þ

This result is really interesting because whilst we have shown that G(0) has been
excluded from the relaxation spectrum H at all finite times (Section 4.4.5), it is
intrinsically related to the retardation spectrum L through Je. Thus, the
retardation spectrum is a convenient description of the temporal processes of
a viscoelastic solid. Conversely, it has little to say about the viscous processes in
a viscoelastic liquid. In the high-frequency limit where o-N the relationship
becomes

GðNÞ ¼ 1

Jg
ð4:112Þ

The high-frequency elastic modulus does not appear in the retardation spec-
trum but is an intrinsic part of the relaxation spectrum. These features are
reinforced when the interrelationship between the spectra are considered.

4.6.2 Retardation and Relaxation Spectrum

The expressions relating the storage and loss moduli to the relaxation spectra
can be combined with those relating the complex modulus to the dynamic
compliance. Although no proof has been provided here, the storage and loss
moduli are linked by integral equations. Combining these relationships gives
the following transforms:

L ¼ H

AðtÞj j2þp2H2
ð4:113Þ

H ¼ L

BðtÞj j2þp2L2
ð4:114Þ

with the integral expressions A and B given by

AðtÞ ¼ Gð0Þ �
ZþN

�N

HðuÞ
ðt=uÞ � 1

d lnu ð4:115Þ

BðtÞ ¼ Jg �
t

Zð0Þ �
ZþN

�N

LðuÞ
1� ðu=tÞ d lnu ð4:116Þ
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Now, there are important points that can be learnt from these transformations.
They reinforce what was stated in the previous section. For example, A(t),
which relates H to L contains G(0) by addition to the integral in the relaxation
spectrum, confirming the notion that at all finite times it does not contribute to
H. In order to transform from L to H both Jg and viscosity are required. This
hints at a general rule that can be applied to the form of the spectra and this will
be discussed in Section 4.7. The mathematical transforms themselves are quite
awkward to determine numerically. You will notice that as the value of u
approaches t, so that their ratio approaches unity, the integrands diverge to
positive or negative infinity! This ‘‘singularity’’ requires care to negotiate when
transforming experimental data.

4.6.3 The Relaxation Function and the Storage and Loss Modulus

These two experiments are fundamentally different in the nature of the applied
deformation. In the case of the relaxation experiment a step strain is applied,
whereas the modulus is measured by applying an oscillating strain. Thus, we
are transforming between the time and frequency domains. In fact, during the
derivation of the storage and loss moduli these transforms have already been
defined by eqn (4.48). In complex number form this becomes

G�ðioÞ ¼ Gð0Þ þ io
ZN

0

GðsÞe�iosds ð4:117Þ

For a viscoelastic liquid G(0)¼ 0. These expressions transform the stress-
relaxation function to the storage and loss moduli. Being Fourier transforms
one can apply the Fourier inversion theorem to obtain the transform from the
frequency to the time domain.

GðtÞ ¼ 2

p

ZþN

�N

G0ðoÞ
o

� �
sinðotÞdo ¼ 2

p

ZþN

�N

G00ðoÞ
o

� �
cosðotÞdo ð4:118Þ

4.6.4 Creep and Relaxation Interrelations

The relationships between creep and relaxation experiments are more complex.
The complexity of the transforms tend to increase when stress and strain lead
experiments are transformed in the time domain. It can be tackled in a number
of ways. One mathematical form relating the two is known as the ‘‘Volterra
integral equation’’, which is notoriously difficult to evaluate. Another, and
perhaps the conceptually simplest form of the mathematical transform, treats
the problem as a functional. Put simply, a functional is a ‘‘rule’’ that gives a set
of functions when another set has been specified. The details are not important
for this discussion, it is the result that is most useful:

pLfGðtÞg ¼ ðpLfJðtÞgÞ�1 ð4:119Þ
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Here, L stands for the Laplace transform defined as

Lff ðtÞg ¼
ZN

0

f ðtÞexpð � ptÞdt ð4:120Þ

These two equations enable creep and relaxation to be related and complete our
‘‘simple’’ combination of interrelations. The interrelations are summarised in
Figure 4.18. The question we would really like to answer is how these inter-
relations apply to real systems. We can get an idea by looking at simple models.
This is considered in the following section.

4.7 APPLICATIONS TO THE MODELS

The mathematics underlying transformation of the data from different experi-
ments can be applied to simple models. In the case of the relationship between
G*(o) and G(t) it is straightforward. To give an example, consider a Maxwell
model. It has an exponentially decaying modulus with time. We have indicated
that the relationship between the complex modulus and the relaxation function
is given by eqn (4.117). So, if we substitute the relaxation function into this
expression we get

G�ðioÞ ¼Gð0Þ þ io
ZN

0

GðtÞexpð�iotÞdt

¼Gð0Þ þ io
ZN

0

GðNÞexpð�t=trÞexpð�iotÞdt

ð4:121Þ

Now, we can add the terms in the exponent together to obtain

G�ðioÞ ¼ Gð0Þ þ io
ZN

0

GðNÞexp½�tð1=tr þ ioÞ�dt ð4:122Þ

We should not be intimidated by the presence of i¼ (–1)1/2, as the integral can
be performed in a straightforward manner with i treated as a constant:

G�ðioÞ ¼ Gð0Þ þ ioGðNÞ 1

�ð1=tr þ ioÞ expð � tð1=tr þ ioÞÞ
� �

N

0

ð4:123Þ

Putting in the limits and subtracting gives us

G�ðioÞ ¼ Gð0Þ þ ioGðNÞ
1=tr þ io

ð4:124Þ

This expression is the transform of the relaxation function. However, it is
not in a readily recognisable form. If we multiply top and bottom of the
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quotient by tr we get

G�ðioÞ ¼ Gð0Þ þ iotrGðNÞ
1þ iotr

ð4:125Þ

You will notice that this is the expression for a Maxwell model (see eqn (4.25)).
From eqns (4.121) to (4.125) we have applied a Fourier transform and
confirmed that a Maxwell model fits at least this portion of the theory of linear
viscoelasticity. The simple expression for the relationship between J*(o) and
G*(o) allows an interesting comparison to be performed. Suppose we take our
equations for a Maxwell model and apply eqn (4.108) to transform the response
to an oscillating strain into the response for an oscillating stress. This requires
careful use of simple algebra to give

J 0
1ðoÞ ¼

1

G
ð4:126Þ

J 00
2 ðoÞ ¼

1

Got
ð4:127Þ

If we were to use an oscillating stress in the equations for the mechanical
analogues in Section 4.4.1 we would return these expressions. One should treat
these transforms of the model responses with caution when applying the ideas
to real materials. The most complete description of a material can be achieved
by using the relaxation or retardation spectrum as our starting point. This
allows access to all the linear viscoelastic experiments we can visualise. In order
to do this we need to apply a novel function representing the spectrum. Imagine
a distribution of relaxation processes represented by the say the log normal
distribution in eqn (4.55). Now consider what happens as the half-width at half-
height is reduced whilst we assume a constant G(N) value. This means the area
under the spectrum is constant (eqn (4.53)). So as the peak gets narrower it
gradually gets taller in order to maintain a constant area. In the limit one can
visualise a ‘‘peak’’ or a spike that is infinitely thin but that has an ‘‘integratable’’
area of G(N). Of course such a spectral function has great utility and a
functional form can be defined that on integration has an area of unity. Such a
function is termed the Dirac delta function, d(x – x0). The term in brackets
(x� x0) is a method of representing the location of the function on the x-axes.
As defined, it means that at all values of x it has a value of zero except at x0. So,
x0 is the location of the spike on the x-axes. This function is special and has
some extremely useful properties that we will meet later in this text. Suppose we
have a function Q(t) where, for example, Q(t) could be the relaxation function.
An integral of the function multiplied by the Dirac delta function d(t� t0) gives
the value at Q(t0):

Z
QðtÞdðt� t0Þdt ¼ Qðt0Þ ð4:128Þ
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So, suppose that we apply this property to our relaxation integral (eqn (4.47))
such that the relaxation spectrum is replaced by a Dirac delta function at
time tm:

H ¼ GðNÞdðlnt� ln tmÞ ð4:129Þ

which when substituted in the integrand for relaxation gives us

GðtÞ ¼
ZþN

�N

He�t=td lnt ¼
ZþN

�N

GðNÞdðlnt� lntmÞe�t=td lnt

¼ GðNÞe�t=tm ð4:130Þ

This has now reduced the integral to a Maxwell relaxation process. In
other words, a spike or delta function in the distribution of relaxation
processes represents a Maxwell model. It has a position in time that defines
the relaxation time. So, it is not difficult to prove that two spikes equates with
two Maxwell models and so forth. However, it is not a complete description.
For a viscoelastic solid we know that we have a G(0) value. This can be
represented by a Dirac delta function but only at infinite time, which is
an esoteric concept to say the least! Nonetheless, the fact that a Maxwell
model is represented spectrally by a spike is an important concept. A spike in
the retardation spectra represents a Kelvin model. It is possible to use these
properties of the spectra and the Dirac delta function to interrelate models. It is
not straightforward, however. Throughout this chapter we have largely derived
most of the mathematical functions used. Those that have not been derived are
either repetitious examples or require the application of complicated arith-
metic. For example, a convolution integral is required to derive the relationship
between creep and relaxation and this has not been explored in detail as,
although it is interesting, it is not essential to our argument. The interrelation-
ship between spectra has been well described by Gross.2 For a Kelvin model for
example one can derive the characteristic relaxation time and moduli of the
springs in an equivalent Maxwell and accompanying spring. As the number of
Maxwell or Kelvin models increases the calculations required to convert
between relaxation and retardation spectra increases. The mathematics is not
particularly involved but it is time consuming. As the number of models
increase polynomials arise that inevitably can only be readily solved numeri-
cally. There are useful rules that can be considered when modelling relaxation
and retardation spectra. These have been clearly stated by Gross. Put simply
these are:

� When one spectra (i.e. relaxation) is represented by a Dirac delta func-
tion, the other (i.e. retardation) is also a delta function.

� For a viscoelastic liquid the number of delta functions in the relaxation
spectra always exceeds by 1 the number in the retardation spectra.

� For a viscoelastic solid the number of delta functions in the relaxation
spectra is the same as the number in the retardation spectra.
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4.8 MICROSTRUCTURAL INFLUENCES ON THE KERNEL

The previous sections contain a strong mathematical element, which is inherent
in the subject matter. Whilst it is possible to perform and model viscoelastic
behaviour without fully applying these ideas they can be immensely powerful in
predicting a range of experimental responses from simple models. A grasp of the
area helps in understanding what one would expect from a material from a
qualitative point of view. In the next chapter we will deal in detail with
microstructural interpretation of linear viscoelastic theory, particularly using
an exponential kernel. We illustrated near the beginning of this chapter that
rheological behaviour could be related to the stress-relaxation function (or its
derivative the memory function) and that this in turn was exponential in form.
We borrowed mathematical terminology and described this exponential function
as the kernel. There are some practical examples where an exponential function
can be replaced by unusual kernels. There are two types of kernel that are used
most frequently, the extended exponential and the power-law kernel. The
extended exponential has been applied to particulate systems with some ambi-
guity over its range of validity.4 The power-law kernel has been used to describe
gelation behaviour.5 In the following section we will consider these in detail.

4.8.1 The Extended Exponential

It is not that surprising that the linear viscoelastic response of many materials
can be described using an exponential function, either as a sum or an integrated
spectral response. The cynic would argue that ultimately we are undertaking
multiple exponential fitting of the data. This enables us to fit a wide range of
time-decaying functions. The application of linear viscoelastic theory would
inevitably allow other experiments to be described successfully. However, this
does confirm that our original description of the process, i.e. the exponential
kernel, is correct. One way of reconsidering this form of relaxation is to invoke
a description of the relaxation mechanisms in terms of the molecular processes.
This is considered in more detail in later sections in which an exponential
process can be seen to be appropriate for some systems. However, one can
think about this problem phenomenologically. Consider a material such as a
crystalline polymer composed of many randomly orientated grains. The atoms
are ordered within the grains. If a strain is applied to this material the grains
will deform slightly, changing the interatomic spacings, and when the strain is
released the stress stored in the sample will relax. We can imagine that an
individual grain relaxes as an exponential. We could reasonably suppose the
rate at which the stress is relaxed depends upon the orientation of the grain
since we would be deforming the grain along different crystal planes. Further-
more, we could imagine that as the atomic orientations relax back to their
quiescent configuration in each grain, local strains develop at the grain
boundaries. Put another way, as one grain relaxes the strain stored in its
atomic bonds, the neighbouring grain is slightly deformed. Of course every
grain will influence every other, it would be a highly cooperative process.
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The influence of one grain will be greatest on its neighbour and this will decay
away with distance and time. A grain that in isolation would relax with a single
Maxwell mode would relax somewhat more slowly as these modes couple
together. This can be incorporated using a power-law index n, which is usually
less than unity:

GðtÞ ¼ GðNÞe� t=tð Þn ð4:131Þ

This is an extended exponential. It operates within the remit of linear visco-
elastic theory. So, for example, for a simple exponential we can show that the
integral under the relaxation function gives the low-shear viscosity:

Zð0Þ ¼
ZþN

�N

GðtÞtd ln t ¼ GðNÞt ð4:132Þ

The same applies to the extended exponential. The integration is slightly more
difficult but gives

Zð0Þ ¼
ZþN

�N

GðNÞe� t=tð Þn td ln t ¼ GðNÞtGð1=nÞ
n

ð4:133Þ

Here, G(n) is the mathematical relationship called the Gamma function that can
be calculated from tabulated data. The fact that the integral has a positive real
solution indicates the extended exponential represents a viscoelastic fluid unless
an additional elastic process is included. Of course, if we revert our thinking to
our model for the process causing the coupling of the relaxation modes it is
possible to visualise other energy dissipation processes such as slip between
grain boundaries. These will act to increase n towards unity. In practical terms,
it can be very difficult to distinguish between spectral processes and a slightly
extended exponential.

4.8.2 Power Law or the Gel Equation5

In general it is fair to say that rheologists have been conservative in their use of
nonexponential kernels. One particular form clearly stands out as a candidate
for describing experimental data, at least for a limited range of relaxation times.
This is the power-law equation, often applied to gelling systems and conse-
quently termed the gel equation. The relaxation function is described by a
power law in time:

GðtÞ ¼ St�m ð4:134Þ

So using the Boltzmann superposition principle (eqn (4.60)) we have the gel
equation:

sðtÞ ¼ S

Zt

�N

ðt� t0Þ�m _gðt0Þdt0 ð4:135Þ
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This approach was pioneered by Winter5 in terms of structural relaxation. The
transforms already given in this chapter can be applied to this expression to
give the following relationships:

G0ðoÞ ¼ p
2GðmÞsinðmp=2ÞSo

m ð4:136aÞ

G00ðoÞ ¼ p
2GðmÞcosðmp=2ÞSo

m ð4:136bÞ

Interestingly, the same power law governs both the relaxation and the
dynamic moduli. Further utilisation of this expression is given in Chapter 5
with a microstructural description. It is unrealistic to expect the gel equation to
apply over the whole of the frequency and time ranges. For example, it predicts
an infinite high-frequency modulus. However, it can apply over a wide range of
frequencies and provide a useful description of the system.

4.8.3 Exact Inversions from the Relaxation or Retardation Spectrum

The Dirac delta function clearly provides one form of spectra that has an
analytical transform to the viscoelastic experimental regimes discussed so far.
An often overlooked function was developed by Tobolsky6 and Smith.7 They
noted that particular forms of the relaxation or retardation spectra have exact
analytical transforms. This function gives well-defined spectra and provides
good fits to experimental data. The relaxation spectrum is defined by the
function given below:

H ¼ GðNÞ t
to

� ��m

e�to=tGðmÞ ð4:137Þ

This has a corresponding relaxation function:

GðtÞ ¼ GðNÞ 1þ t

to

� �m

ð4:138Þ

This function can be quite readily generalised as a summation of processes. This
analysis remains a phenomenological approach. Bohlin8 has suggested a
generalisation of this approach indicating a relationship to a microscopic
description of a system. Unfortunately, this treatment has yet to be widely
utilised. It is, nonetheless, tremendously useful for mapping data between
spectra and experimental regimes.

4.9 NONSHEARING FIELDS AND EXTENSION

So far we have concentrated on the application of shear fields to a sample.
However, we can apply deformations by compressing or stretching a material.
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Indeed, it is possible to visualise very complex combinations of strains and
stresses. The response will relate to the bulk, shear and Young’s relaxation
functions in the appropriate form of the Boltzmann superposition integral.
There are analogues to all the previously discussed responses. However, one
note of caution should be heeded when relating bulk, shear and Young’s
moduli. This is that except in the low-frequency limit the Poisson ratio is no
longer single valued but time dependent so the relationship developed in
Chapter 2 is not an adequate description of the interrelationship if the materials
are viscoelastic. For example the relationship between the Young relaxation
function E(t) and G(t) is given by1,9

EðtÞ ¼ 2 GðtÞ þ
Zt

�N

Gðt� t0Þ _nðt0Þdt0
8<
:

9=
; ð4:139Þ

In order to proceed with the evaluation of the time-dependent Poisson
ratio n(t0) both sets of relaxation behaviour are required. Now, from Chapter
2 we know the Poisson ratio is the ratio of the contractile to the tensile
strain and that for an incompressible fluid the Poisson ratio n¼ 0.5.
Suppose we were able to apply a step deformation as we did for a shear
stress-relaxation experiment, then the derivation follows the same course as
that to eqn (4.69):

EðtÞ ¼ 2fGðtÞ þ nGðtÞg ð4:140Þ

This represents the relaxation of that stress in terms of the Young relaxation
function. Now we can express this as a viscosity by multiplying both sides by
time t and integrating to get

ZN

0

EðtÞtdt ¼
ZN

0

2GðtÞtdtþ 2

ZN

0

nGðtÞtdt ð4:141Þ

The first term on the left is the viscosity in extension, an extensional viscosity Ze:

Ze ¼ 2Zð0Þ þ 2nZð0Þ ð4:142Þ

So for an incompressible fluid the expression becomes

Tr ¼ Ze
Zð0Þ ¼ 3 ð4:143Þ

The constant Tr is termed the Trouton ratio10 and has a value of 3 in this
experiment with an incompressible fluid in the linear viscoelastic limit. The
elongational behaviour of fluids is probably the most significant of the non-
shear parameters since many complex fluids in practical applications are
forced to extend and deform. Studying this parameter is an area of great
interest for theoreticians and experimentalists.
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CHAPTER 5

Linear Viscoelasticity II:
Microstructural Approach

5.1 INTERMEDIATE DEBORAH NUMBERS DeE1

A rheological measurement is a useful tool for probing the microstructural
properties of a sample. If we are able to perform experiments at low stresses or
strains the spatial arrangement of the particles and molecules that compose that
system are only slightly perturbed by the measurement. We can assume that the
response is characteristic of the microstructure in quiescent conditions. Here, our
convective motion due to the applied deformation is less than that of Brownian
diffusion. The ratio of these terms is the Péclet number and is much less than unity
in this case. In eqn (5.1) we have written the Péclet number in terms of stresses:

Pe ¼ 6pa3s
kBT

o1 ð5:1Þ

where kBT/6pa
3 is the ‘‘thermal stress’’ with s being the mechanical or rheological

stress. To see the significance of eqn (5.1) we can consider three cases. If we have
molecules such as cyclohexane we require so106 Pa, whilst for a flexible polymer
of moderate molecular weight a value of so100 Pa would be satisfactory, but for
a colloidal particle with a radius of 100nm so0.2 Pa would be required to ensure
that the microstructure is relatively unperturbed.
In order to observe linear viscoelasticity structural relaxation by diffusion

must occur on a timescale comparable to our measurement time. The ratio of
these times gives the Deborah number. When this is of the order of unity our
experiment will follow the relaxation processes in the material and the material
will appear viscoelastic.

De ¼
structural relaxation time

experimentalmeasurement time
E 1 ð5:2Þ

Provided our experiment satisfies the conditions represented in eqns (5.1) and
(5.2) the experiment is likely to be linearly viscoelastic. The advantages of such
an experiment are twofold. First, it allows us to compare and predict the
response of the material to a wide range of linear viscoelastic experiments, thus
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allowing us to obtain information on a wide range of properties of the material.
Secondly, it is an indication of the state of matter in quiescent conditions as it
can identify whether a material is solid- or liquid-like in nature and provide
subtle distinctions in the phase behaviour. Rheology measures the state of
matter and thus phase diagrams are important in establishing what form of
rheology might be expected. The microstructural approach, which describes the
rheological properties in terms of the spatial arrangement of particles and
molecules, is complimentary to the phenomenological approach. The linear
viscoelastic relations can be used to transform the response to a strain to that
for a stress, for example. There are models for many systems so we will
concentrate on the simple models that display the principles.

5.2 HARD SPHERES AND ATOMIC FLUIDS1

In order to understand how structure and particle forces affect rheology we
might suppose that we should choose systems with the simplest form of
interactions between the particles, measure and model their behaviour. A good
candidate for this class of materials would be the condensed inert gases, which
can be treated as spherically symmetric and have only weak interactions
between the particles. However, these systems are incredibly difficult to ‘‘han-
dle’’. Moreover, quantifying and tuning the forces between the particles is only
readily achieved by either changing the gas or the pressure and temperature.
Indeed, the act of measurement alone can change the properties of the system.
In order to support these experiments and understand more about the observed
phenomena, computer simulations have been developed. In such ‘‘computer
experiments’’ any potential, density or temperature can be selected for our
particle. Providing the ‘‘physical rules’’ describing the response of the material
that are used in the algorithm are correct, we can subject this system to a range
of changes. The simplest system we can visualise is a spherical particle that does
not interact with its neighbour until it touches it. At this point the interaction
energy rises to infinity and the particles can approach no closer. The maximum
concentration we can achieve with such a system is a volume fraction of
approximately 0.74, equivalent to face-centred cubic packing (fcc). We can
perform a thought experiment where we place our particles in a box all moving
with thermal motion and we can progressively reduce the volume of this box.
The volume fraction will rise and a corresponding increase in the pressure will
be observed. We would expect ideal gas behaviour, so for n moles occupying a
volume V the pressure is

P ¼ n

V
RT ¼ rkBT ð5:3Þ

where r is the number of particles per unit volume. The viscosity is that of an
ideal gas. As the box is reduced further the finite volume occupied by the
molecules needs to be accounted for and the pressure increases more rapidly
than eqn (5.3) would predict. Now, as we reduce the volume of the box still
further a surprising feature is observed and this is shown in Figure 5.1.
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Figure 5.1 shows that the pressure ceases to monotonically increase. The
break point in the curve corresponds to a transition in the structural order.
Instead of all the particles being distributed in a relatively disordered config-
uration, regions of the box begin to order in an fcc structure. The lower bound
occurs when 49.4% of the volume is particles. This coexistence region extends
along the plateau until at a critical volume the systems is entirely composed of
particles with an fcc order where the particles occupy 54.5% of the box volume.
This is the order–disorder transition. The observation of this was as a result of
the pioneering work of Alder and Wainwright.2 The reason for the change is
the result of the system finding that the fcc microstructural arrangement has a
lower free energy than a disordered structure at the same volume. Effectively,
the system avoids a further pressure increase by changing its microstructural
arrangement. As the box is further reduced the fcc structure is compressed and
the pressure again increases. The particles, whilst being constrained to a degree
to fcc sites, still show on average an occupancy between these sites. Kincaid and
Weis3 showed that localisation to an fcc site did not occur until a particle
volume occupancy of 63% was reached. This limit is often equated to random
packing. We might expect that the order–disorder transition is accompanied by
a change in rheology. In order to experimentally investigate the response of
hard-sphere systems we need to develop a near-equivalent model system. Such
a system may be described as quasihard sphere.

5.3 QUASIHARD-SPHERE DISPERSIONS

Many of the materials that we have a common everyday experience of such as
detergents and foodstuffs show viscoelastic properties. Provided the stress or
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Figure 5.1 The pressure versus volume curve for hard spheres.
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strain is low enough, a linear viscoelasticity region can be observed where the
stress changes in linear proportion to the strain. We can use the chemical
properties of colloidal particles to ‘‘tune’’ the pair potential energy of interac-
tion between them. Quasihard-sphere systems can be developed that display
negligible van der Waals’ attraction between a pair of particles and are very
repulsive when they are nearly in contact. These, it might be supposed, can be
used to develop ideas and models for the rheological properties. Typically, they
are formed from nonaqueous dispersions although aqueous systems can be
developed to show regions of near hard-sphere behaviour. Two widely used
particles are silica, coated by an etherification reaction with octadecanol, and
poly(methyl methacrylate) coated by poly(12-hydroxystearic acid) as a hexa-
mer. These are dispersed in solvents with a near refractive index match for the
particles in order to reduce the attractive interactions. There is one substantial
difference between these materials and true hard spheres and that is the
presence of the dispersing medium. The medium will contribute to both the
thermodynamic and hydrodynamic properties of the system. The first of these
differences can be readily accommodated for to an extent, the second is still a
major challenge. We will deal first with the thermodynamic issues.

5.3.1 Quasihard-sphere Phase Diagrams

In order to utilise our colloids as near hard spheres in terms of the thermody-
namics we need to account for the presence of the medium and the species it
contains. If the ions and molecules intervening between a pair of colloidal
particles are small relative to the colloidal species we can treat the medium as a
continuum. The role of the molecules and ions can be allowed for by the use of
pair potentials between particles. These can be determined so as to include the role
of the solution species as an energy of interaction with distance. The limit of the
medium forms the boundary of the system and so determines its volume. We can
consider the thermodynamic properties of the colloidal system as those in excess
of the solvent. The pressure exerted by the colloidal species is now that in excess of
the solvent, it is the osmotic pressure P of the colloid. These ideas form the basis
of pseudo-one-component thermodynamics. This allows us to calculate an elastic
rheological property. Let us consider some important thermodynamic quantities
for the system. We may apply the first law of thermodynamics to the system. The
work done in an osmotic pressure and volume experiment on the colloidal system
is related to the excess heat adsorbed dQ and the internal energy change dE:

dQ ¼ dE þP dV ð5:4Þ

For a reversible change the associated entropy change dS for the colloidal
particles is given by applying the second law:

dQ ¼ T dS ð5:5Þ

We may combine these expressions:

dE ¼ TdS �P dV ð5:6Þ
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We can rewrite this in a new form at constant volume and entropy:

@E

@S

� �
V

¼ T and
@E

@V

� �
S

¼ �P ð5:7Þ

The simplicity of the form of these expressions suggests that S and V are
‘‘natural’’ variables of the internal energy E(S,V). These expressions have
demonstrated the first and second laws of thermodynamics for our colloidal
system. However, it is not easy to perform an experiment at constant entropy
on these systems. We can also express the Gibbs free energy G(T,P):

G ¼ E þPV � TS ð5:8Þ

so that

@G

@T

� �
P
¼ �S and

@G

@P

� �
T

¼ V ð5:9Þ

The Helmholtz free energy A(T,V) in excess of that of the medium is

A ¼ E � TS ð5:10Þ

so that

@A

@V

� �
T

¼ �P and
@A

@T

� �
V

¼ �S ð5:11Þ

The analogue to one-component thermodynamics applies to the nature of the
variables. So, A, S, U and V are all extensive variables, that is they depend on
the size of the system. The intensive variables are P and T – these are local
properties independent of the mass of the material. The relationship between
the osmotic pressure and the rate of change of Helmholtz free energy with
volume is an important one. The volume of the system, while a useful quantity,
is not the usual manner in which colloidal systems are handled. The concen-
tration or volume fraction is usually used:

j ¼ Vp

V
ð5:12Þ

where Vp is the volume of all the particles in the system. This is also an
extensive variable:

dj
dV

¼ �Vp

V2
¼ � j

V
ð5:13Þ

This simple relationship allows us to express all the thermodynamic variables in
terms of our colloid concentration. The Helmholtz free energy per unit volume
depends upon concentration of the colloidal particles rather than the size of the
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system so these are useful thermodynamic properties. If we use a bar to
symbolise the extensive properties per unit volume we obtain,

�A ¼ �E � T �S ð5:14Þ

and so the osmotic pressure becomes related to the concentration and the
Helmholtz free energy per unit volume:

P ¼ @ �A

@j

� �
T

ð5:15Þ

What we would like to do is use these thermodynamic properties to calculate an
equilibrium elastic moduli. The bulk modulus is by definition the constant of
proportionality that links the infinitesimal pressure change resulting from a
fractional change in volume (Section 2.1.1) In colloidal terms this becomes:

KT ¼ j
@P
@j

� �
T

ð5:16Þ

This is the isothermal bulk modulus. Thus we can use our simulation data in
Figure 5.1 and calculate a modulus for a hard-sphere system. Equations (5.14)
to (5.16) form an interesting hierarchy of equations.

KT ¼ j
@P
@j

� �
T

¼ @2 �A

@j2

� �
T

¼ @2 �E

@j2

� �
T

�
@2 T �S2
� �
@j2

� �
T

ð5:17Þ

The internal energy per unit volume relates to the Helmholtz energy with its
first derivative giving pressure and its second elasticity. We will see this form of
relationship repeated again when we begin to consider the specific nature of the
particle arrangements. The osmotic pressure dependence as a function of
volume fraction is shown in Figure 5.2. The isothermal bulk modulus is shown
in Figure 5.3. The osmotic pressure shows an increase up to a volume fraction
of 0.494 where the liquid-like order is replaced by two coexisting phases until a
further increase where an ordered-like structure is formed.
The pressure curves are based on the calculations of Carnahan and Starling4

(disordered phase) and Hall5 (ordered phase). There is evidence that there is a
long-lived metastable phase with liquid-like order determined by Woodcock
and Pusey and van Megen6 that extends the disordered branch to higher
volume fractions, diverging at 0.64. Experimental verification of these compu-
ter calculations has been obtained by Vrij et al.7 They measured the osmotic
compressibility of small silica particles in cyclohexane and found excellent
agreement with the Carnahan–Starling model for compressibility up to
j¼ 0.30. In these models the osmotic pressure and modulus has not included
any hydrodynamic properties of the solvent and so these have not played a
significant role in determining the bulk moduli. The osmotic compressibility
was established by light scattering since both the compressibility and the
scattered light are related to the structural arrangement of particles in the
suspension. We cannot undertake a comprehensive treatment of scattering here
but we can consider some of the main features. One of the most startling
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observations for hard spheres is the change in optical properties at the struc-
tural transition. If the particle sizes are such that their interparticle spacing is of
the order of the wavelength of light then incident daylight undergoes the optical
equivalent of Bragg diffraction. This is where the equilibrium spacing of the
particles causes constructive and destructive interference of light. For white
light this gives a range of colours or iridescence. The same colours are displayed
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by the gemstone opal; in both cases the scattering is dominated by the colloidal
particles. Individual crystallites can be observed in the dispersion above the
transition, these grow and interpenetrate and show a polycrystalline nature at
high concentrations. We can arrange an experiment such that we use just a
single wavelength of incident radiation and measure the variation in the
intensity of the light scattered with angle y away from the transmitted beam.
In the ordered regime constructive interference occurs at angles a¼ y/2 for
incident light of wavelength l and layer spacing dhkl:

m
l
n
¼ 2dhkl sin að Þ ð5:18Þ

where m is the order and n the refractive index of the medium. This is an
analogue of the Bragg equation for X-rays. More generally, we can consider the
intensity as I(q,t) where q is the wavevector that has the dimensions of inverse
length. Under appropriate conditions the measured intensity is given by a
combination of three terms:

I q; tð Þ ¼ KP qð ÞF q; tð Þ

where

q ¼ 4pn
l

sin y=2ð Þ ð5:19Þ

K, which depends on concentration and the design of the experiment, P(q) the
form factor, which is the scattering of an individual particle and F(q,t) a term
related to the fluctuation in particle spacing with time t. This last term is called
the intermediate scattering function. The intensity fluctuations are due to
particle diffusive motion. At short times this is termed the static structure
factor S(q), which is a measure of the equilibrium order in the suspension. It
varies as a function of angle or wavevector, oscillating around unity. The peaks
in the structure factor represent the primary location of the particles in
reciprocal space. At zero angle, i.e. q¼ 0, S(q) relates directly to the isothermal
bulk modulus of the dispersion.

KT ¼ rkT
F 0; 0ð Þ ¼

rkT
Sð0Þ ¼ w�1

T ð5:20Þ

where wT is the isothermal compressibility. This expression links the scattering,
rheological and thermodynamic properties of the system. As yet we have not
described either the viscous or the linear viscoelastic response of hard spheres in
shear flows and in the following section this will be considered.

5.3.2 Quasihard-sphere Viscoelasticity and Viscosity

The correlation between experimental and theoretical values of the isothermal
bulk modulus gives a good indication that the static properties of quasihard
spheres are well understood. The viscous and viscoelastic behaviour when the
system is above the dilute limit is far more difficult to predict. One reason for
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this is that the viscosity arises from complex hydrodynamic interactions. In a
moderate to concentrated system these are multibody in nature. These result
from the interactions between flow patterns on neighbouring particles and
the extent of their coupling is theoretically difficult to determine. In addition,
the systems are ‘‘near’’ hard spheres rather than ‘‘true’’ hard spheres. There
may be deviations in particle monodispersity, small amounts of residual charge
at the surface, weak attractive forces present, the layer on the surface may
modify the hydrodynamics away from a smooth surface or the particles may
swell in the solvent. It is not practically possible to eliminate all these factors or
to quantify them in enough detail. Moreover, as the concentration of the
system increases, the particles are on average closer together and the deviations
can become marked. Pragmatically, we can overcome this difficulty by exam-
ining experimental data on all quasihard-sphere systems and look for a com-
monality of behaviour. The Krieger–Dougherty8 expression is a relationship
which can describe the concentration dependence of the zero-shear-rate vis-
cosity of quasihard spheres. It is discussed in detail in Section 3.5.2. It relates
the viscosity to a packing fraction at which point the structure becomes solid.

Zð0Þ ¼ Zo 1� j
jmð0Þ

� ��½Z�jmð0Þ
ð5:21Þ

The intrinsic viscosity is the Einstein value [Z]¼ 2.5 and a packing fraction
jm(0) is that in the low-shear limit. As the volume fraction approaches the
maximum packing fraction, the viscosity rapidly diverges. In order to utilise
this expression we need jm(0). One method is to fit the experimental data at low
concentrations, say to the Einstein expression.

Zð0Þ ¼ Zo 1þ kc Z½ �ð Þ ð5:22Þ

where c is the concentration of particles in units of mass per unit volume. The
constant k is established by plotting a graph of the measured viscosity from
capillary viscometry versus c. The slope divided by 2.5 gives k and the product
kc gives fhs the hard-sphere volume fraction. The higher concentration curve is
then fitted using eqn (5.21) in order to determine the maximum packing
fraction of the particles. This tends to produce large values of packing,
jm(0)¼ 0.60 and higher. Alternatively, one can use data from effective hard-
sphere dispersions at high concentrations. eqn (5.21) can be rearranged to give,

1

½Z�jmð0Þ
ln

Zo
Zð0Þ

� �
¼ 1� kc

jmð0Þ
ð5:23Þ

Plotting the left-hand side of the above equation versus c gives a y-axis intercept
of unity and when y¼ 0 then kc¼jm(0). The values of k and jm(0) can be
adjusted iteratively to give the best linear fit. This tends to produce lower values
of jm(0)¼ 0.52 close to the hard-sphere transition. Structural relaxation in
quasihard-sphere systems have been investigated by diffusion measurements
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made using dynamic light scattering at a wide range of volume fractions. This
has been performed by investigating the structure factor as a function of the
wavevector q. The structure factor is related to the spatial arrangement of
the particles. The peaks in S(q) occur where the arrangement of particles in the
dispersion cause a constructive interference of the light. We can estimate the
position of the first peak in the structure factor, qmax by equating the Bragg
equation (eqn (5.18)) with the wavevector equation (eqn (5.19)).

qmax ¼
2p
dhkl

ð5:24Þ

This is a reasonable estimate for highly ordered systems. Each q is characteristic
of a length scale within the dispersion. We can calculate S(q) directly using an
expression of Ashcroft and Lekener9 based on a simple model for hard spheres
by Percus and Yevick.10 This model is shown in Figure 5.4 for a range of
volume fractions. This is compared with some data of Ottewill11 for S(q) that
was determined from neutron scattering for a typical quasihard-sphere system.
The structure factor at qmax represents the nearest-neighbour spacing of

particles. So, if the diffusive properties are measured at this peak we can follow
the relaxation of the structure in the system through Brownian diffusion. We
can examine the intensity on a range of timescales. Most appropriate to
structural relaxation is the timescale associated with the particles moving a
distance that is a considerable fraction of the particle radius. This is the long-
time self-diffusion coefficient DL. Pusey and coworkers12 have found this to
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Figure 5.4 The structure factor S(Q) determined using the method of Ashcroft and
Lekener9 compared with experimental data gathered by Ottewill11 (points)
using neutron scattering.
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scale with the zero-shear viscosity over a wide range of volume fractions. They
found that

DL qmaxð Þ
D0

¼ Zo
Zð0Þ ð5:25Þ

where D0 is the diffusion coefficient in the dilute limit. This suggests that the
relaxation of the structure is determined by the low-shear viscosity. This is not
surprising since the particle is unlikely to undergo free diffusion and will
experience the ‘‘mean field’’ of all the surrounding particles, i.e. each particle is
in an effective medium of all the other particles. The corresponding relaxation
time characteristic of the structure is given by the time to diffuse a distance
equal to the particle radius:

tr ¼
a2

DL qmaxð Þ ¼
6pZð0Þa3
kBT

ð5:26Þ

There are not a great number of studies on the viscoelastic behaviour of quasihard
spheres. The studies of Mellema and coworkers13 shown in Figure 5.5 indicate the
real and imaginary parts of the viscosity in a high-frequency oscillation experi-
ment. Their data can be normalised to a characteristic time based on the diffusion
coefficient given above.
These experiments suggest that as the long-time self-diffusion coefficient

approaches zero the relaxation time becomes infinite, suggesting an elastic
structure. In an important study of the diffusion coefficients for a wide range of
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Figure 5.5 The dynamic viscosity for a quasihard-sphere dispersions from the data of
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concentrations, Ottewill and Williams14 showed that it does indeed reduce
toward zero as the hard-sphere transition is approached. This is shown in
Figure 5.6 where the ratio of the long-time diffusion coefficient to the diffusion
coefficient in the dilute limit is plotted as a function of concentration.
This is strong evidence for assuming that dispersions of ideal hard spheres

would be expected to show a transition in the viscous behaviour between
j¼ 0.494 and j¼ 0.545. Also shown is the short-time self-diffusion coefficient
DS. This still shows a significant value before the order–disorder transition. The
problem faced by the rheologist in interpreting hard-sphere systems is that at
high concentrations there is an increased sensitivity to the deviations in ideality
of the particles. In addition, the multibody hydrodynamics still remain too
difficult to evaluate completely. As the diffusion coefficient is inversely pro-
portional to the viscosity it might be expected that the diffusive behaviour
would be proportional to the relative fluidity. This is also plotted as the broken
line in Figure 5.6. It is interesting to note that at low volume fractions, the
relative fluidity is close to the relative short-time diffusion line, whilst at high
concentrations it is close to the relative long-time diffusion data. This is
indicating the increasing importance of the role played by the multibody
hydrodynamic interactions in dominating the response at moderate to high
concentrations of particles. An alternative approach is to deliberately build into
the dispersion known interparticle forces that are significant relative to those
due to the hydrodynamic effects. We shall consider this approach in the
following section.

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6

DL/ Do

DS/ Do

volume fraction, ϕ

(1-(ϕ/0.52))[η]0.52 

re
la

tiv
e 

di
ff

us
io

n 
co

ef
fi

ci
en

t

Figure 5.6 The Quasihard-sphere diffusion data of Ottewill and Williams14 as a
function of volume fraction. The long- (DL) and short- (DS) time tracer
diffusion coefficients are shown (symbols). The pecked line is ‘‘represent-
ative’’ of the relative fluidity of a hard-sphere dispersion.

146 Chapter 5



5.4 WEAKLY ATTRACTIVE SYSTEMS

The interparticle forces between some systems of colloidal particles can be
adjusted such that any pair of particles in the dispersion are weakly attracted
towards each other. The energy of the attraction must not be so great as to
cause a permanent contact to form. Typically, an energy of attraction of up to
20kBT will allow the particles to remain in close proximity but be readily
dispersed by gentle agitation. At very low levels of attraction, the interparticle
energies cause the normal Brownian collisions to become modified. The par-
ticles dwell together as a pair longer and as a consequence the equilibrium
structure in the dispersion becomes modified. This can in principle be detected
by the scattering of radiation as the mean interparticle spacing between the
particles will change. There will be a corresponding change in our structure
factor S(q). We would like to know how this change in both order and diffusive
motion away from the hard-sphere condition affects the relaxation behaviour,
the elasticity, the pressure and the viscosity. To achieve this we can take our
measured structure factor and calculate a quantity termed the pair-distribution
function g(r). The relationship between these quantities is given by:

g rð Þ ¼ 1þ 1

2p2rr

ZN

0

S qð Þ � 1ð Þq sin qrð Þdq ð5:27Þ

S qð Þ ¼ 1þ 4pr
q

ZN

0

g rð Þ � 1ð Þr sin qrð Þdr ð5:28Þ

In order to evaluate one from the other a numerical implementation is required.
The pair-distribution function is a tremendously useful quantity. If we consider
a dilute suspension, the particles are widely spaced with an average number
density of particles given by r. As the concentration is increased, the material
becomes more liquid-like and a short-range order develops, i.e. the particle
concentration is no longer uniform but fluctuates about r. Suppose we freeze
our system for a moment and select a test particle in our dispersion. If we
examine the local concentration a radial distance r from the test particle, we will
find regions where the concentration r(r) at r is less than the average and
regions where it is greater than the average. The further we travel away from
the test particle, the more the local order reduces and the closer r(r) is to r. We
can define our pair distribution or radial distribution function as

gðrÞ ¼ rðrÞ
r

ð5:29Þ

and as r-N then g(r)-1. We do not always have the luxury of determining
g(r) or S(q) experimentally directly on our system and so computer calculations
are useful. These have been optimised against computer simulations by
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Henderson and the pair-distribution function calculated in this manner is
shown in Figure 5.7 for a range of volume fractions.1

The value of the peaks and troughs in the pair-distribution function represent
the fluctuation in number density. The peaks represent regions where the
concentrations are in excess of the average value while the troughs represent
a deficit. As the volume fraction is increased, the peaks and troughs grow,
reflecting the increase in order with concentration. We can measure this by
calculating the number of particles around our test particle. If we multiply r by
a volume we get the total number of particles contained in that volume. Since
g(r) is represented in terms of the radial distance from a central particle, we
need to calculate the number of particles in a spherical shell of thickness dr
and area 4pr2, giving us the expression g(r)4pr2dr. This function is shown in
Figure 5.8 and also oscillates each peak and trough, reflecting a shell of
coordinated neighbours.
The number density in the first nearest-neighbour shell as a function of

concentration is an important quantity indicating how the structure develops
locally. If z is the number of nearest neighbours, we can sum up all the particles
in the first nearest-neighbour shell to the minimum position in r2g(r) that marks
the outer limit of that shell:

z ¼
ZN

2a

4pr2rg rð Þdr ¼ 3j
a3

Zrmin

2a

r2g rð Þdr ð5:30Þ
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Figure 5.7 The pair-distribution function g(r) for hard spheres as a function of the
dimensionless centre-to-centre separation. This was calculated using the
algorithm of Henderson1 at a range of volume fractions.
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In fact this basic idea allows us to intuitively connect the structure factor
S(q¼ 0) and the change in osmotic pressure. If we take q¼ 0 in eqn (5.28) we
can see that it contains terms that are fluctuations in number concentration:

S 0ð Þ ¼ 1þ
ZN

0

4pr2 rg rð Þ � rð Þdr / dr
dP

ð5:31Þ

These fluctuations lead to changes in the local compressibility of the structure,
because this is proportional to the rate of change of pressure with concentra-
tion. As S(0) results from the sum of these, the link to the isothermal bulk
modulus can be understood in these terms. We would like to build into our
nearest-neighbour shell the effect of interparticle energy. So, for example, if we
make our colloids attractive this will on average increase the number of nearest
neighbours relative to the hard-sphere value. From inspection of eqn (5.30), it is
clear that this can only be reflected by modifying the pair-distribution function.
This will affect the structure factor so ideally all we need to do is measure S(q),
calculate the structure represented by g(r) and determine the rheology. This
would require a great deal of experimental characterisation, but we can
circumvent this if we can modify our computer calculations for the hard-sphere
pair-distribution function. There are various schemes for doing this. Consider
the pair potential shown in Figure 5.9. This is for a 500-nm radius polystyrene
latex particle coated with a surfactant. The particle has a z-potential of –9.7mV
in 0.5M sodium chloride.
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There is a weak secondary minimum in the energy curve of about –7kBT that
arises from the attractive force between the particles. Past this minimum, the
energy rises again as a result of the repulsive force between particles of similar
charge. As two particles approach they will nearly touch and tend to dwell in
the minimum of the energy–distance curve. The average energy for two par-
ticles moving apart along a common axis with Brownian motion is kBT but
collisions cause fluctuations around this value. Thus, some particles will receive
enough energy to escape from this minimum and to either separate or to
approach closer than the secondary minimum distance. Those that approach
closer than a distance s will be subject to a strong repulsive force. We can
estimate the probability that particles approach closer than the minimum
position using a Boltzmann energy distribution.

P V rð Þð Þ ¼ exp �V rð Þ=kBTð Þ
Z

ð5:32Þ

The term Z here is the partition function and represents a sum over all the states.
It ensures that a sum of all the probabilities is unity. In order to achieve a close
separation between the particles they must possess an increasing energy. Clearly
from eqn (5.32) an exponentially reducing number will achieve this. We can
imagine there exists a separation that so few particles ever achieve that this
effectively represents the closest distance a pair of particles can approach. This
gives an effective hard-sphere diameter. There are various perturbation schemes
for defining where this might occur. One such is the Barker–Henderson pertur-
bation (BH). The basic notion is that a small perturbation from the hard-sphere
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potential can be incorporated by a simple modification of existing hard-sphere
models. The effective diameter or Barker–Henderson diameter is given by

dBH ¼ 2aþ
Zs

2a

1� exp �VðrÞ=kBTð Þð Þdr ð5:33Þ

giving a new volume fraction

jBH ¼ j
dBH

2a

� �3

ð5:34Þ

We have seen in Figure 5.7 that the value of the pair-distribution function
depends on the radius a and the volume fraction j. We can emphasis this
dependence by expressing it as gHSðr; 2a;jÞ. Now, as we increase the attractive
forces we increase the effective particle size and volume fraction. This effect can
be included in our new pair-distribution function simply by calculating it as
gHSðr; dBH;jBHÞ and it represents a new repulsive core. However, the attractive
force will modify the total Helmholtz free energy of the system and, from eqn
(5.17), the compressibility and internal energy. Provided it is relatively small we
can add in the perturbing energy, subsequent changes in order and local
compressibility. This allows for the attractive energy. The new pair-distribution
function for particles with a ‘‘softer’’ interaction becomes

g r; 2a;jð Þ ¼ gHS r; dBH;jBHð Þ 1� F rð ÞrkBTwTð Þ ð5:35Þ

The term F(r) is a pair potential that contains only the attractive potential,
because the repulsion effects have been allowed for by the effective volume
fraction and hard-sphere diameter. The new potential can be defined as:

F rð Þ
kBT

¼

N rodBH
Vmin

kBT
dBH � r � rmin

V rð Þ
kBT

rminor

8>>><
>>>:

9>>>=
>>>;

ð5:36Þ

We have introduced a statistical mechanical approach illustrating how the
material properties and rheology play a role at the microscopic level. Our main
reason for doing this is to determine the microstructure and calculate the
macroscopic rheological properties. We can now evaluate the coordination
number z from eqn (5.30) for our colloid pair potential in Figure 5.9. The
variation of z with volume fraction is shown in Figure 5.10.
The first thing to note is the sigmoidal form of the curve; as the concentration

is increased the coordination number increases. As the volume fraction reaches
j¼ 0.5 this approaches 12. This is the maximum number of nearest neighbours
that can be achieved in a close-packed structure. Here we are approaching the
hard-sphere transition from liquid-like to solid-like order. At around j¼ 0.25
the number of neighbours approaches 3, and this is the minimum number
required to build a network of particles. At this concentration one can visualise
the particles in the dispersion building a connected structure. This concentration
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coincides with a marked change in the elastic properties. We can determine these
from the microstructure in the dispersion. If we multiply the pair-interaction
energy per particle V(r)/2kBT by the number of particles at any separation
4pr2g(r)dr we can define the internal energy per unit volume or internal energy
density in dimensionless form

�E ¼ Ea3

kBT
¼ 9j

8p
þ 3

2
j
ZN

0

r2g rð ÞV rð Þ
kBT

dr ð5:37Þ

This forms one of a hierarchy of equations we can write representing the
properties of the dispersion in terms of the microstructure. We can apply this
idea to the osmotic pressure by considering the force acting on a pair of particles.
The first derivative of energy with respect to distance provides us with force:

Pa3

kBT
¼ 3j

4p
� 3j2

8pa3

ZN

0

r3g rð Þ d
dr

V rð Þ
kBT

� �
dr ð5:38Þ

The high-frequency shear modulus is proportional to the rate of change of force
with distance. For colloidal systems this is dominated by the integral expression15

G Nð Þa3
kBT

¼ 3j2

40pa3

ZN

0

g rð Þ d
dr

r4
d

dr

V rð Þ
kBT

� �� �
dr ð5:39Þ

Thus for our colloidal system we can calculate the elasticity and compare this
with experimental data. This is shown in Figure 5.11.
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with the pair potential in Figure 5.9.
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The microstructural model in eqn (5.39) is in excellent agreement with the
experimental data. However, we should not readily conclude that our perturbed
pair-distribution function necessarily represents a good description of the col-
loidal system over all length scales. We can see that the network concentration
where the shear modulus becomes significant is around j¼ 0.25, another good
indication that the model represents the onset of networking in the system.
However, the second derivative of energy with respect to distance dominates eqn
(5.39). This reduces very rapidly with distance. Once we are a distance of r that is
greater than the nearest-neighbour shell the integral effectively reduces to zero. In
other words, the elasticity is dominated by nearest-neighbour interactions. Thus,
whilst our pair-distribution function may provide a good approximation to the
structure at short length scales we do not know how well it corresponds to the
system over longer length scales. One way of considering this is to measure
the viscosity and compare this to theoretical calculations for viscosity in the low-
stress limit. The data shown in Figure 5.12 for the viscosity show a very rapid
increase with concentration. The longest relaxation time given by the ratio of
the low-shear-stress viscosity to the high-frequency elastic moduli given in
Figure 5.13 indicate a more rapid increase in relaxation time once the hard-
sphere transition is approached. A similar feature is observed in the extrapolated
Bingham yield stress (Section 6.3.4).
The major difficulty in predicting the viscosity of these systems is due to the

interplay between hydrodynamics, the colloid pair-interaction energy and
the particle microstructure. Whilst predictions for atomic fluids exist for the
contribution of the microstructural properties of the system to the rheology,
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they obviously will not take account of the role of the solvent medium in
colloidal systems. Many of these models depend upon the notion that the
applied shear field distorts the local microstructure. The mathematical conse-
quence of this is that they rely on the rate of change of the pair-distribution
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Figure 5.12 The measured viscosity as a function of volume fraction at the low and
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potential shown in Figure 5.9.
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function with distance over longer length scales than is the case for the shear
modulus. Thus, we need to generate pair-distribution functions that are precise
over long length scales and are representative of the details of the curvature of
g(r). Possibly, only computer simulations will enable this to be achieved. There
are also limitations to the applicability of a perturbation scheme as a method of
including the colloid pair potential. There are simple indications of this, for
example the maximum packing that can be achieved with spheres is 74%. When
the attraction is high between the particles the perturbation scheme can readily
predict values that exceed this. Under such circumstances where a reliable
prediction of the structure is not possible the shear modulus can be represented
in a power law form:

G Nð Þ ¼ Ajm ð5:40Þ

where m¼ 3 to 4. This range of values is appropriate to the data in Figure 5.11.

5.5 CHARGE-REPULSION SYSTEMS

Charged colloidal spheres can be produced using both organic and inorganic
particles. In low-electrolyte conditions, the interparticle forces are dominated
by the charge-repulsion forces between the particles. Interrogation of the
microstructure using scattering techniques indicates that at a critical concen-
tration a phase change occurs. This displays a structural change akin to the
order–disorder transition seen with hard spheres. This occurs at lower volume
fractions than with hard spheres. At low particle volume fractions and low
ionic strengths the initial transition tends to a body-centred cubic order (bcc).
Further increases in concentration rapidly take the structure toward fcc order.
There can be zones of coexistence between ordered and disordered structures,
as seen with hard spheres. The transition is accompanied by a change in the
rheology of the systems, as was shown by Lindsay and Chaikin.16 The tran-
sition between liquid-like and solid-like behaviour has been correlated to the
dimensionless energy density. As we have seen with weakly attractive systems
we can describe the internal energy, osmotic pressure and high-frequency elastic
modulus by a hierarchy of integral equations. These expressions still hold for
charge-repulsive interactions. However, once the ordered state has been
achieved we can visualise the colloidal particles constrained to a lattice site.
The nearest neighbours dominate the interactions between the particles and are
the most significant term in controlling the shear modulus. The centre-to-centre
separation for given order and packing R is given by

R ¼ 2a
jm

j

� �1=3

ð5:41Þ

where jm is the maximum packing fraction, which for fcc is 0.74 and for bcc is
0.68. Once the system achieves an ordered structure, the number of nearest
neighbours z remains invariant with an increase in concentration. The coordi-
nation number for fcc is z¼ 12 and for bcc is z¼ 10. This is an important
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distinction between systems dominated by charge repulsion and those that are
weakly flocculated. Above the transition in the former case the coordination
number is constant with volume fraction but the interparticle spacing reduces.
In contrast, with weakly flocculated systems the interparticle spacing is set by
the position of the minimum of the energy well and is invariant, but the
coordination number increases with increasing concentration. We can replace
the term determining the number of neighbours 4pr2g(r) by the Dirac delta
function at R (see Section 4.7 for a discussion of its properties).

r4pr2g rð Þ ffi dðr� RÞz ð5:42Þ

This allows the integrals representing the relationship between structure and
macroscopic properties to be simplified to their value at R. This represents a cell
model and so for the appropriate property:

�E ¼ Ea3

kBT
¼ 9j

8p
þ 3jz

8p
V Rð Þ
kBT

ð5:43Þ

Pa3

kBT
¼ 3j

4p
� jzR

8p
d V Rð Þ=kBTð Þ

dR
ð5:44Þ

G Nð Þa3
kBT

¼ jzR2

40p
d2 V Rð Þ=kBTð Þ

dR2
ð5:45Þ

We can also develop a zero Kelvin lattice model with slightly different spatial
averaging. This gives17

G Nð Þa3
kBT

¼ 3jzR2

256

d2 V Rð Þ=kBTð Þ
dR2

ð5:46Þ

Now, if we examine the available experimental data for charged systems the
rheological properties show a transition with increasing volume fraction. For a
given system we observe that the viscosity diverges and becomes too great to be
measured past a critical concentration (Chapter 3). If the energy density where
this occurs is plotted against volume fraction, a ‘‘phase map’’ can be developed
where there is a transition between measurable viscosity at low shear rates and
apparently solid-like behaviour. This is shown in Figure 5.14 that was con-
structed from studies on 11 different charged systems.18

Also shown is the dimensionless energy density for hard spheres, 3kBT/2 per
particle. The viscoelastic liquid zone is difficult to define clearly but occurs as a
narrow boundary close to the region of solid-like behaviour. The solid line for
the ‘‘liquid–solid’’ transition is defined empirically by

�E ¼ 0:05=j for 0:1oj � 2p=45
� �1=2

ð5:47Þ
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The lower volume fraction limit is set by the range of experimental data, the
upper limit is set by the hard-sphere internal energy 3kBT/2. In principle, a
prediction of the order–disorder transition should be possible by calculating
the free energy of the two states as a function of concentration. The system with
the lowest free energy would be the favoured one. Russel et al.19 suggested a
simple approximation based on an effective diameter for the particles. They
argued the order–disorder transition seen in charged repulsive colloids was
analogous to the hard-sphere transition. The charged colloids would have an
effectively larger diameter and hence volume fraction. The transition would
occur when this effective volume fraction achieved j¼ 0.5. In order to establish
the effective hard-sphere diameter Russel et al. examined the integrand in the
Barker–Henderson expression (eqn (5.33)) and noted that it was a very rapidly
changing function of distance. So, for the typical form of repulsive potential at
low electrolyte concentrations and particle radii we can substitute into the
expression the repulsive pair potential:

V rð Þ
kBT

¼ a
exp �krð Þ

kr
ð5:48Þ

where k is the Debye–Hückel length proportional to the electrolyte concentra-
tion of the dispersion, a is related to the properties of the particle and the
solvent (Section 3.5.5). The integrand changes very rapidly from zero away
from the particle surface to unity at some distance ro. This allows ro to be used
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as an effective hard-sphere diameter. We can write this as

1� exp
V rð Þ
kBT

� �
¼ 1 r � ro

0 r4ro

� �

The separation at which this occurs can be taken to be when the pair potential
and Brownian energy equate, i.e. V(ro)¼ 1kBT. This gives

roB
1

k
ln a= ln a= ln a=:::::::ð Þ½ �f g ð5:49Þ

This diameter can be used to estimate the viscosity (see Section 3.5.3). Our
interest is in determining where the hard-sphere boundaries occur:

0:504j
ro

2a

� �3
liquid-like order ð5:50aÞ

0:55oj
ro

2a

� �3
solid-like order ð5:50bÞ

We can compare this to the expression derived from experimental data for
transition in internal energy density. Good agreement between the empirical
model and the experimentally derived curve is observed (Figure 5.15).
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Figure 5.15 is a plot of the value of volume fraction against ka. The sigmoidal
shape reflects the increase in volume fraction required to achieve the same
energy of interaction between the particles with increasing ka. It displays a
plateau since at high ionic strengths the charges on the particles become fully
shielded from each other and the particles approach the hard-sphere order–
disorder transition value. Russel has shown this also acts as a good prediction
of the optical changes seen as particles achieve an ordered structure. In
Figure 5.15 the transition observed by Hachisu et al.20 is also compared with
the two approaches and confirms the notion that the onset of linear viscoelas-
ticity accompanies the phase change.
An equilibrium model may not be representative of the true situation one is

commonly faced with in the laboratory. The relaxation behaviour of the
samples gets progressively longer with increasing volume fraction. It is quite
reasonable to suppose that, at high particle concentrations and low electrolyte
concentrations, the relaxation times become so long that it is impractical to
allow all the stresses and strains to relax from the sample prior to measurement.
Stress-relaxation studies for a range of particles that show nearly complete
relaxation are shown in Figure 5.1621:
The data has been superimposed by dividing the relaxation function G(t) by

G(t¼ 0), the limiting short-time value, and the time has been divided by the
characteristic relaxation time tr. The first feature to notice is that the stress-
relaxation function overshoots and shows a peak. This is an example of
nonlinear behaviour. It is related to both the material and the instrumental
response (Section 4.5.1). The general shape of the curves excluding the stress
overshoot can be described by two approaches.
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The first we will consider is based on the Kohlrausch law, which for stress
relaxation is given by

G tð Þ ¼ G Nð Þ exp � t=tð Þb
� �

ð5:51Þ

This is an extended exponential and is discussed further in Section 4.8.1. For
the data in Figure 5.16 the value of b is 0.35. This expression implies the
material is a viscoelastic liquid since G(t) reduces to zero at long times. The
extended exponential has been used to describe the behaviour of glass-forming
materials. Glasses can be quantified as being strong or fragile. Fragile glass
formers show strong deviations away from Arrhenius behaviour (Chapter 2)
and possess shorter-range order. Molten salts are typical examples of fragile
glasses where there is no directionality to the ‘‘ion bonding’’. Stronger glass
formers are Arrhenius in nature and are typified by the presence of directional
bonding. The viscosity or relaxation time as a function of temperature can be
used to establish this classification for molecular and ionic species. However,
for charged colloidal species in an aqueous environment there is unlikely to be a
simple relationship to the temperature because so many of the system para-
meters depend upon it. Bohmer et al.22 have assembled values for b for a wide
range of systems. Their data suggests a relationship between b and the fragility.
The fragility is represented by a term m that is given by

m ¼ d log taveð Þð Þ
d T=Tg

	 

�����
T¼Tg

ð5:52Þ

where tave is an ‘‘average’’ relaxation time and Tg is the glass-transition
temperature. The larger the value of m the greater the fragility. The fragility
is linked to b via the empirical expression:

m ¼ 250� 320b ð5:53Þ

m varies from 200 for weak or fragile glasses to a limiting value for m of 16 for
strong glass formers. We might expect that charged colloidal system to behave
more like an ionic glass and for b¼ 0.35 we obtain a calculated m¼ 140,
indicating a fragile glass. The experimental support for some glass–like prop-
erties can be inferred from a description of the viscosity. In Section 3.3 we saw
how we could determine the viscosity for atomic liquids using a jump diffusion
model originally developed by Eyring and coworkers.23 The same idea can be
extended to colloidal systems at a concentration below the viscoelastic liquid–
solid transition.24 The result is

Z 0ð Þ ¼ Zo 1� j
jm

� �� Z½ �jm

þ h

R3
exp E�=kBTð Þ ð5:54Þ

where h is Planks constant. The first term on the right represents the hydro-
dynamic contribution to the flow. The second term is the pair-potential
contribution. This model assumes that the dispersion consists of particles in
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a well-ordered arrangement with an average spacing given by fcc packing.
However, the lattice contains defects in the form of vacancies. Flow is achieved
by particles ‘‘jumping’’ from one site to the next. The activation energy E* is
that associated with a particle making the jump. The action of the ‘‘jump’’
diffusion results in one particle passing an energy barrier created by its
neighbours. Figure 5.17 shows a plot of the viscosity versus concentration for
the modified Eyring model given in eqn (5.54) compared with experimental
data.
This curve highlights the transition between the liquid-like and solid-like

response. The form of the curve is such that there is a very rapid transition
between the zones with the viscosity changing by nearly six orders of magnitude
for a small change in volume faction. This highlights the difficulty of the
experimental investigation of the transition between liquid-like and solid-like
responses. At high enough concentrations the material is effectively solid-like on
the timescales of colloid relaxation. The elastic modulus changes less rapidly and
this is shown in Figure 5.18.
The shear modulus has been calculated from the lattice model (eqn (5.46)) for

a polystyrene latex dialysed against three different electrolyte concentrations. It
is clear from both the calculations and the experimental data that, as the
electrolyte concentration is increased, the elasticity increases at higher volume
fractions. This reflects the effect of the increasing ionic strength reducing the
energy of interaction between the particles. In addition, at higher electrolyte
concentrations the moduli increase more rapidly with volume fraction. This
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reflects the change in the curvature of the force–distance curve between the
particles with increasing electrolyte. As the volume fraction of the particles is
increased at low levels of electrolyte the effect of the counterions that dissociate
from the surface of the particles must be allowed for in order to achieve a good
agreement between the model and the experimental data. The charge-stabilised
particles that show the most gradual change of shear modulus with concen-
tration are those that are most likely to display a measurable low-shear-rate
viscosity and a stress relaxation profile that completely relaxes the applied
strain.
Another approach we can use to describe the stress-relaxation behaviour and

all the linear viscoelastic responses is to calculate the relaxation spectrum H.
Ideally, we would like to model or measure the microstructure in the dispersion
and include the role of Brownian diffusion in the loss of structural order. The
intermediate scattering function contains information appropriate to this cal-
culation. However, the long relaxation times can make it impractical to
measure these properties on appropriate timescales. We can make a simple
approximation for the relaxation spectra, however, by assuming the dispersion
is polycrystalline, formed from many randomly orientated grains each with an
fcc structure. The measured shear modulus G(N) is the value for an ‘‘average’’
grain. At any instant in time some grains will have a higher local particle
concentration and hence a higher shear modulus, and of course some will have
a lower local particle concentration and so have a lower modulus. The energy
opposing close approach of the particles is such that only a few will be more
elastic so to a first approximation we can suppose that relaxation occurs by an
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Figure 5.18 The high-frequency shear modulus versus volume fraction for a polysty-
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individual grain losing its elasticity by particles diffusing from R to a distance
R(t) at time t. The relaxation spectrum can be represented by the product of the
fluctuation in the elastic moduli of a configuration given by DG(t) multiplied by
the probability of the configuration occurring P[DU(t)]:

H tð Þ ¼ DG tð ÞP DU tð Þ½ � ð5:55Þ

The probability of a fluctuation occurring is given by a Boltzmann distribution
in the pair-potential fluctuation. The energy associated with a fluctuation,
DU(t), is given by the fluctuation in the separation:

DU tð Þ ¼ V R tð Þ½ � � V Rð Þ ð5:56Þ

The fluctuation in elasticity is given by the difference between the elasticity in
the high-frequency limit and the elasticity of the new configuration:

DG tð Þ ¼ G tð Þ � G Nð Þ ð5:57Þ

Here G(t) is the modulus that results from the particle diffusing to an inter-
particle separation R(t). This can be represented by a cell model with a time-
dependent separation:

G tð Þ ¼ a
R tð Þ

d2V R tð Þð Þ
dR tð Þ2

ð5:58Þ

Combining these terms we get a description for the spectra:

H tð Þ ¼ G tð Þ � G Nð Þf g
L

exp �DU tð Þ=kBTð Þ ð5:59Þ

where L is a normalisation factor to ensure the integral under the distribution is
G(N). The idea of a fluctuation in the configuration giving rise to a measure of
the elastic moduli is analogous to eqn (5.31). However, we require a link between
the distance moved and the timescale. This can be incorporated by using the
long-time self-diffusion coefficient. Unfortunately, we do not have a good
description of this for these systems. Assuming the long-time self-diffusion
coefficient to be a constant, we know the mean square distance moved is
proportional to the diffusion time:

tDL ¼ R tð Þ � Rð Þ2 ð5:60Þ

So we can arbitrarily select a value of DL and plot the data against t/tr, where tr
occurs at the peak in the relaxation spectra. A typical spectrum is shown in
Figure 5.19. The shape of the spectra is relatively insensitive to the magnitude of
the pair potential between the particles so this common form applies reasonably
well to a wide range of systems.
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The relaxation function has been calculated and is compared with experi-
mental data in Figure 5.16. The agreement is reasonable between the model and
the data. The storage and loss moduli for a polystyrene latex has also been
measured and compared to the model for the relaxation spectra. The data were
gathered for a dispersion in 10–2 M sodium chloride at a volume fraction of 0.35
and are shown in Figure 5.20.
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Figure 5.19 A plot of a typical relaxation spectrum calculated from eqn (5.59).
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The relaxation function has been used to predict the moduli and agreement
between the model and experiment is again quite reasonable. There is no doubt
that this simplistic model could be improved from a direct simulation of the
structure. Most of the restrictions in comparisons between theory and data,
however, lie in the difficulty in producing systems that give a wide range of
experimental responses. Often, small amounts of solvent evaporation can result
only in a minor change in volume fraction but a significant change in rheology.
This permits only a very small range of concentrations where the relaxation
time can be captured on the instrumental timescale. This restricted data set is a
result of the nature of the material and the rate of change in rheological
properties with concentration.

5.6 SIMPLE HOMOPOLYMER SYSTEMS

This section is primarily concerned with the behaviour of simple homopoly-
mers. The development of viscoelastic theory was intimately linked with the
study of polymeric species. This area of activity has lead the way in the
development of rheological models and experimental design and so is very
important area for the proto-rheologist to understand. So far in this chapter we
have taken the approach of developing phase diagrams from a rheological
perspective in order to understand linear viscoelastic behaviour. We will follow
the same approach for simple polymers before broadening our argument to
more complex systems.

5.6.1 Phase Behaviour and the Chain Overlap in Good Solvents

The linear viscoelastic properties of polymers, both as solutions and in the melt
state, has been widely studied. The type of behaviour observed in the solution
state is dependent upon concentration, which determines the region of the
phase diagram occupied by the polymer. The boundaries to the zones in these
phase diagrams is determined by the chain-overlap parameter c[Z], and as such
are defined in terms of the rheological properties of the system. The intrinsic
viscosity here has the dimensions of reciprocal concentration. To illustrate our
argument let us begin by considering the rheological properties of a rigid hard-
sphere dispersion. We know for dilute hard spheres the intrinsic viscosity is
defined in dimensionless form and Einstein has shown that, allowing for the
hydrodynamic interactions between the solvent and the particle, it has a value
of 2.5. We also know that for hard spheres we observe transitions from order to
disorder at a volume fraction between 0.494 and 0.545. So, we could define a
parameter that is the product of the volume fraction and the intrinsic viscosity
to demarcate where these transitions occur

[Z]j¼ 2.5� 0.494¼ 1.235 and [Z]j¼ 2.5� 0.545¼ 1.363

In this section alone, in order to avoid confusion the intrinsic viscosity [Z]
represents that of a particle and is dimensionless and the intrinsic viscosity [Z]
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represents that of a polymer and has dimensions of g cm–3. From these
expressions we know that as we increase the volume fraction above each of
these values, the product demarcates the structural transition. For particles
there are many situations where it is relatively easy to determine the volume
fraction, but for polymers the situation is more complex and it is most
convenient to use a mass concentration. We can rewrite this relationship in
terms of the mass of added particles in g cm–3.

j ¼ 4

3
pa3

c106NA

M
ð5:61Þ

Here, M is the mass of a mole of colloids, it represents their molecular weight
and a is their radius. Now let us turn our attention to a polymer coil. The
viscosity–concentration dependence of dilute polymers can be represented in a
variety of forms. Each can relate to a particular molecular interpretation. The
Huggins expression is a simple linearisation for homopolymers:

Z
Zo

� 1

� ��
c ¼ Z½ � þ ckH Z½ �2 ð5:62Þ

where kH is the Huggins coefficient. If we were to plot a graph of the specific
viscosity, the left-hand side of the above equation, against concentration, the
intrinsic viscosity forms the intercept. It has the dimensions of 1/c. Now, let us
suppose for the sake of illustration that our polymer coil has the hydrodynamic
properties of a hard sphere. We can redefine our intrinsic viscosity thus:

Z½ �c ¼ 2:5j ð5:63Þ

substituting for the constants:

Z½ � ¼ 2:5
4

3
pNA10

6
R3

g

M
¼ 2:5

4

3
pNA10

6
�R3

63=2M
ð5:64Þ

This simple hard-sphere comparison illustrates the relationship between the
root mean square length of a chain its molecular weight and its intrinsic
viscosity. For polymeric systems the hard-sphere approach is too oversimplified
and the relationship is expressed as

Z½ � ¼ F
�R3

M
¼ 63=2F

R3
g

M
ð5:65Þ

where F is the Flory–Fox constant, which is FE 2.5� 1029 when the molecular
weight is given in Daltons and the lengths are given in metres. Equations (5.64)
and (5.65) equate when [Z]E 1.46. The value of [Z]c can be taken to indicate
where phase changes in our system might occur. The intrinsic viscosity is a
function of molecular weight, so a plot of M versus c can be used to demarcate

166 Chapter 5



zones on the phase diagram. We can carry this concept a little further forward.
We know that the square of the radius of gyration of our coil is proportional to
the link length b and the number of links. In an ideal solvent:

R2
g / Nb2 ð5:66Þ

So, if we increase the molecular weight of the polymer then the number of links
increases in direct proportion or

R2
gy ¼ KRyM ð5:67Þ

where KRy is a constant. Substituting into our expression for intrinsic viscosity
we obtain,

Z½ �y¼ KyM
1=2 ð5:68Þ

where Ky is a constant. The subscript y indicates this expression is for a polymer
coil in y conditions. The coil will expand or contract depending upon the
solvency. In addition, the internal degrees of freedom possessed by the chain
reduces as the molecular weight reduces. We can write

Z½ � ¼ KMn ð5:69Þ

R2
g ¼ KRM

2n ð5:70Þ

where the exponent n¼ 3/5 is for a good solvent, K and KR are constants.
Defining the boundaries for rigid hard spheres is less problematic than for
deformable polymers that interpenetrate or collapse. For example, with mono-
disperse hard spheres we know that once the volume fraction exceeds 0.74 the
system becomes a solid as the spheres touch and are in a close-packed structure.
We may define a concentration j* as

j� ¼ 0:74 ¼ 4

3
pa3r� ð5:71Þ

This defines the number density r* and hence concentration. This is determined
by the particle radius. Analogous behaviour exists for polymers and there is a
concentration where polymer coils just touch:

jm ¼ 4

3
pR3

g

c�NA10
6

M
ð5:72Þ

This definition of c* is the same as given in Section 2.3.2 with jm¼ 1 and
different units (i.e. gm–3). The units of concentration in eqn (5.72) are g cm–3.
Frequently, the units used in the general polymer literature are g dL–1 and then
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the numerical factor of 104 would have to be substituted for the value of 106 in
eqn (5.72). A variation in the units used and symbols is quite common in the
literature and one should be wary of this. Combining eqns (5.65) and (5.72) we
obtain an expression related to the overlap parameter:

c� ¼ 1:08

Z½ � ð5:73Þ

This demarcates the boundary between the dilute behaviour of a polymer and the
semidilute regime. There can be slight variations in the value of the constant
relating these properties, depending upon the assumptions used. Once the
polymer is in the semidilute regime, the coils overlap and interpenetrate. They
do not necessarily form strong entanglements. In the region where the coil
overlap begins, the expanding effect of a good solvent becomes screened by
segments from neighbouring coils and the chains begin to collapse back toward
their y dimensions. This was investigated by de Gennes using scaling arguments34

and he suggested the chain dimensions in the semidilute regime would reduce as

�R2 cð Þ ¼ �R2 c�

c

� �1=4

ð5:74Þ

A scaling argument does not describe the full functional form of the dependence
of the chain dimensions on concentration. We would expect the dimensions of
the polymer to be a smoothly changing function between c* and the concentra-
tion cw where the coils reach their limiting radius equivalent to the y dimensions.
However, to a first approximation we can suppose that eqn (5.73) applies up to
the concentration cw.

cw

c�
¼

�R2

�R2 cwð Þ

� �4

¼
�R2

�R2
y

� �4

ð5:75Þ

The ratio of the root mean square lengths is termed the chain expansion factor:

cw

c�
¼ a8e ð5:76Þ

and represents the dimension of the chain relative to y conditions. We begin by
combining eqns (5.65), (5.67), (5.70), (5.73) with (5.76) to obtain an expression
for cw:

cw ¼ 1:08

63=2F
K

5=2
R

K4
Ry

ð5:77Þ

which indicates the cw does not depend upon molecular weight. However, this
relies on the chain attaining its ideal configuration, i.e. n¼ 3/5, which is often not
the case experimentally. eqn (5.77) can be difficult to evaluate directly. We can
follow the argument of Graessley25 and that of Berry et al.26 to introduce the
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boundary between the semidilute and concentrated polymer behaviour. Graess-
ley supposed that we can imagine that as the concentration is increased above c*
part of a polymer chain overlaps with another. There is a length of chain with a
mean squared end-to-end length �R2

S characteristic of this screening distance,
which depends upon the concentration but not on the molecular weight of the
polymer. The screening length has a dimension that is equivalent to a molecular
weight MS of the same polymer in the same solvent at infinite dilution. Provided
McMS the mean chain dimensions �R2 cð Þ can be taken as the number of steps
M/MS multiplied by the length of the step �R2

S.

�R2 cð Þ ¼ M

MS

�R2
S ð5:78Þ

Expressing this in terms of the chain expansion factor:

a2e cð Þ ¼
�R2 cð Þ
�R2
y

¼
�R2
S

MS

� �� �R2
y

M

� �
ð5:79Þ

and since �R2
y



M is independent of molecular weight we can write

a2e cð Þ ¼
�R2 MSð Þ
�R2
y MSð Þ ¼

Z½ �
Z½ �y

� �2=3

MS

ð5:80Þ

This means that the expansion factor depends only upon the end-to-end length
�R2 MSð Þ of chains of molecular weight MS relative to the chain in y conditions.
We can derive an effective concentration of the chains since this is related to the
overlap concentration of the polymer of molecular weight MS:

c ¼ 1:08

Z½ �MS

ð5:81Þ

Thus, if we know [Z] and [Z]y as a function of molecular weight we can plot the
chain expansion factor as a function of concentration. A plot for polybutadiene
is shown in Figure 5.21 from the work of Graessley and uses eqn (5.81) to
describe the relationship between concentration and intrinsic viscosity.
At high concentrations the expansion factor approaches unity and this con-

vergence can be used to define cw. When the concentration cw is exceeded, the
density of polymer segments becomes nearly uniform in solution. In this case we
could estimate cw as 0.11 g cm–3. At concentrations above this, simple mean-field
arguments can be used to describe the rheological properties of the system. We
would also like to define the boundary between interpenetration between the
coils and where they entangle. This will determine where the polymer chain
dynamics are appreciably slowed and viscoelastic networks form. Experimental
measurements for undiluted systems indicate that, at low molecular weights, the
zero-shear-rate viscosity depends linearly on molecular weight when multiplied
by a factor related to the frictional drag of the chain ends. At a critical molecular
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weight MC the viscosity shows a greater dependence on molecular weight being
proportional to M3.4. This is shown schematically in Figure 5.22.
This change has been associated with the onset of entanglements between the

chains. These restrict the polymer motion and the relaxation time. Beuche27
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Figure 5.21 A plot for the chain expansion factor for polybutadiene from the work of
Graessley.35
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describes entanglement coupling in terms of the motion of one chain dragging
another. This gave a molecular weight dependence of the viscosity of M3.5.
Whatever the details of the mechanism it is clear that the rate of change of
viscosity with molecular weight is greater once entanglements occur. In reality,
for many systems the change in viscosity is less sharp than shown in the
schematic in Figure 5.22 and different viscoelastic experiments can give differ-
ent values for MC. According to Graessley25 and Doi and Edwards,28 in the
solution state at high concentrations of polymer, the critical molecular weight
between entanglements (MC)soln can be approximated by

MCð Þsoln¼
MCrp

c
ð5:82Þ

where rp is the density of the polymer. So, for a given polymer we can define
our entanglement zones as:

cM4rpMC not entangled ð5:83aÞ

cMorpMC entangled ð5:83bÞ

We can use eqn (5.73) to define the dilute to semidilute transition, eqn (5.80) to
define the concentrated region and equation (5.83) to define the onset of
entanglements. An example of this is shown in Figure 5.23 for polybutadiene.
These various zones in Figure 5.23 define the areas where we expect different

rheological responses. These transitions are not sharp and the actual location of
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the phase boundaries can differ slightly depending upon the assumptions used
for defining the overlap parameters, or the presence of specificity between the
solvent and the chain. In the following sections we will consider the rheological
properties associated with some of these phases.

5.6.2 Dilute Solution Polymers29

At low concentrations, when uncharged polymers are dissolved in a solvent in
which they do not crosslink or entangle, they posses a viscoelastic response
through hydrodynamic and entropic effects. We can begin by considering an
isolated chain in its quiescent state. The chain will be in constant motion. In the
absence of any specific interactions, the chain will evolve to its maximum
entropy state. We can represent the chain formed by N links or submolecules
each with a length b. These links are formed from a few monomer units of the
chain. The root mean square end-to-end length of the chain is

�R2
� �1=2¼ b

ffiffiffiffi
N

p
ð5:84Þ

Each submolecule will experience a frictional drag from the solvent represented
by the frictional coefficient fo. This drag is related to the frictional coefficient of
the monomer unit zo. If there are x monomer units per link then the frictional
coefficient of a link is xzo. If we apply a step strain to the polymer chain it will
deform and its entropy will fall. In order to attain its equilibrium conformation
and maximum entropy the chain will rearrange itself by diffusion. The instan-
taneous elastic response can be thought of as being due to an ‘‘entropic spring’’.
The drag on each submolecule can be treated in terms of the motion of the
N+1 ends of the submolecules. We can think of these as ‘‘beads’’ linked by
entropic springs. This leads to a type of model described as ‘‘bead–spring’’. We
can suppose that the motion of an individual bead has frictional resistance to
motion in the solvent that depends only upon the solvent viscosity. This is
termed the free draining model or the ‘‘Rouse model’’.30 Alternatively, we can
suppose beads on the same molecule can interact and the rheology is influenced
by internal hydrodynamic interactions. The polymer chain is nonfree draining
and this is often termed the ‘‘Zimm model’’.31

We can begin with a consideration of the Rouse model. We can visualise that
there are a number of ways or modes (denoted by p) that the polymer can relax
the applied strain. As we are considering a single chain we can ignore any
viscoelastic contributions due to the centre of mass diffusion of a chain. This is the
p¼ 0 mode. Higher modes involves the flexing and the rotational motion of the
chain each with a characteristic Maxwell relaxation time tp. There are as many
modes as there are submolecules and these can be summed together to produce
the relaxation behaviour of the chain. We can then multiply by the thermal energy
and the number of chains per unit volume rc to give the elastic moduli:

G tð Þ ¼ rckBT
XN
p¼1

e�t=tp ð5:85Þ
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G0ðoÞ ¼ rckBT
XN
p¼1

otp
	 
2

1þ otp
	 
2 ð5:86Þ

G00ðoÞ ¼ Zooþ rckBT
XN
p¼1

otp

1þ otp
	 
2 ð5:87Þ

Z0ðoÞ ¼ Zo þ rckBT
XN
p¼1

tp

1þ otp
	 
2 ð5:88Þ

where the relaxation times of each pth mode is given by:

tp ¼
b2fo

24kBT sin2 pp
2ðNþ1Þ

n o ð5:89Þ

The expression for the real component of the complex viscosity allows us to
express the relaxation times into experimentally realisable parameters. In the low-
frequency limit we can rewrite eqn (5.88) in terms of the concentration c in g cm–3:

Z0ðoÞ � Zo
c

¼ NA10
6

M
kBT

XN
p¼1

tp ð5:90Þ

Inspection of eqn (5.62) indicates that in the dilute limit if we divide by the solvent
viscosity we obtain the intrinsic viscosity:

Z½ � ¼ Z0ðoÞ
Zo

� 1

� ��
c ¼ NA10

6

MZo
kBT

XN
p¼1

tp ð5:91Þ

As the value of p increases the relaxation times become more closely spaced
together and the contribution of large p over moderate frequencies becomes less
important. So, if we limit the modes we consider to poN/5 we obtain a simpler
expression for tp.

tp ¼
b2N2fo

6p2p2kBT
ð5:92Þ

This still contains parameters that are difficult to obtain experimentally, but we
can rearrange eqn (5.91) as

Z½ � ¼ NA10
6kBTt1
M

XN
p¼1

tp
t1

¼ NAkBTt1
MZo

S1 ð5:93Þ

Now, the sum S1¼ p2/6 that allows us to specify tp in terms of experimental
parameters:

tp ¼
6 Z½ � � 10�6ZoM
p2p2NAkBT

ð5:94Þ
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The Zimm model is a little more complex to evaluate but is essentially a sum of
Maxwell models with a dependence on the sum of the modes as p–3/2. This applies
to all but the first few modes. A comparison between the two models is shown in
Figures 5.24(a) and (b).
At low frequencies the loss modulus is linear in frequency and the storage

modulus is quadratic for both models. As the frequency exceeds the reciprocal of
the relaxation time t1 the Rouse model approaches a square-root dependence on
frequency. The Zimm model varies as the 2/3rd power in frequency. At high
frequencies there is some experimental evidence that suggests the storage mod-
ulus reaches a plateau value. The loss modulus has a linear dependence on
frequency with a slope controlled by the solvent viscosity. Hearst and Tschoegl32

have illustrated how a parameter h can be introduced into a bead–spring theory
for viscoelasticity. This represents the hydrodynamic interactions so that a Rouse
model is recovered when h¼ 0 and a Zimm model is recovered when h¼N,
showing both approaches are limiting values of a spectrum of behaviour. We
have assumed at the start a random walk for the polymer chain consistent with y
conditions. Thus the Rouse and Zimm models only apply in these limits. In
practice, experimental data on appropriate polymers rarely lies outside this range
of values predicted by these two models and so h can be used as an adjustable
parameter to reflect the solvency conditions. Other factors influencing chain
conformation will in turn have an influence on the linear viscoelasticity. For
example, the introduction of dissociating charged groups into the polymer chain
will make the conformation of the chain dependent on pH and salt concentra-
tion. The location and number of charges are important in determining the
expansion of the chain. Experimental data on sodium polystyrene sulfonate and
computer simulations suggest an increase in the value of the longest relaxation
time due to a lengthening of the end-over-end rotation time.
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Figure 5.24 The storage and loss moduli for (a) a Zimm31 model and (b) Rouse30
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An extreme case of tumbling dominating the relaxation behaviour can be
seen with rigid rod-like species. The underlying concept is that the application
of a strain is relaxed by the rotary diffusion of the rod. This gives rise to a single
relaxation time. The precise shape of the molecule determines the form of the
storage and loss moduli with frequency, and there are a number of solutions.
The effect of branching, molecular weight distributions and unusual polymer
conformations can be predicted using the bead–spring model.

5.6.3 Undiluted and Concentrated Nonentangled Polymers

Above a concentration cw the polymer can be considered to be concentrated, as
shown by the phase diagram in Figure 5.23. At low molecular weights there is
no significant entanglement coupling. As there is little or no solvent present, the
hydrodynamic interactions can be considered to be negligible and the Rouse
model is appropriate for describing the chain viscoelasticity. The density of the
polymer controls the magnitude of the elasticity:

G tð Þ ¼ rcNA

M

� �
kBT

XN
p¼1

e�t=tp ð5:95Þ

G0ðoÞ ¼ rcNA

M

� �
kBT

XN
p¼1

otp
	 
2

1þ otp
	 
2 ð5:96Þ

G00ðoÞ ¼ rcNA

M

� �
kBT

XN
p¼1

otp

1þ otp
	 
2 ð5:97Þ

However, in such a high concentration regime we can no longer represent the
relaxation times (eqn (5.92)) in terms of the intrinsic viscosity. In the low-
frequency limit, because there is no permanent crosslinking present the loss
modulus divided by the frequency should equate with the low-shear-rate viscosity

Z 0ð Þo ¼ G00ðoÞ ¼ rcNA

M

� �
kBT

XN
p¼1

otp ð5:98Þ

If we perform the same substitutions made in eqns (5.93) and (5.94) we get

tp ¼
6Z 0ð ÞM

p2p2NAkBT
ð5:99Þ

This relationship between the relaxation modes and the low-shear viscosity is an
important one. It indicates that the longest Rouse relaxation time, i.e. p¼ 1 mode:

Z 0ð Þ ¼ t1p2NAkBT

6M
ð5:100Þ

determines the zero-shear viscosity. This applies to both undiluted and highly
concentrated polymers below their entanglement concentrations. We know that
in this concentration region of the polymer the viscosity has a near-linear
dependence on molecular weight (Figure 5.22). From eqn (5.92) we can see that
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t1 depends on the square of the number of links in the chain, and so is equivalent
to the square of the molecular weight. It follows that the friction coefficient
should be independent of molecular weight, at least at molecular weights less
than MC and its concentrated solution equivalent (MC)soln. However, experi-
mentally this is not always observed, particularly at low molecular weights. The
reason for this is thought to be the increasing importance of the ends of the
polymer or ‘‘tails’’. These are less restrained than the monomer units in the centre
of the chain and so occupy a larger free volume. The number of molecular tails
per unit volume is proportional to M–1. So, if we allow for this, the ratio of the
low-shear viscosity to the molecular weight, Z(0)/M, should tend to a constant
value as the molecular weight is increased. This is where the monomeric friction
coefficient is independent of molecular weight. We can define this value of
monomeric friction coefficient as zN and the associated fractional free volume at
this molecular weight as fN. This can be modelled in terms of the free volume
argument proposed by Dolittle for viscosity (Section 3.34). In a liquid, diffusion
is possible when the free volume exceeds a critical value and this diffusive motion
determines the friction coefficient. The same idea can be applied to the polymer
‘‘tails’’. It takes the form of an activation ‘‘volume’’.

zo ¼ zN exp B
fN � fM

fMfN

� �
ð5:101Þ

fM ¼ fN þ A

M
ð5:102Þ

where fM is the fractional free volume at molecular weight M, B is a constant
close to unity and A is a constant that relates the molecular weight to the free
volume. So, if log10(Z(0)zN/zo) is plotted against log10 (M) a slope of unity is
obtained below the critical molecular weight for entanglements. This relationship
has been convincingly demonstrated by Berry and Fox with data following
Figure 5.22 for a wide range of systems. This indicates the role of the molecular
weight on the free volume and the transition to the dependence M3.4 when the
polymers entangle.

5.6.4 Entanglement Coupling

The rheological properties of simple polymers can show a change in slope with an
increase in the concentration or molecular weight of a system. This is observed in
both concentrated and semidilute regimes and is thought to be due to entangle-
ments. The stress-relaxation behaviour of the polymer shows a marked change
from that of the Rouse model. A schematic is shown in Figure 5.25. The rapid
decay of the relaxation function is determined by the longest relaxation time and
this is called the terminal zone. At shorter relaxation times there is a plateau region
associated with the elasticity due to entanglements GN. At still shorter times the
relaxation function increases and this is termed the transition zone. Functions such
as those described in Section 4.7.3 can be used to describe behaviour in this region.
The development of a second relaxation process is characteristic of entangle-

ment formation. This additional relaxation process is accompanied by a sharp
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change in viscosity (highlighted in Figure 5.23) with molecular weight, and is
also seen with concentration. The Rouse and Zimm models are concerned with
the viscoelastic behaviour of a chain relaxing independently of the others
around it. The presence of longer relaxation time processes indicates a slowing
of the chain motion and thus can be considered to be due to the interactions
between chains. In the absence of strong specific interactions between elements
of the chain the slowing can be considered as due to mutually imposed
topological constraints of the chain motion. The chains are becoming entangled
and looped around each other.
Although this is an old concept the exact nature of an entanglement is still a

matter for healthy debate. Relatively bulky molecules such as hydroxyethyl
cellulose can show entanglement phenomena as readily as polystyrene or
polyisoprene, despite each molecule possessing different molecular architec-
ture. Ultimately, in modelling these systems we attempt to reduce the chain to
some simple properties such as a link length and a friction coefficient hoping to
collapse all the complex chemistry into these types of parameters. This means
we will lose some of the details of the chemistry of the polymer. Large bulky
chains have more monomer units entangled and several monomer units will be
required for an equivalent flexible link. For a given polymer one can envisage a
number of entanglement sites occurring. There will be an average length and
molecular weight between these sites. This is termed the molecular weight
between entanglements Me. This mass must be less than the total mass of the
chain. At the site of the entanglement we can visualise that there are a range of
timescales that are shorter than the time required for this entanglement to move
and so relax the applied strain. The elasticity due to entanglements is thus given
by the ability of the chain to store elastic energy between these sites. Suppose
our site is tetrafunctional, i.e. it is composed of two chains crossing. There can
be more than one site per chain. The number of sites is determined by the value
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Figure 5.25 Relaxation zones.
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of M/Me. For each chain there are two tails so the number of chains that are
linked by entanglement sites is (M/Me)–2. We can now calculate the number of
elastically effective chains re to give us the plateau modulus. For large values of
M/Me the plateau modulus is given by

GN ¼ rekBTErc
M

Me

� �
kBT ð5:103Þ

This model, whilst not entirely satisfactory, can give a reasonable prediction of
the elasticity in the plateau zone. The approach does not readily lend itself to a
prediction of the dynamic behaviour. There have been numerous attempts to
predict the low-shear viscosity using entanglement models. For example,
Graessley obtained

Z 0ð ÞE2:7� 10�3
rpNAzob2M3:5

M2:5
e �m2

o

ð5:104Þ

where mo is the mass of a monomer unit. Whilst it has been possible to predict
the molecular-weight dependence in this region with only a small error, a
general treatment for the viscosity of semidilute and concentrated entangled
polymers still remains problematic. It is notable that both the viscosity and the
elasticity are controlled by the molecular weight between entanglements. A
prediction of this for different polymers would be very useful for gauging the
relative magnitude of the rheological responses. Beuche has suggested that the
critical molecular weight is related to the molecular weight between entangle-
ments as roughly MC E 2Me.

27 Ferry has tabulated available experimental
data onMe.

29 It is difficult to draw an overall conclusion from this data forMe.
The typical range of values can be estimated from the following expression:

j
Me

mo
¼ ð100 to 300Þ ð5:105Þ

where there are j atoms forming the chain per monomer unit. These models
apply in the melt state. For a semidilute and concentrated polymer solutions, as
the concentration of the polymer is increased the modulus shows a nonlinear
dependence on concentration, i.e.

GN ¼ rc
M

Með Þso ln

� �
kBT þ Kcr2c ð5:106Þ

where (Me)soln is the molecular weight between entanglements in the solvent.
The viscosity dependence on concentration also changes. This behaviour

is not readily developed from a generalised treatment entanglements but linear
and nonlinear responses have been predicted by reptation theory.

5.6.5 Reptation and Linear Viscoelasticity

The underlying idea behind entanglements enables the construction of various
models to describe elements of linear and nonlinear viscoelasticity. It is difficult
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to formulate these ideas into a fully coherent description of polymer dynamics.
A major lateral step was taken when de Gennes34 applied scaling concepts to
polymers. We can illustrate this idea by closely following the argument given by
Doi and Edwards.28 The properties of a Gaussian chain are such that its dimen-
sions and statistical distribution of the segments do not depend upon the length
of an individual segment for a large number N. Suppose we reduce the number
of segments by a factor l, then the new number of segments is N0 ¼N/l. If the
chain is the same length, it is clear from eqn (5.84) that the link length must
change as b

ffiffiffi
l

p
. We can represent this transformation from the old chain to the

new chain as

N ! N=l and b ! b
ffiffiffi
l

p
ð5:107Þ

If we knew how a physical property changed as we altered our chain we could
deduce how this property depended upon b and N. There are several statistical
measures of the length of the chain, for example the radius of gyration:

Rg ¼
b
ffiffiffiffi
N

p
ffiffiffi
6

p ð5:108Þ

or the root mean square end-to-end length:

�R ¼ b
ffiffiffiffi
N

p
ð5:109Þ

We could say quite generally that the average dimension of a chain is linear in
the link length but is some function of N, f(N):

average dimension ¼ f Nð Þb ð5:110Þ

So if we apply the transformation in (5.107):

f Nð Þb ¼ f
N

l

� �
b
ffiffiffi
l

p
ð5:111Þ

This can only be true when

f Nð Þb ¼ constant� b
ffiffiffiffi
N

p
ð5:112Þ

This transformation applies equally well to a non-Gaussian chain, for example
in a good solvent where n¼ 0.5:

N ! N=l and b ! bln ð5:113Þ

So eqn (5.112) becomes:

average dimension ¼ constant� bNn ð5:114Þ

The constant in eqn (5.112) cannot be readily evaluated using scaling theory.
Our transformation applies equally well to the radius of gyration or the root
mean square end-to-end length, only the numerical constant changes. We
would like to be able to apply this idea to the role of concentration in semidilute
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and concentrated polymer regimes. In order to do this we need to define a new
parameter s, the number of links or segments per unit volume.

rc ¼
s

N
ð5:115Þ

We can define a critical segment concentration s* equivalent to rc* provided we
allow for the total number of links. If we ignore the constants in the expression
we obtain:

s� ¼ r�cN ¼ N

R3
g

¼ N

b3N3n ¼ b�3N1�3n ð5:116Þ

We can express our transformation in the semidilute and concentrated regime
as given by eqn (5.113) but with concentration included. So, we obtain

N ! N=l; b ! bln; s ! s=l ð5:117Þ
From eqn (5.106) for the elasticity in the plateau region we could express the
moduli in terms of some function of chains:

GN ¼ rckBTf rc;Nð Þ ð5:118Þ
This function must be dimensionless, so applying Occum’s razor to the
parameters the simplest function is given by the expression;

GN ¼ s

N
kBTf b3s;N

	 

ð5:119Þ

Now let us apply our transformation to the expression:

s

N
kBTf b3s;N

	 

¼ s

l
l
N

kBTf b3sl3n�1;N=l
	 


ð5:120Þ

This must be invariant, and this is only true when

GN ¼ s

N
kBTf b3sN3n�1

	 

ð5:121Þ

Now, a substitution can be made from eqn (5.116) for a term in the brackets:

GN ¼ s

N
kBTf

s

s�

� �
ð5:122Þ

A similar expression can be derived for viscosity:

Z 0ð Þ ¼ Zof
s

s�

� �
ð5:123Þ

The function f is not necessarily the same in each case, it is just used to denote
the existence of a function mapping concentration to a rheological measure. In
order for us to be able to use eqns (5.122) and (5.123) we need to describe each
functionality. We can do this by employing a tube model to describe the chain
dynamics. Consider a polymer chain entangled in a mix of other chains. It
follows a tortuous path through the gaps formed by its nearest neighbours
(Figure 5.26). Both the chain and the surrounding network are fluctuating with
time, all the chains are constantly in motion. Suppose we freeze the motion to
form a mesh. We can represent the surrounding chains by points so that the
path of the chain appears to be avoiding these obstacles.
There is a gap between the chain and its neighbours and so the chain has

freedom of movement within this gap. The chain appears to be constrained to a
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tube, with the surrounding chains determining the diameter of this tube. If we
unfreeze the network one can imagine every chain constrained to its own tube,
each tube fluctuating in time. The Brownian motion of the chain within the tube
was analysed by de Gennes.34 The chain itself is folded within the tube as is
shown in Figure 5.26. Running along the centre of the tube is a primitive chain.
This is the shortest path down the tube. The deviations of the polymer chain
from this path can be considered as defects. The motion of these kinks or defects
in the chain away from the primitive path allows the chain to move within the
tube. The polymer creeps through the tube losing its original constraints and
gradually creating a new portion of tube. This reptilian like motion of the chain
was named by de Gennes from the Latin reptare, to creep, hence reptation.
The location of any individual tube changes with time but it has dimensions

that are constant. If the tube contour is of length L we can define a parameter a,
related to the mesh size of the polymer:

a ¼ Nb2

L
ð5:124Þ

We can characterise the relaxation of the chain by two dominant relaxation
processes: a short-time process due to the fluctuations of the polymer within the
tube characterised by time tR; and a longer time process for the polymer to start
to disengage itself from the tube td. This process of tube disengagement is
discussed further in Section 6.4.3. The characteristic time for the polymer to
begin the process of escaping the constrains of a tube is given by

td ¼ za4

kBTb2
ð5:125Þ

polymer tube

polymer 
chain

entangling 
chains

primitive 
chain

obstacles provided 
by entanglements

Figure 5.26 A comparison between a chain in an entangled ‘‘mesh’’ of polymer and
the tube model.
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We can consider the friction coefficient z to be independent of the molecular
weight. At times less than td or a frequency greater than its reciprocal we expect
the elasticity to have a frequency dependence similar to that of a Rouse chain in
the high-frequency limit. So, for example, for the storage modulus we get

G0ðoÞ ¼ GN
p
2
otd

� �1=2
for otd � 1 ð5:126Þ

The movement from the tube is restricted to odd-numbered Rouse modes, and
this is determined by the nature of the motion required for a defect:

G0ðoÞ ¼ GN

X
p;odd

8

p2
1

p2
otd



p2

	 
2
1þ otd=p2ð Þ2

for otd � 1 ð5:127Þ

The schematic of representation of the storage modulus is shown in Figure 5.27
for the reptation model.
The plateau modulus is determined from the region in which these two

relaxation modes cross. The plateau modulus, the low-shear viscosity and the
tube-disengagement time are given in Section 6.4.3 as

GN ffi rckBT
Nl2

a2

� �
¼ sb2

a2
kBT ð5:128Þ

td ¼ zN3b2

p2kBT
b

a

� �2

ð5:129Þ

Z 0ð Þ ffi p2

12
GNtd ¼ s

zN3b2

12

b

a

� �4

ð5:130Þ
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Figure 5.27 The storage modulus predicted by the reptation model.
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So far we have invoked reptation theory to describe the behaviour in the melt
state. We can use scaling theory in the form of eqns (5.122) and (5.123) to
express the concentration dependence of the modulus and viscosity. By inspec-
tion of eqns (5.128) and (5.130):

GN / N0 and Z 0ð Þ / N3 ð5:131Þ

As the functions in eqns (5.122) and (5.123) are dimensionless we could suppose
that if we were to raise the ratios to some power, this would satisfy eqn (5.131).
For these relationships to hold expressions (5.122) and (5.123) become

GN ¼ s

N
kBTf

s

s�

� �
¼ s

N
kBT

s

s�

� �m
/ N0 ð5:132Þ

Z 0ð Þ ¼ Zof
s

s�

� �
¼ Zo

s

s�

� �n
/ N3 ð5:133Þ

where n and m are defined by the proportionality. Now, from eqn (5.116) we
can state the value of the reciprocal of s* and its dependence upon N. For this
relationship to be maintained, our power law is defined by substituting N1–3n

for s*. This gives

GN ¼ s

N
kBT

s

s�

� �1= 3n�1ð Þ
/ M0r9=4c ð5:134Þ

Z 0ð Þ ¼ Zo
s

s�

� �3= 3n�1ð Þ
/ M3r15=4c ð5:135Þ

The proportionality is defined for n¼ 3/5. The molecular-weight dependence of
the viscosity is a little lower than is observed experimentally. Typically it
depends as M3.4. Graessley35 noted that the predicted viscosity was also lower
than the experimentally observed values, despite having a higher power law. He
suggested the reason for this was that there is a broad transition in behaviour
between ‘‘pure’’ reptation and Rouse dynamics. Thus, the theory and experi-
mental data would converge at high molecular weights. However, simple
calculations suggest these molecular weights are not readily accessible by
experiment. The functionality for the plateau modulus slightly overestimates
the typically observed concentration dependence. This dependence tends to be
closer to r2c at higher concentrations. In equating scaling and reptation results
we have assumed the tube dimensions are invariant with concentration, i.e. eqn
(5.132) allows no dependence of the tube dimension a on N or the concentra-
tion rc. We can investigate this by estimating the molecular weight between
entanglements in solution polymers. By analogy to the melt situation we could
assume:

MCð Þso lnE2 Með Þso ln ð5:136Þ

Now, we can define the solution case from the melt case from the value of MC.

MCrp
2c

E Með Þso ln ð5:137Þ
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In Section 6.4.3 we relate the tube dimensions to the molecular weight between
entanglements for the melt. Making the appropriate substitutions from eqn
(5.137) into equation (6.100) we obtain

a2E0:4Nb2
MCrp
Mc

/ 1

rc
ð5:138Þ

Substituting into eqn (5.128):

GN ¼ m2
L

4� 105MCrpNA

 !
s2kBT / M2r2c ð5:139Þ

where mL is the mass of a link or segment. This expression gives the required
second-power dependence, so providing in the solution state we allow the
molecular weight between entanglements to vary with concentration we can
obtain responses close to that seen in experiments. In conclusion, we can see
that reptation and scaling models do not solve all the problems in concentrated
polymer-solution rheology but they present a sound framework from which to
develop our understanding.

5.7 POLYMER NETWORK STRUCTURES

The semidilute and concentrated polymer regimes are examples of the polymer
chains showing connectivity across the entire system. They form an entangled
network. As we have seen, the nature of the connectivity of the polymer chains
has an enormous bearing on the rheological properties. We can think of
entangled networks as ‘‘physical networks’’ and they are essentially reversible
networks upon, for example, dilution or variation in temperature. This reversi-
bility may prove too slow to be observed experimentally for very high mole-
cular weight systems. The description of physical networks would include ions
bridging from one chain to another, hydrophobic and hydrophilic (hydrogen)
bonding, which are forms of transient bonding. The definition of ‘‘chemical
networks’’ is those connected structures that result from a chemical bond and
are irreversible without cleavage of a chemical bond. A wide number of
molecular and macromolecular systems can form networks and we shall
consider a few examples of these.

5.7.1 The Formation of Gels

One method of achieving a polymerised polymer network is by the use of two
distinct types of compounds, a monomer and a crosslinker. A simple example
of this combination is styrene as a monomer and divinyl benzene as the
crosslinker. The crosslinker containing two vinyl units can link two poly(sty-
rene) oligomers together whilst the chains themselves continue to grow.
Depending upon the ratio of monomer to crosslinker, the polymers that form
can be very lightly or heavily chemically crosslinked. This extent of crosslinking
controls the rheology of the final product.

184 Chapter 5



We can consider the formation of the polymer from a rheological point of
view. Suppose we arrange conditions such that the final product is essentially a
solid. Prior to initiation the solution monomers show a low viscosity that is
only a little different from the solvent itself. As the reaction is initiated,
oligomers form and crosslink sites develop. The excluded volume begins to
increase and the viscosity starts to rise. We can think of this as a progressive
increase in the loss modulus with time and the extent of the reaction. As the
chains become longer there is an increased ability to store energy and the
storage modulus also rises. Initially, we would anticipate the loss modulus
would be greater than the storage modulus. However, as the reaction pro-
gresses toward the formation of a solid and completion, the storage modulus
must become greater than the loss modulus. At some intermediate time between
these two states the storage and loss moduli equate and we can define this time
as a gel point. When the reaction is complete, which is some time after the gel
point has been reached, we have complete connectivity and the molecular
weight is effectively infinite. In this case we have a chemical gel. A similar
argument could be applied to a physical gel where connectivity results from
reversible bonding between elements in the network. However, in both cases
because we know that the storage and loss moduli are frequency dependent, the
gelation time would appear to depend upon the frequency selected.
Chambon and Winter36 investigated this phenomenon experimentally and

theoretically. They studied poly(dimethyl siloxane) (PDMS) networks. They
began with a prepolymer of divinyl terminated PDMS that they reacted with
tetrakis(dimethylsiloxy) silane. This was performed in the presence of a platinum-
based catalyst. This system was based on earlier work of Valles and Macosko.37

The system had a major advantage in that the catalyst could be ‘‘instantly’’
poisoned by minute amounts of sulfur. Thus, the reaction could be terminated
and the rheology measured. However, current rheometric techniques allow the
application of multiple wave forms that can now be used to circumvent this step.
The storage and loss moduli were followed with time and at points either side of
the crossover between the storage and loss moduli, frequency sweeps performed.
Prior to and post gelation the samples showed a progressively increasing storage
and loss modulus. At the gel point a power-law dependence can be used to
describe the behaviour over a wide frequency range (Section 4.8.2).

G0 oð Þ ¼ p
2G mð Þ sin mp=2ð ÞSo

m ð5:140Þ

G00 oð Þ ¼ p
2G mð Þ cos mp=2ð ÞSo

m ð5:141Þ

The term S represents the strength of the network. The power-law exponent m
was found to depend on the stoichiometric ratio r of crosslinker to sites. When
they were in balance, i.e. r¼ 1, thenm¼ 1/2. From eqns (5.140) and (5.141) this is
the only condition where G0ðoÞ ¼ G00ðoÞ over all frequencies where the power-
law equation applies. If the stoichiometry was varied, the gel point was frequency
dependent. This was also found to be the case for poly(urethane) networks.
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A microstructural origin has been suggested by both Cates and Muthumkumar38

in terms of a fractal cluster with dimension D (Section 6.3.5). The complex
viscosity was found to vary as:

Z�Bo�2=ðDþ2Þ ð5:142Þ

by Muthumkumar and Freed.33 Using the above expressions to calculate the
complex viscosity and equating the powers we get a relationship between the
fractal dimension and the index m:

D ¼ 2m

1�m
ð5:143Þ

This relationship indicates that for a stoichiometric gel the fractal dimension is 2.
This argument need not be restricted to polymer gels but any colloidal fractal
object. Another interesting feature to emerge from this modelling was the value of
S that did not reach a maximum value at r¼ 1 but reaches a plateau as r-2.
However, the fractal dimension changes little in this region giving a value of
D¼ 2;D only rises when the stoichiometry reduces to ro1. The network strength
increases past the gel point and the viscosity begins to diverge towards infinity.
The final network strength is an important reason for crosslinking polymers and
this is considered further in the following section.

5.7.2 Chemical Networks

The crosslink density of a polymer network determines the number of elasti-
cally effective chains. Some of the chains are tied to a network and will not be
able to relax the applied strain. This gives an elastic response at all frequencies
and times. In a stress-relaxation experiment the strain will decay due to some
Rousian relaxation processes of all the chains, but some energy will be ‘‘per-
manently’’ stored in the network. This long-time relaxation process was mod-
elled by the theory of rubber-like elasticity. The equilibrium modulus Ge can be
expressed as:

Ge ¼ A1

�R2
e

�R2

� �
nnkBT ð5:144Þ

where nn is the number of moles of networked chains per unit volume. The
mean squared end-to-end distance of the chain in the network is given by �R2

e

and that of the same molecular weight of an unconstrained polymer is �R2. The
ratio of the terms is typically of the order of unity. The constant A1 contains a
number of factors including terms for the functionality of the link for more
mobile crosslinks (Section 6.5.3). The variety and nature of the chemistry is
critical in determining some of these constants and it is difficult to ascertain
these without some experimental studies. Difunctional oligomers such as those
discussed in the previous section, with controlled crosslinking stoichiometry,
are the systems that are most amenable to modelling. Differing degrees of
crosslinking and changes in the functionality of a link site, i.e. the number of
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paths that meet at a crosslink, can have a major effect on the rheology. The
polymers can become both entangled and crosslinked. The crosslink will
restrict the motion of the entanglement and its reptative motion will become
hindered, broadening the relaxation spectrum. For a simple network Mooney39

suggested a model based on Rouse modes. The expressions for stress relaxation
and dynamic moduli can be expressed as

G tð Þ ¼ nnNAkBT 1þ
X

e�t=tp
� �

ð5:145Þ

G0ðoÞ ¼ nnNAkBT 1þ
X otp

	 
2
1þ otp

	 
2
 !

ð5:146Þ

G00ðoÞ ¼ nnNAkBT
X otp

1þ otp
	 
2 ð5:147Þ

These expressions are those for a viscoelastic solid and assume the ‘‘front
factor’’ is unity. The relaxation times, tp, are modified from a simple Rouse
value to allow for the motion of a strand rather than a complete chain. We can
define the Rouse relaxation time by eqn (5.92) multiplied by an additional
factor for the shortened chains:

tp ¼
b2Nzor2p

6p2p2n2m2
okBT

ð5:148Þ

whereN is the number of links in a chain between crosslinks. The approach here
is a simple model of an ideal network without trapped entanglements. It
represents the main features of a network formed from a concentrated polymer
below the critical molecular weight for entanglements. The storage and loss
moduli are shown in Figure 5.28. Polymer networks are best visualised by the
complex compliance shown in Figure 5.29.
These were calculated using the relationships given in Section 4.6.1. The

storage compliance starts from an initial compliance Je given by

Je ¼
1

Ge
ð5:149Þ

and reduces monotonically. The interesting feature is the peak in the loss
compliance. This can be used as a characteristic of the network. The magnitude
of the peak gives an indication of the network strength, and the peak position
the characteristic relaxation time for the network. Other viscoelastic experi-
ments can be performed but often the slow relaxation processes make it difficult
to achieve an equilibrium response.

5.7.3 Physical Networks

It is possible to produce both chemical and physical networks in solution. One
of the most important features of a physical network is the mobility of the
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crosslinking sites. For example, in the nonlinear regime, the applied stresses can
be large enough to separate the transient links. Once the network structure is
lost the sample readily undergoes shear thinning. Transient crosslinks can occur
spontaneously if the polymer is synthesised with self-associating species. For
polymers with a water-soluble backbone it is possible to add hydrophobic
(alkyl) chains, which typically contain 10 to 16 carbons. In some cases, at
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Figure 5.29 The storage and loss compliance for a Mooney39 model.
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Figure 5.28 The storage and loss moduli for a Mooney39 model.
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infinite dilution the polymer chains freely diffuse and give an intrinsic viscosity
characteristic of their conformation in solution. However, as the concentration
rises to a critical value the hydrophobic side chains on one polymer associate
with that of neighbouring chain. This is similar to the process of micellisation of
surfactants (see Section 2.3.4). The resulting network enhances the viscosity
of the polymer. This is often seen as a rapid change of the viscosity as a function
of concentration measured by capillary viscometry. The important feature here
is that the chain-overlap parameter is no longer characteristic of the rheology
transition between dilute and semidilute regimes and a simple phase diagram
such as that constructed in Figure 5.23 is no longer as appropriate Figure 5.30.
There have been many studies of hydrophobic crosslinking. For example,

Flynn40 produced a series of poly(acrylamides) (PAM) and recorded the low-
shear-rate viscosity as a function of the chain-overlap parameter. This was
performed for a range of molecular weights and concentrations. This procedure
was then repeated with the same polymer backbone but with the addition of
differing concentrations of alkyl side chains that give rise to hydrophobic
association (HPAM). A comparison between hydrophobe and nonhydropho-
bed polymers is shown in Figure 5.31.
The chain-overlap parameter has been very successful at superimposing the

data from the systems without hydrophobic modification producing the con-
tinuous curve. However, it is clear from Flynn’s work that once the hydro-
phobes are introduced into the polymer the viscosity rapidly increases at lower
values of the chain-overlap parameter. Increasing the mole percentage of
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Figure 5.30 The low-shear viscosity versus chain overlap for polyacrylamide (PAM)
and acrylamide dodecyl methacrylate copolymers (DMA – AM). The
figures refer to the mole percentage of hydrophobic chains.
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hydrophobes also increases the viscosity at lower values of the chain-overlap
parameter. The position and number of the hyrophobes on a chain are important
in determining the structure that forms and the onset of the increase in viscosity.
The addition of side chains to hydroxyethyl cellulose modifies the network
modulus as a function of concentration. This is discussed further in Section 2.3.4.
The situation is a little more complex on the addition of hydrophobes to the

ends of the chains. Annabele et al.41 studied hydrophobically terminated-
poly(ethylene glycol). Each end terminated by an alkyl group. They demon-
strated that these can show narrow relaxation behaviour and tend to show a
Newtonian viscosity at much high concentrations than observed with systems
with hydrophobic side chains. They do not follow reptation dynamics and it is
the dynamics of the crosslink that is important in controlling the observed
viscoelasticity. As the site of crosslinking is well known, the crosslink density
can be predicted from the concentration of chains. This theoretical prediction
overestimates the experimental observed network modulus, suggesting the
topology of the network is a strong function of concentration. Interestingly,
these studies showed it was possible to superimpose storage and loss moduli
data at different temperatures using a shift factor in frequency and modulus.
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The notion of time-temperature superposition or reduced variables tends to
work better for systems with lower solvent concentrations. The idea behind this
is straightforward, for example, for undiluted polymers examination of eqns
(5.96) and (5.99) shows that the moduli and times have a simple temperature
dependence:

G0ðoÞ / Trp and tp /
Z 0ð Þ
T

ð5:150Þ

As we increase the temperature the relaxation time falls. So if we measure over
the same frequency range at a temperature greater than some reference value
we will measure higher-frequency modes. The data superimpose if it is plotted
relative to this reference temperature, so that we can define a function aT such
that

aT ¼
Z 0ð ÞTref rp

� �
ref

Z 0ð ÞrefTrp
ð5:151Þ

The subscript ref refers to the values at the reference the temperature. If we plot
the measurement frequency multiplied by the constant aT all the data super-
imposes on the frequency axis. The correction for the moduli is to multiply by
the function

Tref rp
� �

ref

Trp
ð5:152Þ

Thus, for undiluted polymers the relaxation behaviour of the polymer can be
examined over a wider range of apparent frequencies. Similar functions can be
constructed for other regions of the phase diagram and other rheological
experiments. The method of reduced variables has not been widely tested for
aqueous crosslinked polymers. Typically these are polyelectrolytes crosslinked
by ionic species. Some of these give rise to very simple relaxation behaviour.
For example, 98% hydrolysed poly(vinyl acetate) can be crosslinked by sodium
tetraborate. The crosslink that forms is shown in Figure 5.31.
This results in narrow relaxation behaviour, as shown in Figure 5.32. The

timescale of relaxation can be adjusted by altering the concentration of the
tetraborate ion.
Ionic crosslinking can be achieved in a number of systems and different

microstructures result. For rigid chains it is possible for the ion to coordinate in
a specific manner with the chain. Alginates are a good example of this. These
are natural polymers derived from a brown macroalgae. The method of
extraction and the species of the algae influences the chemistry and hence the
rheology of these polymers. There are two repeat groups in the chains, mann-
uronic (M) and guluronic (G) groups. The G groups are able to associate with
divalent calcium. The level of G groups and the addition level of calcium
determines the gel strength. The calcium ions are thought to be able to link
chains give rise to the so-called ‘‘egg box’’ structure illustrated schematically in
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Figure 5.31. This is achieved readily in acid conditions. Naturally occurring
polysaccharides can be crosslinked by a wide range of divalent ions, cobalt for
example will crosslink hydroxypropyl guar. The specificity of the interactions
means that a prediction of the rheological behaviour has to allow for the
detailed chemistry of the polymer.
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CHAPTER 6

Nonlinear Responses

6.1 INTRODUCTION

The application of finite strains and stresses leads to a very rich range of
responses. We have seen in Chapters 4 and 5 well-developed linear viscoelastic
models, which were particularly important in the area of colloids and polymers,
where unifying features are readily achievable in a manner not available to
atomic fluids or solids. In Chapter 1 we introduced the Péclet number.

Pe ¼
6pa3s
kBT

ð6:1Þ

For a concentrated system this represents the ratio of the diffusive timescale
of the quiescent microstructure to the convection under an applied deforming
field. Note again that we are defining this in terms of the stress that is, of course,
the product of the shear rate and the apparent viscosity (i.e. this includes the
multibody interactions in the concentrated system). As the Péclet number
exceeds unity the convection is dominating. This is achieved by increasing
our stress or strain. This is the region where our systems behave as nonlinear
materials, where simple combinations of Newtonian or Hookean models will
never satisfactorily describe the behaviour. Part of the reason for this is that the
flow field appreciably alters the microstructure and results in many-body
interactions. The coupling between all these interactions becomes both philo-
sophically and computationally very difficult.
Unfortunately, the high Péclet number regime is where many rheological

measurements are most easily made. High stresses and strain rates allow the
development of simpler instrumental designs and lower sensitivities are re-
quired. It is also important to be aware of the fact that many applications
require very high deformation regimes and it is important to understand these
at least qualitatively. In practice, much experimentally observed nonlinear
behaviour is difficult to describe in either a purely phenomenological or
microstructural approach. Often, it is dependent on very thorough physical
and chemical characterisation. Even given this level of characterisation, models
for describing the experimental behaviour become increasingly system depen-
dent and general rules difficult to formalise. Having stated all the problems, this
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chapter is designed to address these difficulties. It uses simple models to give the
reader a feel for possible origins of the response you observe in your experi-
ments. And remember your system is probably unique. . . .

6.2 THE PHENOMENOLOGICAL APPROACH

One of the great strengths of linear viscoelastic experiments is that the relation-
ship between them is formally described. This has the advantage that if we were
to have a thorough grasp of the ideas (not necessarily the underlying mathe-
matics) it is relatively easy to predict what would happen as we apply different
deformation regimes to the sample. Nonlinearity can be more daunting. The
Deborah number gives a good indication of the kind of test that is most
appropriate. For systems that appear more elastic than fluid, i.e. De4 1,
nonlinear behaviour is easily recognised and simply characterised by the strain
behaviour. For systems that appear more fluid than elastic, i.e. Deo1, nonlinear
behaviour is also easily recognised and simply characterised by the strain-rate
behaviour. In the following section we will consider simple models for the flow.

6.2.1 Flow Curves: Definitions and Equations

Most characterisation of nonlinear responses of materials with Deo1 have
concerned the application of a shear rate and the shear stress has been
monitored. The ratio at any particular rate defines the apparent viscosity.
When these values are plotted against one another we produce flow curves. The
reason for the popularity of this approach is partly historic and is related to the
type of characterisation tool that was available when rheology was developing
as a subject. As a consequence, there are many expressions relating shear stress,
viscosity and shear rate together. There is also a plethora of interpretations for
‘‘meaning’’ behind the parameters in the modelling equations. There are a
number that are commonly used as phenomenological descriptions of the flow
behaviour. It some cases this approach, while having great practical utility, is a
little unfair to the authors of the original equations. Certainly, models such as
those developed by Casson,1 Cross,2 and Woods and Krieger,3 whilst widely
used as phenomenological fitting equations, in fact all have an underlying
microstructural interpretation. Others, such as the Bingham model,4 have
received some post rationalisation for the constants in the equation. If the
viscosity reduces as the shear rate is increased a material is described as shear
thinning, and if it increases it is described as shear thickening. We can class
shear-thinning flow curves by two sets of behaviour, plastic and pseudoplastic.
A plasticmaterial is one that displays a yield stress. As the shear rate is reduced

the apparent viscosity progressively increases, diverging and never reaching a
constant value. If a stress is applied to a plasticmaterial, no flow will be observed
until the stress exceeds the yield stress. Expressions describing plastic materials
must include at least two terms, a yield stress and a limiting high-shear viscous
term. Expressions usually describe shear stress in terms of shear rate:

Bingham s ¼ sB þ Zpl _g ð6:2Þ
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Casson s ¼ ffiffiffiffiffiffi
sC

p þ
ffiffiffiffiffiffiffiffi
Zpl _g

q� �2
ð6:3Þ

Herchel� Bulkley s ¼ sHB þ Zpl _g
� �n ð6:4Þ

The term Zpl is the plastic viscosity and sB, sC and sHB are the Bingham, Casson
and the Herchel–Bulkley yield stress.
A pseudoplastic material is one that displays a limiting high-shear-rate

viscosity. The stress increases in proportion to the shear rate. As the shear
rate is reduced the viscosity begins to increase. In practice, it can increase over
many orders of magnitude of viscosity but eventually the rate at which the
viscosity increases reduces and a constant viscosity has been achieved no matter
how low the rate has been reduced. The constant high-shear viscosity plateau
Z(N) (note that Z(N)� Zpl) and low-shear viscosity plateau Z(0) are sometimes
termed Newtonian plateaus since they are characteristic of Newtonian beha-
viour, albeit over a limited shear range. Expressions describing pseudoplastic
materials usually include three terms, a critical stress, b, or shear rate,
g, determining the transition from the low-shear to high-shear behaviour and
the viscosity at the high and low limiting shear rates. Expressions usually
describe apparent viscosity in terms of shear rate or shear stress:

Cross Zð _gÞ ¼ ZðNÞ þ Zð0Þ � ZðNÞ
1þ Pe

gZð _gÞ

� �m ð6:5Þ

Krieger ZðsÞ ¼ ZðNÞ þ Zð0Þ � ZðNÞ
1þ bPe

6p

� �n ð6:6Þ

where n and m are constants. These expression are discussed further in
Chapter 2 and later in this chapter. One feature worth noting is that it is
possible to extrapolate to an ‘‘apparent yield’’ stress from the plastic viscosity
when plotting the data for the Krieger equation as shear stress versus shear rate.
For particles of radius a and for n¼ 1 this is given by

sB ¼ Zð0Þ
ZðNÞ � 1

� �
kT

ba3
ð6:7Þ

It is important when using the term ‘‘yield stress’’ to distinguish between an
extrapolated value, termed the ‘‘dynamic yield stress’’, sB, and a true or ‘‘static
yield stress’’, sy. The latter can only be observed for plastic solids, whilst the
former is readily obtained with both pseudoplastic liquids and plastic solids.
In practical terms this can be critical in evaluating the performance of a
material.
There is an expression that does not truly fit either class of behaviour. These

are power-law fluids that can be expressed in terms of stress, shear rate or
apparent viscosity with relative ease. They can describe shear thickening or
thinning depending upon the sign of the power-law index n.

s ¼ Ac _gn or Z _gð Þ ¼ Ac _gn�1 ðOstwald�De WaeleÞ ð6:8Þ
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where Ac is a constant. If n is positive shear thickening is seen, if n is negative
shear thinning is seen. One note of practical interest here is when n¼ 0. A plot
of the log of viscosity versus the log of shear rate will give a slope of �1. For a
concentrated system this is often indicative of wall slip between the measuring
geometry and the sample. Figure 6.1 shows examples of pseudoplastic and
plastic behaviour as functions of stress and strain.
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Figure 6.1 A plot of shear stress versus shear rate for plastic and pseudoplastic
materials. This is shown as (a) a linear–linear plot and (b) a log–log plot.
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If we compare the shear stress versus shear rate, it can be practically difficult
to distinguish between plastic and pseudoplastic behaviour. However, when the
same data is represented on a log�log plot clear differences emerge. The low-
shear viscosity begins to reduce the stress significantly. The application of a
shear in the nonlinear regime can give rise to forces normal to the shear
direction. Flow instabilities can develop due to the viscoelastic behaviour of the
samples at finite strains to the extent where the sample cannot be constrained
by the measuring geometry. Changes in the volume of material under deforma-
tion are commonly encountered. An example of this is when walking along a
damp sandy beach and the sand around your footprint seems to dry as you
walk. In a sense this is actually what happens. The deformation applied by your
foot causes the sand grains to rearrange from the close-packed structure
produced by the water motion, take up a greater volume, ‘‘sucking-in’’ the
liquid in the process. The phenomena of volume changes under a shearing field
is called dilatancy. The formation of structural order caused by deforming
strains can result in some interesting effects. For example, at high frequencies,
compression waves can be used to induce nucleation in supersaturated electro-
lyte solutions. For systems with slower diffusion dynamics than those of ions, a
gentler lower-frequency oscillation can induce gelation. This effect is called
rheopexy. This phenomena is time dependent, and the shear equations in this
section form constitutive equations that provide no information on this time-
dependent behaviour.
There is a relationship that is used to cross between time and shear rate

dependence regimes and that is the Cox–Merz rule.5 The dynamic viscosity
Z*(o), when plotted as a function of frequency, has a similar form to a
pseudoplastic curve although not necessarily displaying a high shear rate
plateau. These observations apply, for example, to reasonably concentrated
homopolymers. In the linear viscoelastic limit for a liquid, the complex
viscosity equates with the low-shear-rate viscosity, Z*ðo ! 0Þ ¼ Zð _g ! 0Þ.
For some materials this rule can be extended into the nonlinear response
regime equating the dynamic viscosity as a function of frequency,
Z*ðaoÞ ¼ Zð _gÞ. The term a can be adapted to improve the agreement between
the two sets of data. It would seem unlikely at first sight that an oscillating
shear response would be comparable to a non-Newtonian finite strain response
since the nature of the deformation is very different. However, good agreement
is sometimes observed. It should be emphasised that, in general, whilst the form
of the experimental data can be similar, Z*(o) is a measurement that can be
made with a linear system and as such is consistent with the mathematics of
linear viscoelasticity, whereas shear thinning is very much a nonlinear response.

6.2.2 Time Dependence in Flow and the Boltzmann Superposition Principle

The application of a shear rate to a linear viscoelastic liquid will cause the
material to flow. The same will happen to pseudoplastic material and to a
plastic material once the yield stress has been exceeded. The stress that would
result from the application of the shear rate would not necessarily be achieved
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instantaneously. The molecules or particles will undergo spatial rearrangements
in an attempt to follow the applied flow field. Simplistically one could visualise
the molecules or particles in that sample either

� opposing the applied flow, resulting in an increase in viscosity with time
at a constant shear rate – this is called antithixotropy, or

� following the flow field and rearranging to reduce energy dissipation
resulting in a reducing viscosity with time at a constant shear rate – this is
called thixotropy.

These responses are shown diagrammatically in Figure 6.2. AMaxwell model is
an example of a material in the linear regime, that is antithixotropic, because
the resistance to deformation increases as the spring extends until the maximum
extension is reached. On cessation of flow the stress is relaxed and the viscosity
falls. A thixotropic material shows a viscosity that increases after cessation of
flow.
Whilst the flow curves of materials have received widespread consideration,

with the development of many models, the same cannot be said of the temporal
changes seen with constant shear rate or stress. Moreover, we could argue that
after the apparent complexity of linear viscoeleastic systems, the nonlinear
models developed above are very poor cousins. However, it is possible to
introduce a little more phenomenological rigour by starting with the Boltzmann
superposition integral given in Chapter 4, eqn (4.60). This represents the stress
at time t for an applied strain history:

sðtÞ ¼
Zt

�N

G t� t0ð Þ _gðt0Þdt0 ð6:9Þ
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Figure 6.2 A schematic of thixotropy and antithixotropy.
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It is a simple matter to rewrite this expression to represent the shear rate
explicitly as the time derivative of the strain. The strain can be measured from
time t¼ 0:

g tð Þ ¼
Zt

0

_gðt0Þdt0 ð6:10Þ

Equation (6.9) becomes

sðtÞ ¼
Zt

�N

G t� t0ð Þ dgðt
0Þ

dt0
dt0 ð6:11Þ

Now, we can integrate by parts, i.e.
R b
a udv ¼ uv½ �ba�

R b
a vdu, giving

sðtÞ ¼ G t� t0ð Þgðt0Þ½ �t�N
�
Zt

�N

dG t� t0ð Þ
dt0

gðt0Þdt0 ð6:12Þ

This can be represented in terms of the memory function

s tð Þ ¼
Zt

�N

m t� t0ð Þg t; t0ð Þdt0 ð6:13Þ

where m(t) is the memory function, and is the time derivative of the relaxation
modulus, and g(t,t0) represents the strain at time t relative to that at time t0 (eqn
(4.62)). Our sign convention on the memory function has been selected to be
consistent with a model we shall adopt later in this chapter. Suppose we
imagine a very simple stress-relaxation function that depends on strain so that
it is truly nonlinear. The relationship could be quite simple. We could visualise
a system with an invariant relaxation process and hence relaxation time.
A Maxwell model, for example, is a good candidate, and we can incorporate

the strain dependence by multiplying by a function f(g):

s t; gð Þ ¼ Ge�t=tf gð Þ ð6:14Þ

This gives a strain-dependent relaxation function providing f(g)ag.

G t; gð Þ ¼ Ge�t=t f gð Þ
g

¼ G Nð Þe�t=t 1

g
¼ G tð Þ f gð Þ

g
ð6:15Þ

We can introduce this function for the strain term into the Boltzmann super-
position integral above. With the appropriate substitutions and change in
limits, we obtain an expression for the variation in stress with time:

s tð Þ ¼ G tð Þf gð Þ þ
Zt

0

mðtÞf gð Þdt ð6:16Þ
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Now a shear rate represents the rate of change of strain so for the application of
a constant shear rate to the sample the strain is the product of the rate and the
time:

s tð Þ ¼ G tð Þf _gtð Þ þ
Zt

0

mðtÞf _gtð Þdt ð6:17Þ

This expression represents the stress at time t during an applied shear rate. If
the shear rate is applied for long enough and the system is pseudoplastic, the
stress reaches a constant value. So, extending the time toward infinity we get the
limiting stress at any rate:

s ¼ s t ! Nð Þ ¼
ZN

0

mðtÞf _gtð Þdt ð6:18Þ

The viscosity is shear stress divided by shear rate:

Z _gð Þ ¼ 1

_g

ZN

0

mðtÞf _gtð Þdt ð6:19Þ

Now, we need to think carefully about the properties that this strain function
might possess. Of course there is a wealth of possibilities so let us set the goal of
describing pseudoplastic behaviour to give a material with a limiting viscosity
at high and low rates. At first, this appears a very daunting task but we can call
on features from linear viscoelasticity. In the limit of zero strain and strain rate
we would expect the material to have a low-shear viscosity given by the linear
viscoelastic expression in Chapter 4 (eqn (4.132)).

Z 0ð Þ ¼
ZþN

�N

tG tð Þ f gð Þ
g

d ln t

������
g!0

¼ G Nð Þt ð6:20Þ

For this to happen we know that f(g)¼ g in the low-shear limit. As the shear
stress is increased we also know that we want our viscosity to fall, so we need to
multiply our strain by a damping function that reduces from unity at low
strains to a lesser value at high strains. A good candidate for this might be an
exponential function in strain. The only problem with this choice would be that
as the strain tended to infinity, f(g) would tend to zero and the viscosity would
also equal zero. What we need is a constant high-shear viscosity. So, suppose
we multiply the strain by a constant b that is less than unity. We can express
eqn (6.20) in the high-strain limit:

Z Nð Þ ¼
ZþN

�N

tG tð Þ bg
g
d ln t

������
g!N

¼ G Nð Þtb ð6:21Þ
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Thus, semi-intuitively we can write down our strain function:

f gð Þ ¼ ge�ðagÞn þ bg ð6:22Þ

The term a controls the critical strain where the system shear thins and n
controls the rate of thinning. The low- and high-shear viscosity are given by:

Z 0ð Þ ¼ Gt 1þ bð Þ ¼ G Nð Þt and Z Nð Þ ¼ Gtb ð6:23Þ

Equations (6.17) and (6.19) allow us to describe the shear stress at any time t
and at any shear rate. Ideally, what we would like to achieve is to express f(g) in
terms of a microstructural model based on the chemistry of our system. We
shall see later that such an approach has been adopted by Doi and Edwards6

for polymer solutions. The purpose of this phenomenological approach is to
illustrate that constitutive equations like those of Krieger–Dougherty,7 Cross2

and others can be obtained by a more formalised nonlinear viscoelastic model.
In fact, the damping function in eqn (6.22) could be of any form that achieves
the required reduction in strain. The integrals can be readily evaluated
numerically, but a simple exponential with n¼ 1 gives an analytical result.
The steady-state viscosity is given by

Z _gð Þ ¼ Z Nð Þ þ Z 0ð Þ � Z Nð Þ
1þ a _gtð Þ2

ð6:24Þ

The stress at any time t also leads to a rather inelegant but analytical function:

s tð Þ ¼ G tð Þf _gtð Þ � I t; _gtð Þ ð6:25aÞ

I t; _gtð Þ ¼ Gt_g
�b� 1þ a _gtð Þ�2þb 1þ t

t

� �
e�t=t

þ 1þ a _gtð Þ�2�t

t
�1� a_gtð Þ�1

� �
e�a _gt�t=t

8><
>:

9>=
>; ð6:25bÞ

We should be very wary over our choices for a and b since, in the wrong
combination, they can give rise to physically unrealistic phenomena. This is a
proviso that should be borne in mind when investigating many nonlinear
viscoelastic models. Some of the results of these nonlinear viscoelastic calcula-
tions are shown in Figure 6.3. The three diagrams show the stress-relaxation
function as a function of both strain and time. The function is exponential in time
but its magnitude reduces as the strain is increased. The pseudoplastic behaviour
is shown and compared to both the Krieger–Dougherty and Cross models.
The most surprising result is that such simple nonlinear relaxation behaviour

can give rise to such complex behaviour of the stress with time. In the lower
diagram of Figure 6.3 there is a peak termed a ‘‘stress overshoot’’. This
illustrates that materials following very simple rules can show very complex
behaviour. The sample modelled here, it could be argued, can show both
thixotropic and antithixotropic behaviour. One of the most frequently made
nonlinear viscoelastic measurement is the thixotropic loop. This involves
increasing the shear rate linearly with time to given maximum shear then the
shear rate is reduced in the same time period. The stress is measured and the
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flow curve is plotted. This tends to generate a loop for the ‘‘up’’ and ‘‘down’’
curves and the gap between the upper and lower curve is used to measure the
‘‘degree of thixotropy’’ of the system. Figure 6.4 illustrates this. The problem
with this classification is that it is very difficult to interpret. The nonlinear
approach used here is not ideal for developing loops since by decoupling
the relaxation process from the strain they cannot allow for the recovery of the
material. They do give a qualitative indication of the behaviour. The reason for
the observed loops is associated with the form of the stress overshoot and the
relaxation rate of the material. If the sample is deformed too quickly, steady-
state equilibrium is not achieved and we will sample a portion of the stress-
growth behaviour below the maximum stress, i.e. to the left of the peak shown
in Figure 6.3(b). The increasing rate curve can appear below the decreasing one
depending on the deformation time. However, if we deform the sample so we
are at the peak or just beyond in the stress growth curve, the viscosity will show
a relative reduction and the increasing rate curve will be above the reducing
one. Clearly, a crossover of shear up and down sweeps is possible if we were to
cross from one side of the peak to the other during a sweep. The magnitude of
the stress sweeping up relative to down depends upon the rate at which the
structure breaks down relative to its ability to attain an equilibrium response.
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Figure 6.3 A plot of a simple nonlinear viscoelastic response for (a) the stress
relaxation as function of the applied strain, (b) stress as a function of
time at a shear strain g¼ 1 and (c) viscosity as a function of shear stress.
(Z(0)¼ 33 Pa s, Z(N)¼ 3Pa s, a¼ 1, b¼ 0.1 m¼ 0.35 and t¼1 s).
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So, at long experimental times the loop disappears and equilibrium has been
achieved. The use of nonlinear viscoelastic models has much to recommend it in
that, as in the linear theory, they can be used to predict experimental responses.
It provides justification for more empirical models of a seemingly arbitrary
nature. However, they often contain a wealth of parameters that are difficult to
predict but can be obtained experimental fitting.

6.2.3 Yield Stress Sedimentation, and Linearity

The nonlinear response of plastic materials is more challenging in many respects
than pseudoplastic materials. While some yield phenomena, such as that seen in
clay dispersions of montmorilinite, can be catastrophic in nature and recover
very rapidly, others such as polymer/particle blends can yield slowly. Not all
clay structures catastrophically thin. Clay platelets forming an elastic structure
can be deformed by a finite strain such that they align with the deforming field.
When the strain is released they do not necessarily recover to the initial
structure, the microstructure of the material becoming ‘‘permanently’’ changed.
As a consequence their yield response and the nature of the viscoelasticity
changes. There is significant hysteresis. Modelling these changes with a phe-
nomenological model has to account for what is effectively a rheologically
induced phase change. Distinguishing between plastic and pseudo-
plastic samples can provide the rheologist with a severe challenge. One area
where this is of great value is in the control of sedimentation in colloidal
systems. If we consider a dispersion of particles denser than the surrounding
medium, the particles will experience a force due to the action of gravity. For an
isolated particle the sedimentation velocity is given by balancing the frictional
drag of the solvent with the gravitational force. For spherical particles of radius
a in a solvent with a viscosity Zo we obtain

Dr
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3
pa3g ¼ v06pZoa ð6:26Þ
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Figure 6.4 A schematic of a thixotropic loop.
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where Dr is the density difference between the particles and the medium. The
sedimentation velocity v0 can be determined by simple rearrangement:

v0 ¼
2Drga2

9Zo
ð6:27Þ

For a concentrated dispersion the particles feel the effects of all their
neighbours and the sedimentation velocity can be represented semiem-
pirically as8

v

v0
¼ 1� j

jm sð Þ

� �bjm sð Þ
ð6:28Þ

Here b is a constant. The packing fraction, jm(s), as we shall see later, may
depend upon the stress applied, in this case a gravitational stress. In most
commonly encountered circumstances the stress is low enough for the packing
of the particles to be independent of the value. However, higher stresses can be
applied during centrifugation and there will be an influence on this value
relative to the g-force used. This packing fraction represents the point at which
the system becomes a viscoelastic solid and will not sediment. The above
expressions do not describe the onset of sedimentation. A long induction time is
possible before this will occur and this is very difficult to predict once a
percolation threshold has been achieved. Our model supposes that our sample
is pseudoplastic at a volume fraction below the maximum packing fraction. If it
displays plastic behaviour the low-shear viscosity will be infinite, although this
does not necessarily mean the sample will not sediment. The gravitational stress
acting on the particle depends upon its mass. For a large particle the local stress
can be relatively large. If this were to exceed the yield stress the interparticle
forces in the system would be unable to develop a structure that will support the
particle and sedimentation can occur. The yield stress required to oppose
sedimentation can be determined by projecting the gravitational force acting on
the particle over an effective area. As a first approximation we can consider the
suspension as an ‘‘effective medium’’ that is acting on the surface of the particle,
i.e. over an area 4pa2. We can now set up our inequality for the yield stress and
the gravitational stress:

sY4
4pDrga3

3:4pa2
E

Drga
3

ð6:29Þ

This expression should be used as an approximate rather than exact formula-
tion that would require interparticle forces and tensor analysis. The difference
between a high zero-shear-rate viscosity and a significant yield stress is an
important one. A dispersion with a high zero-shear viscosity will sediment,
albeit slowly, whereas a system with a yield stress exceeding that in eqn (6.29)
will retain its integrity all the time that yield is maintained. Yielding phenomena
can provide us with important information about storage stability. One
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approach to establishing a yield value is to apply an ever-increasing stress to a
sample with time. The strain is monitored and once the strain increases
appreciably the yield stress has been found. The major problem with relying
on this technique lies in the speed at which the stress is increased. In the
previous section we have seen how ramping the strain gives a multitude of
different material behaviour. The same applies to linearly ramping the stress. If
this experiment is performed quickly a small strain displacement will go
undetected by the instrument and the instrument will increment on to the next
stress. The yield stress will be overestimated. This is an important failing in
sedimentation control since an overestimated yield could lead to a system that
on paper seems stable but in reality separates. A gradual application of
the stress is to be preferred over a more rapid sequence. Perhaps the best tests
are those often employed in linear viscoelastic measurements. A sinusoidal
oscillating stress or strain can be applied to the sample and storage and loss
moduli can be measured. At low stresses or strains a frequency sweep will
illustrate the presence of static modulus G(0). This is indicative of the presence
of a yield. This will be observed by the storage modulus failing to reach the
baseline at low frequencies, the value of the modulus being displaced from
the base line by G(0). However, a broad relaxation spectra or a Maxwell model
with a long-time relaxation process can also give rise to this observation, so it is
not unambiguous. Complementary to this test is the strain and stress sweep.
This is a very good method of establishing linearity and its breakdown. In
this test an oscillating strain (or stress) is applied to the sample. For a system
where the storage modulus is greater than the loss, normally the case in
materials with a yield, as the strain is increased past the linear limit the storage
modulus reduces. Ideally, this test is best performed in the lower-frequency
limit to avoid to greater contribution from the high-frequency elastic compo-
nents. If a stress is applied the critical stress can be established directly from the
curve. If a strain sweep is applied the apparent yield in the sample can be
established by multiplying the critical strain by the value of G*(o) at that
strain. A typical strain sweep for a charged colloidal dispersion is shown in
Figure 6.5.9

A note of caution should be sounded here. Whilst the curves shown are
characteristic of many charged dispersions it should be recalled that once we
apply a sinusoid to a nonlinear system the response need not be a sinusoid. As
the strain is increased into the nonlinear region the waveform passing through
the sample becomes progressively distorted. The instrumental analysis in this
case involves applying a numerical Fourier transform to the signal and filtering
to allow only components of the wave at the applied frequency to be analysed.
Various harmonics can develop and this can provide further information
on linearity. Inclusion of different terms and methods of analysis can change
the form in the nonlinear region. Without doubt the application and analysis of
oscillating waves in the nonlinear regime is the most difficult to model with
rigorous viscoelastic equations. We have said that stress- or strain-controlled
instrumentation can be used to obtain a test of linearity. Stress instrumentation
can be designed to mimic strain-rate responses. In order to achieve this, a
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stress-controlled instrument must maintain a rapid and constant feedback
between the torque applied and the subsequent displacement achieved in the
measuring geometry. If the sample responds rapidly and can undergo changes
more rapidly than the feedback and accompanying instrumental inertia allows,
then the instrument will fail to maintain the correct strain. In the nonlinear
regime where the non-Maxwell processes can be very rapid, strain control can
fail spectacularly. It is a useful design option but should be used, as with so
many rheological measurements, with care.
In conclusion, a treatise on the phenomenological approach to nonlinear

responses is limited only by the amount of space available and the patience of
both the author and the reader.10 Simple equations for characterising data
curves are useful tools. They allow you to reduce a complex set of data to a few
parameters. Trends can often be more easily discerned from the parameters
than from the original data. This is particularly the case for experiments where
we are unable to hold all the chemical variables constant and just adjust one.
The chemical engineer also finds simple models useful when solving heat- and
mass-transfer problems. They can be used in finite-element method calculations
without the need for recourse to the molecular details underlying the system.
This can, on occasion, provide cold comfort when a process fails and we need to
establish the chemical origin. Then, the connection must be made between
simple models and nonlinear flow behaviour. In the following sections this issue
will be addressed.
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Figure 6.5 A plot of the apparent storage and loss moduli as a function of strain for
volume fractions of dispersions of silica particles. (a¼ 150 nm
c¼ 10�3M.).
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6.3 THE MICROSTRUCTURAL APPROACH – PARTICLES

There is a wealth of microstructural models used for describing nonlinear
viscoelastic responses. Many of these relate the rheological properties to the
interparticle forces and the bulk of these consider the action of continuous
shear rate or stress. We will begin with a consideration of the simplest form of
potential, a hard rigid sphere.

6.3.1 Flow in Hard-sphere Systems

In Section 3.5.2 the viscosity of a hard-sphere model system was developed as a
function of concentration. It was developed using an exact hydrodynamic
solution developed by Einstein for the viscosity of dilute colloidal hard spheres
dispersed in a solvent with a viscosity Zo. By using an effective medium
argument it is possible to show that the viscosity of a dispersion of hard
spheres is given by

Z 0ð Þ ¼ Zo 1� j
jmð0Þ

� �� Z½ �jmð0Þ

and

Z Nð Þ ¼ Zo 1� j
jmðNÞ

� �� Z½ �jmðNÞ
ð6:30Þ

where jm(N) and jm(0) are the high-shear and low-shear packing limits of the
dispersion. Practical realisation of such a system is difficult. Quasihard-sphere
experimental models exist. Typical systems are formed from particles of
poly(methyl methacrylate) coated by a layer of poly(12-hydroxy stearic acid)
or organophilic silica particles. Both systems are dispersed in nonaqueous
media. When the system is placed under shear the viscosity reduces from the
low- to the high-shear limit as the packing rearranges in flow. These systems are
pseudoplastic but will display a Bingham yield stress (eqn (6.7)). Currently, the
only reliable models that exist for describing the flow of these quasihard-sphere
systems with applied stress are empirical. One should recall that these models
have been developed on systems with an adsorbed layer so the volume fractions
used are often defined from the flow properties of the particles or the diffusive
behaviour. They rely on the use of hydrodynamic scaling to determine
concentration in most instances. The Krieger equation (6.6) has proved a good
description and constants can be derived for b from experimental data. There
is, of course, uncertainty in the value of b. This can mainly be attributed to the
difficulty of making the measurements at low stresses and the effect of slightly
different deviations from hard-sphere behaviour that different experimental
systems possess. The same criticisms can be levelled at the low-shear packing
although at high shear rates layered flow seems to occur with jm(N)¼ 0.605.
An example of experimental data demonstrating this is shown in Figure 6.6.
Intuitively, we might associate the low-shear limit with the order–disorder

transition at jm(0)¼ 0.495. However, literature data for the packing fraction in
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this limit is more widely scattered. One must remember that the approach to
equilibrium in these systems can take a while to progress. So, it is feasible that
some systems have been measured away from the equilibrium state when the
samples have been transferred and placed in the measuring geometry on an
instrument. We could speculate that the hard-sphere viscosity profile can
indeed be represented by eqn (6.6). A master curve for particle size and volume
fraction can be developed by plotting Zn versus reduced stress sr:

Zn ¼ Z sð Þ � Z Nð Þ
Z 0ð Þ � Z Nð Þ ¼ 1þ bsrð Þ�1 ð6:31Þ

where in the low-shear limit Zn¼ 1. To develop this curve we need to assign a
value to b. We could develop a ‘‘reference system’’ from a very simple
argument. We know that when the Péclet number Pe¼ 1 the motion due to
convection balances with the diffusive motion. We could use this to define a
point on our flow curve but we need to make a decision about where this point
occurs. There are several approaches. For example a plot of log(Zn) against
log(sr) diverges to minus infinity with a slope given by

Zn ¼ bs�1
r ð6:32Þ
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Figure 6.6 The limiting high-shear viscosity for quasihard spheres for PMMA
particles in dodecane. (The particle has a different effective radii, Codes
HK3¼ 419 nm, HK4¼ 281 nm, HK5¼ 184 nm, HK7¼ 120 nm,
HK8¼ 162 nm.) The solid line is given by the Krieger equation (6.6) for
a packing of jm(N)¼ 0.605.
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If we extrapolate this line until it equates with the value of Zn¼ 1 where
Z(s)¼ Z(0) then

b ¼ 1

6p
E0:053 ð6:33Þ

A plot of Z(s) versus the log of reduced stress shows a linear slope between the
high- and low-shear limits. We can use this feature with our master curve to
define another value of b. This slope is given by

dZ srð Þ
d ln srð Þ ¼

�bsr Z 0ð Þ � Z Nð Þð Þ
1þ bsrð Þ2

ð6:34Þ

The slope between the low- and high-shear-rate limits has a constantly
changing gradient. In order to define the point of inflection on this slope and
its tangent the second derivative is required:

d2Z srð Þ
d ln srð Þ2

¼ �bsr Z 0ð Þ � Z Nð Þð Þ �2bsr
1þ bsrð Þ3

þ 1

1þ bsrð Þ2

 !
ð6:35Þ

The turning point occurs when the second derivative is zero, i.e. bsr¼ 1. The
slope of the tangent is given by substituting this value into eqn (6.34).
The equation for this line is

tangent ¼ � Z 0ð Þ � Z Nð Þð Þ
4

ln sr þ Z Nð Þ 1

2
þ ln bð Þ

4

� �

� Z 0ð Þ 1

2
� ln bð Þ

4

� �
ð6:36Þ

If we extrapolate this slope toward low rates, where the tangent equates with
the low-shear viscosity and assume the Péclet number here is unity, we
eventually obtain a value of b¼ 2.55. This defines the Péclet number as unity
at a stress somewhere just after the curvature of the viscosity curve deviates
from the low-shear limit. This seems quite an appropriate reference system. By
setting the Péclet number to the appropriate value of b we can determine the
variation in packing fraction with stress between the high- and low-shear limits
to the viscosity:

Z sð Þ ¼ Zo 1� j
jm sð Þ

� ��½Z�jm sð Þ
ð6:37Þ

This defines a stress-dependent packing fraction. This is shown as a function of
stress in Figure 6.7. It is sigmoidal in form mimicking a mirror image of the
viscosity profile.
As the shear rate increases so the particles begin to align with the flow field

and pack more efficiently. This is a system dominated by the hydrodynamic
forces overcoming the Brownian motion. Frankel and Acrivos and Goddard11

have obtained models with well-defined hydrodynamics for very high concen-
trations of rigid and elastic particles. Here, the solvent forms thin films and we
enter the region of lubrication theory. The expressions describing the flow do
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bear some similarities to the semiempirical expressions developed at lower
concentrations. For example, Frankel and Acrivos give,

Z 0ð Þ ¼ Zo
9

8

j=jmð Þ1=3

1� j=jmð Þ1=3
ð6:38Þ

This is for a simple cubic lattice. As we include interparticle forces our ability to
describe the system other than by numerical simulation becomes progressively
difficult to achieve. At present, quasihard spheres at moderate to large volume
fractions can only be modelled by analytical expressions that are empirical in
origin. Simple models are available for other forms of interaction potentials.

6.3.2 The Addition of a Surface Layer

The expressions used for dispersions of quasihard spheres are usually measured
on systems with a chemically grafted layer. This layer is chosen such that it is
rigid and bristle-like in form. The idea is that this layer is relatively nonfree
draining and the hydrodynamic flow pattern around these particles is much like
that with smooth hard rigid spheres. Suppose we have a system with a grafted
or adsorbed layer that is less densely packed with various combinations of
loops, tails and trains. Rigorous prediction of the role this layer may play in the
local hydrodynamics requires a detailed structure of this layer to be known. In
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Figure 6.7 A plot of the stress-dependent packing fraction jm(s) versus the reduced
stress sr for a maximum packing fractions of jm(N)¼ 0.605 and
jm(0)¼ 0.52 and b¼ 2.55. This gives a relative viscosity of about 50 at
the freezing transition.
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practice, it is difficult to define this without extensive characterisation. Even
given this the flow around the layer may prove computationally too complex to
evaluate. A simple approach is to assume the particles are effectively larger by a
thickness dH, a hydrodynamic thickness. This can be defined from a measure-
ment of the viscosity. For a given model for the behaviour, one can define from
the measurement an effective volume fraction, jeff, from the relative increase in
volume. The relationship for spherical particles is given by simple geometry:

jeff ¼ j
aþ dH

a

� �3

ð6:39Þ

For anisometric particles the ratio of the volume with adsorbed layer to that
without provides a suitable approximation. The value of the apparent hydro-
dynamic thickness will depend upon a variety of factors, for example, for an
adsorbed polyelectrolyte the extension of the layer will depend upon the mutual
repulsion of dissociating groups on the backbone of the polymer. This gives us
a layer thickness that is pH and electrolyte dependent. At very high concentra-
tions, particles with adsorbed flexible polymer layers can be concentrated to the
level where the layers begin to interpenetrate. These systems display shear
thickening. The main difficulty in establishing general rules for the onset of
thickening is that it tends to occur at high particle concentration. Here, the
separation between the core particles is small. This means that small differences
in the surface structure between systems can prove difficult to characterise but
are vitally important in controlling flow. Shear thickening can arise from a
number of causes. Clustering at high Peclét numbers has been suggested from
computer simulations.12 These probably represent the best prospect of under-
standing the behaviour. However, modelling of all but the best characterised
systems is going to be extremely difficult.

6.3.3 Aggregation and Dispersion in Shear

The introduction of long-range interaction forces between colloidal particles can
produce well-dispersed or aggregated systems under quiescent conditions. The
application of a shear field can induce changes in the structure. So, for example,
when milling a dispersion, high-energy shear fields are applied and this can
overcome the interaction forces in a coagulum and disperse the system. The
process is a complex balance of particle shape, interaction energy and the local
turbulence. In the lower Reynolds number limits, the application of simple shear
fields can also overcome the forces holding flocs together or induce coagulation.
Even in simple shearing fields a precise examination of this phenomena shows
that it is difficult to model. However, it is possible to construct reasonably good
maps of zones of stability and instability in systems of dilute to moderate
concentration. The starting point is to examine the interaction forces between
the colloidal particles. A typical interaction–force curve is shown in Figure 6.8.
This force–distance curve is for the pair potential shown in Figure 5.9. This

shows a steric barrier of 7–8 nm to prevent close approach of a pair of particles.
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A primary maximum can also prevent close approach of the particles under
quiescent conditions and a secondary minimum will allow weak attraction
between the particles. This will cause weak flocculation between the particles.
Such a curve is shown in Figure 6.9(a) for a polystyrene particle with a 1mm
radius and ka¼ 100 with a steric barrier of about 2 nm. When a shear field is
applied the particles gain energy in the flow so collisions between the particles
will be of higher energy. This gives the possibility of either disrupting the
aggregates and dispersing the particles or providing enough energy to coagulate
the system. We can assess this possibility by balancing the hydrodynamic force
on the particles in the shear field with the colloid interaction force. The frictional
force of a particle moving through the medium with a velocity v is given by

F ¼ 6pZav ð6:40Þ
Now, in convection we can obtain the velocity of the particle by multiplying the
velocity gradient, i.e. shear rate, by the distance moved by the particle. We can
think of this as some multiple of the particle radius, x:

F ¼ 6pZ _ga2x ¼ 6psa2x ð6:41Þ

Suppose we normalise such that the force is dimensionless. This gives us the
Péclet number:

Fa

kBT
¼ F ¼ PexEPe ð6:42Þ
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Figure 6.8 The pair-interaction force for the system with the pair potential shown in
Figure 5.9.
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As a reasonable approximation we can assume that one particle radii will
provide a sufficiently large velocity to cause a change in structure. So, if
we equate a colloid interaction force with F we can construct the map in
Figure 6.9(b). This shows zones of aggregation relative to the applied shear field
and the surface potential on the particles. Below Péclet numbers of 1, the
system will be close to a quiescent state. A system can be considered stable
against coagulation if the height of the primary maximum in energy is greater
than B20kBT.
At very low surface potentials the attractive forces dominate and the system

coagulates. For high Péclet numbers in principle it is possible to disperse
particles by pulling them from the primary minimum. This might occur in
milling. Here the hydrodynamic force is greater than the depth of the primary
minimum. As the surface potential is increased the primary maximum grows to
above B20kBT and the system is stable against coagulation but can show
secondary minimum flocculation, which is a weak flocculation. This is where, at
close separations between the particles, an attractive energy exists that is
greater than the thermal energy kBT but where a primary maximum prevents
coagulation. These systems are considered in more detail in the next section.

6.3.4 Weakly Flocculated Dispersions

One of the characteristics of weak flocculation is that the system is reversible.
At low volume fractions the system will form some clusters and some single
particles. The clusters can be easily disrupted by gentle shaking. As the
concentration is increased the system will reach a ‘‘percolation threshold’’.
The number of nearest neighbours around any test particle reaches 3 at about
j¼ 0.25 and the attractive forces between the particles lead to a connectivity
throughout the system giving rise to a weak network. The application of a shear
stress or shear rate gives rise to a system that is dominantly thixotropic and
shear thinning. As the breakup of the network progresses under shear, a steady-
state viscosity is achieved at a particular rate. If it is truly weak flocculation
then at high shear rates we would expect the network to breakup into individual
particles. For spherical particles the Krieger–Dougherty expression can be
applied. A starting point for modelling is to use the Bingham equation to ‘‘fit’’
to the flow curve. Whilst the Bingham equation will not describe the steady-
state flow curve in detail the extrapolated Bingham yield stress can be related to
the link energy and the rate at which links break. An analysis due to Michaels
and Bolger can be used to describe the breakdown process. We begin by
calculating the energy dissipation rate:

_E ¼ dE

dt
¼ s _g ¼ Zo 1� j

jmðNÞ

� ��½Z�jmðNÞ
_g2 þ sB _g ð6:43Þ

The Krieger–Dougherty term represents the energy dissipated per unit volume
per second in order to maintain the hydrodynamic element of the flow in shear.
The Bingham yield stress represents the energy dissipated in breaking the
interparticle links per unit volume per second. This in turn is related to the
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energy of a link, i.e. the depth of the attractive minimum. As we are dealing
with the steady-state response of the system so the structure has reached a
dynamic equilibrium, we know that under shear the rate at which links form
equals the rate at which they break. So, by calculating the rate at which the
links form multiplied by the depth of the energy minimum we will have
calculated the term on the right-hand side of eqn (6.43). We can argue that
for every collision between particles in flow there is a probability, B, that a link
will form. So, if we can calculate the number of collisions and have an estimate
for B, the Bingham yield can be found. If we imagine a test particle and particles
passing close to it in a shear field in which the convection strongly dominates
over diffusion, a collision will occur when a particle centre passes closer than
one diameter from the test particle centre. In order to determine the number of
collisions we need to determine the particle flux J through a disc of diameter 4a
placed around our test particle normal to the direction of the shear. This is
shown schematically in Figure 6.10. The flux is the number of particles passing
through the disc per second.
Let us first consider our disc around a test particle moving with velocity v in

direction z in the flow. We can define an element of that disc as having a
thickness dz. The angle subtended by the ends of that segment we define as y.
The velocity is thus

v ¼ z _g ¼ 2a_g cos y=2ð Þ ð6:44Þ
We need to integrate this to obtain the volume. For a segment thickness dz and
width x

dz ¼ �a sin y=2ð Þdy and x ¼ 4a sin y=2ð Þ ð6:45Þ

Integrating to find the flux through the disc with r as the number density of
particles:

J ¼ �2r
Zp

0

� 2að Þ3 _g cos y=2ð Þ sin2 y=2ð Þdy ð6:46Þ

dz

θ

z

x

y

2a

γ = dx
dt

z
.

Figure 6.10 The shear geometry for the collision of two particles.
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The total collision frequency is

cp ¼ BJr
2

ð6:47Þ

where the factor of 2 allows for the collision occurring between two particles:

cp ¼
2

3
Br2 2að Þ3 _g ð6:48Þ

Expressing this as volume fraction:

j2 ¼ rp 2að Þ3

6

 !2

ð6:49Þ

cp ¼ 24Bj2

p2ð2aÞ3
g ð6:50Þ

The rate of energy dissipation is

sB _g ¼ Bcp Vmj j ð6:51Þ

where Vm is the depth of the energy well. Thus, we finally get the Bingham yield
stress as:

sB ¼ 24B Vmj jj2

p2 2að Þ3
ð6:52Þ

The value of B has been shown by hydrodynamic calculations to be fairly close
to unity. This simple model was developed by Michaels and Bolger13 and
includes the main features of importance in controlling the Bingham yield stress
in weakly attractive systems. Weak flocculation (Section 5.4) can be achieved,
for example, by adsorbing a thin surfactant layer onto a polystyrene latex and
by adjusting the level of electrolyte. Data for such a system is shown in Figure
5.9 and Figure 6.11. The depth of the energy well in this case is about –7kBT,
and the attractive force minimum is 370kBT/a.
By plotting sB versus j2 the attractive energy between the particles can be

calculated. The first feature to note is the change in slope at high volume
fraction. This closely corresponds to the hard-sphere order–disorder transition.
It is likely that microstructural changes are responsible for the occurrence of
this. In the region where the square law was obeyed there was a significant
difference between the energy obtained from the slope, which was 210kBT, and
that for the system. The origin of the difference between the model and the
experiment is unlikely to be due to the collision frequency factor alone
(assumed to be 1, experiment and theory equate when B¼ 0.036). The difference
owes more to the simplicity of the model. The model has little information on
the microstructure in the system simply because it is assumed as soon as it is
formed it is destroyed. The inclusion of the structural relaxation processes is an
important issue in improving the model. Nonetheless, it preserves the concen-
tration dependence and provides a good qualitative description of the system.

217Nonlinear Responses



Systematic variation of the interaction energies rather than the particle
concentration has also been investigated. This can be achieved by taking a
latex and varying the electrolyte concentration to alter the depth of the
secondary minima. It is also possible to achieve this using a depletion potential.
Here, nonadsorbing polymer is added to a dispersion. The particles diffuse and
on occasion the separation becomes closer than twice the radius of gyration of
the coil. This leads to attraction between the particles. When a critical
concentration c* is exceeded the excess osmotic pressure due to the polymer
induces an attractive energy and above a critical particle concentration a
yield stress. The yield stress is proportional to the osmotic pressure of the
polymer P and the concentration of free polymer c. If a linear relationship
exists between the osmotic pressure and the concentration of polymer then
a linear relationship will also exist between yield stress and polymer
concentration:

sB / P / ckBT ð6:53Þ

Such a relationship is exhibited when cis-polyisoprene, a nonadsorbing poly-
mer, is added to PMMA/PHS particles in dodecane.14 This is illustrated in
Figure 6.12.
We can see here that as the polymer concentration is systematically increased

so the yield stress increases accordingly. Experimental observations suggest the
Bingham yield stress increases from a polymer concentration of about c*. It
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should be emphasised that the added polymer shows no significant viscoelas-
ticity in the frequency range examined where the colloidal dispersion becomes
strongly viscoelastic. This microstructural model has been developed using a
Bingham plastic and for weak flocculation we would expect pseudoplastic
behaviour. It is an extrapolated value in the same manner as can be achieved
for hard spheres.
Perhaps the equation to receive most widespread use for the largest variety of

systems is the Casson equation. This was introduced in Section 6.2 as a
phenomenological model, which is how it is often utilised. It has been widely
used to describe flow curves for plastic and pseudoplastic materials over a
limited range of stress and shear rates and can generate a far closer match to the
curvature. The Casson approach is based on a phenomenological model. His
argument is based on deforming the aggregate in a shear field where the
particles begin to align in that field to form rod-like aggregates. Just as
Michaels and Bolger ignored the Brownian contribution at high shear rates,
Casson does the same, assuming the rate of making and the rate of breaking of
rod-like aggregates can be attributed to two processes. The formation of the
aggregate is due to the interparticle attractive forces and its disruption due to
the hydrodynamic forces. As an ever increasing shear field is applied the mean
axial ratio falls until in the limit it approaches that of the primary particle
forming the aggregate. Suppose we consider the case of spherical particles
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Figure 6.12 A plot of the Bingham yield stress versus the concentration of cis-
polyisoprene added to a latex in dodecane (System HK4 with
f¼ 0.425, see Figure 6.6 for the codes).
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forming the primary species, then we obtain for the viscosity and the yield
stress:

Zpl ¼ Zo 1� jð Þ�u ð6:54Þ

sC ¼
Zpl
Zo

� �1=2

�1

 !2
kBT

b1a3
DF with D ¼ � ln 1� jð Þ

ln Zpl=Zo
� �

 !2

ð6:55Þ

where u is a constant controlled by the axial ratio of the rod and b1 is a constant
approximately equal to 24. There is an interesting similarity in form of the
Casson yield stress and the extrapolated Krieger yield stress (eqn (6.7))
indicating, in part, the reason for the utility of the Casson expression.
Interestingly, scattering and computer simulation that post date the model by
many years support the idea of ‘‘string’’ formation in some systems, something
akin to the formation of a rod. The data in Figure 6.13 shows the Casson
equation (6.3) being used to linearise the flow curve of the system shown in
Figure 6.11. This is at a volume fraction of 0.36.
The extrapolated yield stress gives 0.06 Pa and a plastic viscosity of 3.88mPa s.

We can use this to estimate the force between the particles, which gives 425kBT/a,
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Figure 6.13 A flow curve partially linearised using the Casson model for a weakly
attractive system with the pair potential shown in Figure 5.9. The
curvature at low stresses is indicative of a viscoelastic liquid. The Casson
model successfully linearised the data where the particles can be visua-
lised as aligning with the applied shear field. This would suggest nearly
complete breakdown of the aggregates.
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in fair agreement with the value determined using pair-potential curves. Here, the
Casson model has been used to partially linearise a pseudoplastic system rather
than a system with a true yield stress.
The Casson model and that of Michaels and Bolger form a class of solutions

for describing shear thinning. These two models are particularly attractive in
that they relate to the colloid interaction forces, which can be ascertained
through careful characterisation. They also include rate constants controlling
the breakdown and formation of aggregates in a shear field. Establishing these
terms provides the greatest difficulty. Whilst these models lack the rigorous
detail embodied in linear viscoelastic theory they preserve the notion of
structural breakdown and reformation in the shear field. The temporal changes
of the system become increasingly important as the systems become strongly
aggregated. The distortion of the floc structure playing an important role in
energy dissipation mechanisms. The inherent thixotropy and structural irrever-
sibility as interaction strengths increase means that strongly aggregated systems
require a different description of their behaviour.15

6.3.5 Strongly Aggregated and Coagulated Systems

Colloidal particles are essentially attractive, so without the presence of a
repulsive barrier to prevent their close approach they will coagulate. The
interaction between the particles is typically dominated by the van der Waals’
interactions, although strong aggregation can be induced by the attraction of
dissimilar charges. A good example of strong aggregation is that shown by
clays. These are formed from anisometric particles, typically plates with a layer
structure. This means that the edges and faces are chemically distinct and can
have different isoelectric points. Over certain ranges of pH they can possess
different signs to their charges and as a consequence of the mutual electrostatic
attraction as well as the van der Waals’ forces, they aggregate. Clays can be
used to throw pots and then it is essential that they posses a yield stress to
enable shapes to be formed correctly. Coagulated systems usually show plastic
flow at moderate concentrations. As coagulation is rapid, fairly open networks
of particles often form. These are space filling and have large sediment volumes.
Establishing the linear viscoelastic regime is often very difficult as typically very
low strains and stresses are required and these can be outside instrumental
ranges. The simplest model for the yield stress is to assume that it arises from a
two-body interaction. The yield stress required to separate the particles is
proportional to the colloid interaction force between the particles divided by
the area of interaction.

sY / F

a2
j2 ð6:56Þ

Russel et al.16 have pointed out that this approach is oversimplistic in not
allowing for microstructural changes in the network as the concentration
increases. However, the nature of the aggregate structure is path dependent,
so the way in which the system is prepared is often critical in determining its
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microstructural nature and hence flow profile. A study of coagulation under
shearing fields performed by Mills et al.17,18 was coupled with freeze fracture
electron microscopy measurements. A volume fraction range of 0.05ojo0.25
was used to produce coagulated lattices with starting particle diameters in the
range 250 nmo2ao1250 nm. Under constant stress it was shown that these
produce spherical aggregates with a diameter of 8–10 mm, regardless of the
initial volume fraction. However, it was sensitive to the initial particle size
increasing from 5 mm to 15 mm for an increase in primary particle size from
250 nm to 1250 nm. They display a form of time dependence with the viscosity
dropping from a maximum value with time to a constant viscosity. This was
seen even when systems were taken above their gel point. The drop in viscosity
appeared permanent with aggregates having a packing fraction of jmf¼ 0.55.
The greatest viscosity drop is seen with the highest concentration systems.
These systems became pseudoplastic rather than plastic after shear condition-
ing. The notion that aggregates with a spherical flow volume occur under shear
can be coupled with the Michaels and Bolger model used for weakly attractive
systems. The idea is straightforward. Suppose we apply a shear field. In a
strongly aggregated system the hydrodynamic forces are not great enough to
break the network down to its individual particles. This is easily recognised
since the plastic viscosity of such a system will be much greater than that of a
system of well-dispersed particles at the same concentration. The applied stress
breaks up elements of the network and these can be thought of as forming
spherical flow units with a volume fraction jf. The high-shear viscosity is thus
given by the Krieger–Dougherty expression:

Z ¼ Zo 1� jf

0:62

� ��½Z�0:62
ð6:57Þ

We have assumed a random packed structure is more likely at high rates with a
distribution of floc sizes. The volume fraction of flocs will depend upon the floc
packing fraction giving rise to a floc diameter 2af with nf particles per floc:

jf ¼
j
jmf

and nf ¼ jmf

aeff

a

� �3
ð6:58Þ

The Bingham yield stress is thus:

sB ¼ 24B Vmj jj2
f

p2 2afð Þ3
ð6:59Þ

This model provides us with a useful way of describing the flow behaviour of
strongly aggregated system which breaks down into spherical aggregates. The
problem with this approach is that it is not readily predictive of material behaviour
or even a completely accurate representation of all the structural changes or
energy dissipation mechanisms possible.15 However, we can use experimental data
to obtain values for the floc volume as the interaction forces or microstructure is
changed. A good example system is kaolin, which consists of clay platelets. A
typical flow curve for a kaolin suspension at pH4 is shown in Figure 6.14.
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As the pH is adjusted or surfactants are added the kaolin plates can
aggregate as edge–edge, edge–face or face–face in quiescent conditions (Figure
6.14). Edge–face aggregation gives rise to a ‘‘house of cards’’ structure. For
each system both the concentration and the type of aggregation can be
modified. In Figure 6.14 two flow curves can be seen. The system with the
higher yield stress is aggregated in the ‘‘house of cards’’ structure and shows a
significant yield stress. However, when the surfactant hexadecyl trimethyl
ammonium bromide (HDTAB) is added it adsorbs on the plate faces, disrupt-
ing the structure. This can be seen as a reduction in the yield stress, and also the
size of the floc in shear is changed. The relationship between the calculated
volume of the aggregate in flow versus the number of particles in the aggregate
is shown in Figure 6.15.19

The edge–edge and edge–face aggregation is very similar in behaviour in
shear, suggesting there is a degree of shear alignment in the flocs. Face–face
aggregation is distinctly different, showing a lower volume for the same number
of particles. Intuitively, this is in agreement with expectations in that edge–face
aggregation would be expected to have the larger volume per number of
particles than edge–face. So, whilst it is true these models lack the rigour of
those constructed from linear viscoelastic approaches they represent a self-
consistent and useful picture.
There are many forms of clay including synthetic clays such as Laponite, a

synthetic hectorite. Suitable tuning of the properties of these systems can produce
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the addition of hexadecyl trimethyl ammonium bromide (HDTAB).
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similar structures. These systems have the advantage of small particle size and a
relatively improved level of particle monodispersity over their naturally occur-
ring counterparts and are being increasingly used as rheology modifiers.
The aggregation of spherical particles such as small particles such as silica

have been modelled by a fractal approach.16,17 Fractal mathematics can be used
to describe the surface or the mass of a body. The idea of a mass fractal is
straightforward. Imagine you have an isolated floc of radius af where we
assume the packing is constant throughout that floc. We can determine the
number of particles nf in that floc as in eqn (6.58). Suppose the floc does not
have constant packing throughout its structure, but that it is dendritic in form.
The packing density of the floc begins to reduce as you go from the centre of the
floc to its edge. Suppose this reduces as a constant power law D. We can
determine the number of particles per floc as:

nf ¼
af

a

� �D
; where 0o D � 3 ð6:60Þ

The term D is called the fractal index and represents the packing change with
distance from the centre of the floc. Computer simulation and experiments
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Figure 6.15 The floc volume in shear against the number of particles per floc for a
kaolin suspension. Different aggregation numbers for edge–edge and
edge–face interactions were achieved by adjusting pH and electrolyte
conditions. Face–face interactions were induced by the addition of a
monolayer of HDTAB.
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allows the value of D to be related to the mechanism of aggregation. Typical
values are for:

1. Rapid aggregation, called diffusion-limited aggregation (DLA), when
species touch they stick. Particle–particle aggregation gives DE 2.5;
aggregate–aggregate aggregation D � 1.8.

2. Slow aggregation, called rate-limited aggregation (RLA), in which species
have a lower sticking probability. Some are able to rearrange and densify
the floc, DE 2.0–2.2.

The lower the value of D the more open the packing. Suppose we now imagine
a dispersion that has been driven to instability by, for example, changing
temperature. We can visualise sites for the nucleation of flocs occurring
randomly throughout the whole volume of the dispersion. The total number
of primary particles remains unchanged so we can determine the volume
fraction of flocs:

jf ¼ j
af

a

� �3�D

ð6:61Þ

Given that there is a relationship between the yield stress and the concentration
we might expect a power relationship between them reflecting the fractal index,
i.e. sYpjm.
There is a concentration limit to the applicability of the fractal approach. As

simultaneous nucleation occurs the flocs will grow and as they grow they may
eventually touch. Further growth would require the interpenetration of the
flocs and when this occurs the notion of a fractal floc is lost as the structure
changes. We can roughly estimate the limits on this by assuming the flocs reach
a packing fraction before interpenetration. We need at least three particles in an
aggregate otherwise connectivity is not possible. The number in the nucleus of
the aggregate we can approximate as (af/a)¼ 3. So, for a floc packing of say
62%, the maximum volume fraction without interpenetration is given by:

0:62 ¼ 33�Dj ð6:62Þ

So, it is possible to determine a maximum limit where the fractal structure
begins to interpenetrate. For the various values of D we find

D¼1.8 jmax¼ 0.17

D¼ 2.0 jmax¼ 0.21

D¼ 2.5 jmax¼ 0.36

Once interpenetration occurs the resistance to deformation increases markedly,
so for example we would expect compaction of a sediment to become limited, as
would further concentration in a filter press. It is worth emphasising the point
that this is a simplistic approach as prior to interpenetration of the clusters,
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structural rearrangements could occur changing their fractal index at a critical
volume fraction. A typical data set for yield stress is shown in Figure 6.16.19

Figure 6.16 shows that a clear transition is seen between the low volume
fraction response and that at higher volume fractions. Perhaps the major
problem with a fractal model is that it underestimates the complexity of
colloidal microstructures in many aggregated systems. This was well described
by Dickinson20 when he considered the order relative to the length scales. Over
short ranges, say one or two particle diameters, the structure is akin to a
molecular liquid in order. At volume fractions around the gel point, say
jg¼ 0.05, between two and six particle diameters fractal order is observed. At
larger distances the particle density has reduced to the average for the disper-
sion. At high volume fractions j4 0.25 a more liquid-like structure is main-
tained and no fractal order is observed. This is an area ripe for further work but
the difficulty and path dependence of the microstructure formed presents
awesome difficulties in obtaining a generalised picture of the behaviour.

6.3.6 Long-range Repulsive Systems

The colloid stability map (Figure 6.9) shows a stable region where charge
repulsion dominates over all other pair interactions between the particles. This
arises at low levels of electrolyte and/or high levels of surface charge. The
mutual repulsion between the particles leads to microstructural changes as a
function of concentration. A liquid-like order of colloidal particles is replaced
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Figure 6.16 A plot of yield stress versus concentration for a coagulated latex perhaps
indicating a transition between low and high volume fraction behaviour.
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by a ‘‘crystalline order’’ with regular interparticle spacings. These changes can
occur at relatively low concentrations with the concentration at which the
change occurs being a function of ka. The nonlinear responses of charge-
repulsion systems is related to the initial microstructure. This was demonstrated
by Lindsay and Chaikin21 who measured the shear stress as a function of shear
rate as they adjusted the pH of a dispersion. As they passed through the order–
disorder transition the flow curve changed from Newtonian to pseudoplastic.
This was at low concentrations and it is the hydrodynamic forces relative to the
strength of interaction and the microstructural order that controls the flow. The
notion that the flow curve can be related to the energy between the particles was
utilised by Buscall.22 His argument is attractive and deceptively simple. We
could argue that the applied stress to maintain a particular the flow in a
dispersion can be divided into four contributions:

stress ¼

thermodynamic ðpair potentialÞ
þthermal ðBrownianÞ
þhydrodynamic
þinertial

8>><
>>:

9>>=
>>;

Rheological properties, Russel argues, are most interesting when the pair-
interaction potential between the particles dominates the flow properties, and
this is the case Buscall is interested in investigating. Providing we are working in
well-defined flows at low Reynolds numbers we can ignore inertial effects.
Suppose we have a particle with a hard core and a repulsive potential V(R)
decaying away from that core. The ‘‘soft tail’’ of this potential opposes the close
approach of particles in a shear field in comparison with a hard sphere. Thus,
from the viscosity we can define an effective volume fraction jeff

Z sð Þ
Zo

ffi 1� jeff sð Þ
jm

� �� Z½ �jm

ð6:63Þ

This volume fraction represents an increase in the effective particle size to give a
collision diameter Reff.

jeff sð Þ ¼ Reff sð Þ
2a

� �3

ð6:64Þ

This new particle diameter represents the separation where the hydrodynamic
stress balances with the thermal and thermodynamic stresses.

thermodynamic ¼ hydrodynamicþ thermal

Buscall suggests the following prescription:

V Reff sð Þð Þ ¼ sr
jeff sð Þ

j

� �
h jeff sð Þð ÞkBT þ 1

2
kBT ð6:65Þ

where hðjeffðsÞÞ ¼ ð0:032þ 1:04jeffðsÞÞ
�1 is the reciprocal of a dimensionless

characteristic stress found by fitting quasihard-sphere experimental data. So, a
measurement of viscosity at different stresses can be used to calculate the
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interparticle potential as a function of separation. This approach has the great
strength that it is able to reduce data from many experiments by referencing
them to experimentally measured systems. It confirms, to an extent, that
pseudoplastic curves belong to the same family of behaviour. The model could
be developed by taking account of the structural changes under shear with the
packing fraction being dependent of applied stress. Incorporating structural
changes into models of strongly repulsive systems is difficult. Zukoski and
Chen23 incorporated the specific form of the colloid pair potential in order to
predict a critical strain at which nonlinear responses will be observed, they
found gcritEO(0.04).
The form of the nonlinear viscoelastic curve for storage and loss modulus

shown in Figure 6.5 has also been investigated. The structure of the strongly
repulsive systems is typically fcc, being formed from many ordered domains. We
can imagine that as each domain is strained that the boundary where one grain
meets another begins to slip. Whilst this oscillating strain is maintained there is a
disordered region that is liquid-like. As the amplitude of the strain increases the
volume fraction of liquid-like regions increases. We can argue that the compli-
ance of the total sample is formed from the sum of liquid and solid-like zones9:

J 0 gð Þ ¼ J 0
SfS gð Þ þ J 0

LfL gð Þ ð6:66aÞ

J 00 gð Þ ¼ J 00
SfS gð Þ þ J 00

LfL gð Þ ð6:66bÞ

where L represents the liquid-like and S the solid-like properties. In the low-
strain limit we have the values for the solid:

J 0 g ! 0ð Þ ¼ J 0
S and J 00 g ! 0ð Þ ¼ J 00

S ð6:67Þ

We can think of the strain as inducing melting. At the melting temperature
TM we would expect the volume fraction of each phase to be equal to 0.5. We
could argue this happens where the storage and loss moduli are equal. Given
these assumptions we can calculate the amount of solid- and liquid-like
material present as a function of strain. The apparent volume fraction of liquid
is shown for a poly(vinylidene fluoride) latex in Figure 6.17.
The data superimposes onto the same curve when plotted as the applied

strain over the melting strain. We can think of this as the temperature relative
to the melting temperature. The model is simple and the agreement between
data from different systems is also excellent. This is indicative of the similarity
in the form of the storage and loss moduli for these systems. As the strain is
increased the response becomes dominated by flow, typically above 1.7gm. The
crudity of this model reflects the limited attempts that have been made to model
the nonlinear viscoelasticity of dispersions. Stress-relaxation studies at finite
strains are also rather limited. Figure 6.18 shows the behaviour of a concen-
trated silica dispersion as the strain has been increased. There is a suggestion
that at long times a low-frequency modulus or G(0) value is present. This
sample does behave as a linear viscoelastic solid although the magnitude of
G(0) could not be determined in the instrumental measurement range.
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As we have seen in the previous chapter, strongly interacting colloidal
systems are characterised by a very rapid increase in the low-shear viscosity
with increasing concentration. They display shear thinning but the high-
shear-rate plateau is often difficult to reach. Large particles tend to show such
a rapid change with concentration between the viscoelastic liquid and viscoe-
lastic solid behaviour that flow curves are only obtained for a very limited range
of concentrations. The concentration sensitivity imposes other limitations. The
length of time required to obtain a steady-state response from the sample
tends to put restrictions on the accuracy of the data obtained where evapora-
tion of a small amount of solvent can lead to an order of magnitude change in
viscosity. Even when samples are constrained in environmental cells it is
important to determine the concentration both before and after the experiment
has been performed. Another difficulty is that there are only simple descriptions
of the linear viscoelastic responses with frequency for these systems and so
developments in the nonlinear area will require the development of more
comprehensive linear treatments.

6.3.7 Rod-like Particles

The flow properties of rigid rod-like species is an area that has received less
investigation. In a quiescent state we can visualise the thermal energy of the
rods being converted into tumbling and translational motion. In order to
induce flow and a change in viscosity an applied shear field must overcome this
Brownian movement. We can identify three types of motion in dilute systems.
The rods can show translational motion parallel or perpendicular to their
longest axis and they can rotate about the midpoint of the rod. The centre of
mass diffusion is a mixture of the motion parallel and perpendicular to the
longest axes. Correspondingly, we can identify three diffusion coefficients,
parallel, DJ, perpendicular, D>; and rotational diffusion Dr. We can consider
this problem using the approach of Doi and Edwards.24

Dr ¼
3kBT ln L=bð Þ � c1ð Þ

pZoL3
ð6:68Þ

D? ¼ kBT ln L=bð Þ
4pZoL

ð6:69Þ

Dk ¼
kBT ln L=bð Þ

2pZoL
ð6:70Þ

for a rod of length L and diameter b. The term c1E0.8 for a simple rod, its
value depending upon the details of the rod geometry. As we increase the
concentration the motion of the rods will become restricted as they interact
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with each other. We can visualise four concentration regimes based on the
number density of rods r.

(i) Dilute solution {r1}. The concentration of the rods is such that the
average spacing between them is much larger than the longest dimension
of the rod.

0 � r1 � L�3

(ii) Semidilute solution {r2}. As the concentration rises the rods will begin to
interact and their diffusion will become restricted. However, we have
not allowed for the excluded volume of the rod and treated it as a line
having no thickness. The excluded volume is of the order bL2 and until
the concentration of rods is such that the particles overlap into this
excluded volume the spatial distribution of rods is relatively unaffected.

r1 � r2 � ðbL2Þ�1

(iii) Concentrated (isotropic) solution {r3}. Once the concentration exceeds
r2 the rods have a tendency to align with each other. They still show a
degree of disorder but over a limited concentration range both the
dynamics and distribution of particles in space are substantially mod-
ified. This isotropic state is maintained up to a concentration rr that is
of the same order as (bL2)�1.

r2 � r3 � rr

(iv) Liquid-crystalline solution. A phase transition occurs at this point and
the system shows a high degree of order. These systems inevitably have
significantly different features from those above.

As with spherical particles, the Péclet number is of great importance in
describing the transitions in rheological behaviour. In order for the applied flow
field to overcome the diffusive motion and shear thinning to be observed, a Péclet
number exceeding unity is required. However, we can define both rotational and
translational Péclet numbers depending upon which of the diffusive modes we
consider most important to the flow we initiate. The most rapid diffusion is the
rotational component and it is this that must be overcome in order to initiate
flow. We can define this in terms of a diffusive timescale relative to the applied
shear rate. The characteristic Maxwell time for rotary diffusion is

tr ¼
1

6Dr
ð6:71Þ

So our rotary Péclet number is given by

Per ¼ _gtr ¼
_g

6Dr
ð6:72Þ

Once we reach the semidilute regime and the diffusive motion becomes restricted
the Péclet number becomes concentration dependent. The Kerr effect has been
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used to demonstrate this. When an electric field is applied to a system of
uncharged rods they tend to align with that field due to the anisotropy of their
dielectric properties. If the field is released the rods diffuse back to their random
configuration. If laser light is allowed to pass through the sample, the rate at
which the rods diffuse back to their equilibrium concentration can be monitored
by the exponential decay of intensity with time after the field is removed. It is
dependent upon their length relative to the concentration. This has been shown
by both computer simulation and experiment. In the semidilute regime, model-
ling the restriction for the diffusive motion as the concentration increases can be
achieved by constraining the rod-like molecule to a tube. The dimensions of the
tube are controlled by the concentration of the particles and the length of the rod.
For a tube of radius a we have

aL2E
1

r
ð6:73Þ

The rod is visualised as being constrained to a tube in a similar fashion to
entanglements constraining a polymer in reptation theory. So, for a finite
concentration our diffusion coefficient and rotary Péclet number changes:

DrcEDr
a

L

� �2
or as an equality Drc ¼ bDr rL3

� ��2 ð6:74Þ

where b is a numerical factor typically of order 103. Comparing models for hard
rods with no pair interactions with ‘‘real’’ colloidal systems introduces some
complex behaviour. One approach to test the concentration dependence of the
rotary diffusion coefficient would be to use the viscosity of the dispersion to
replace the solvent viscosity in the expression for rotary diffusion. Rod-like
species, particularly in an aqueous environment, will inevitably have a complex
distribution of charges and the specific nature of the interactions of the pair
interactions of the rods are important. This is illustrated in Figure 6.19 where the
Kerr effect has been used to determine tr in infinite dilution. It is plotted as a
function of the viscosity of the solvent.
Here, PTFE particles with an axial ratio of about 2.4 were dispersed in

different concentrations of glycerol in water. We might predict that as the
viscosity of the solvent is increased the relaxation time would follow the line
with a power law slope of 1. The reason that it does not follow this relationship
at low concentrations is due to the fact the particles are charged. As the
viscosity is changed by the addition of glycerol, the dielectric constant of the
medium changes, and the charge distribution around the particles also changes,
influencing the relaxation of the particles relative to their ionic atmosphere.
Most anisotropic colloidal systems will be far from ideal rigid rods. This does
not negate the tube model. Experiments on rigid polymers do provide insights.
The Carreau25 equation for example has been used by Chauveteau26 to describe
viscosity of a polysaccharide:

Z _gð Þ ¼ Z 0ð Þ
1þ tr _gð Þ2
� �m ð6:75Þ
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Here, tr is a characteristic relaxation time. The effectiveness of this fitting with a
characteristic relaxation time is encouraging. It suggests that the flow proper-
ties are most appropriately described by a characteristic relaxation time rather
than a critical stress. The behaviour of high concentration systems of particles
has been studied by Keeping27 using a natural clay, attapulgite, which occurs as
rods with high axial ratios. There is an inevitable degree of polydispersity with
natural systems. The average dimensions of the rod were found to be
b¼ 0.13 mm and L¼ 2.8 mm. This gives the relationship between the percentage
concentration by weight used, w, and the concentration in particles per unit
volume:

r ¼ 0:1� 1018w ð6:76Þ

Defining the dimensions for the rod and the geometry used can make a large
difference to the calculated number concentration. This becomes more difficult
as the axial ratio increases. The value of (bL2)�1 is very close to 1018 particles
m�3, so for a concentration value wo10 we would expect the system to be
semidilute in nature. The loading of the measuring instrument with such
systems is a crucial issue. In the study performed by Keeping a Couette
geometry was used. Here, a bob was lowered into a cup containing the rods.
As the dispersion is forced up the sides of the geometry it is sheared. This tends
to impose an alignment upon the rods and a strain to be stored in the sample
that is relaxed very slowly. A short period of applied shear results in the loss of
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Figure 6.19 Kerr effect on PTFE particles. The Kerr relaxation time is plotted against
the viscosity of a water/glycerol mixture relative to the viscosity of water.
(L¼ 388 nm and b¼ 167 nm).
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alignment and the loss of most of the residual stress retained in the structure.
When the viscosity was measured it was performed using a controlled-stress
instrument and this lead to a rapid change in viscosity with stress. The viscosity
at any stress was found to increase with concentration and to give compara-
tively large values compared to an equivalent concentration of spherical
particles. The concentration dependence of the low-shear viscosity of these
systems is very difficult to obtain with high precision. The relaxation times tend
to be long. The concentration dependence of the viscosity in the semidilute
regime is given by24

Z 0ð Þ ¼ rkBT
10Drc

ð6:77Þ

For a system with all the parameters fixed except concentration we would
expect the relationship:

Z 0ð Þ ¼ Kw3 ð6:78Þ

to hold true. From the findings of Chauveteau if we assume that tr _g is much
larger than unity then we might expect the following relationship to hold:

Z _gð Þ
Kw3

¼ tr _gð Þ�2m ð6:79Þ

This reduces the data onto a master curve at moderate to high shear rates and
this is shown in Figure 6.20 for a range of concentrations.
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Figure 6.20 A plot of the normalised viscosity against the normalised shear rate for
attapulgite rods. The viscosity is normalised to allow for concentration
and the shear rate is normalised by the relaxation time.
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The value of K has been arbitrarily selected to normalise the data and will
include colloid interaction terms and polydispersity. So we expect that in the
semidilute regime the viscosity of interacting rods is reasonably well described
by the tube model. The relaxation times required to normalise the data increase
with concentration roughly as w2, as would be expected, although the scatter on
the data is significant. A curious feature of the data for rods emerges when we
examine the rate of shear thinning. The power law of the slope is given by
2m¼ 9/11. This initially seems a surprising finding since this is an agreement
with the predictions of Graessley28 who obtained this limiting slope for a model
for the entanglement of high molecular weight polymers. This tends to confirm
the observations of Doi and Edwards24 who suggest that the shear-thinning
properties of rods are similar in form to highly entangled polymers.

6.4 THE MICROSTRUCTURAL APPROACH – POLYMERS

There are a wealth of experiments, papers and texts covering the nonlinear
viscoelastic response of polymers. In this text we cannot hope to cover the area
in as much detail as the many admirable texts in this field. Just as Russel et al.16

have argued for particles that it is the pair interactions between them that make
them interesting, so we can argue that polymers really start to become
interesting once they interact and start to entangle. Thus, the semidilute and
concentrated regimes are where the polymer scientist will find most excitement.
We will begin with simple ideas for homopolymers and then begin to consider
the role of crosslinking and copolymers.
Models for dilute systems have been developed from the Rouse model for

linear viscoelastic polymers. The linear viscoelasticity is described by a sum of
Maxwell models. The elasticity of the spring in these models can be made strain
dependent, resulting in a shear-rate dependence for dilute systems. Models for
flexible elastic dumbells deforming in a strain field produce similar results.
However, once the polymers begin to interact and coupling between chains
commences, a different approach is required. The onset of interactions has been
demonstrated by Freed and Muthukumar to result in a lengthening of the
longest relaxation time and hence an increase in viscosity (see Chapter 5). The
extent of this effect depends on the expansion of the chain in the solvent. As
the concentration of chains is increased further, the chains will begin to come in
contact and start to interpenetrate. At this point chains have the opportunity to
become entangled. This gives rise to an increase in the viscoelastic properties.

6.4.1 The Role of Entanglements in Nonlinear Viscoelasticity

The exact nature of an entanglement has been the matter of extensive debate.
We should clearly distinguish between this type of interaction and a transient
network. A network, for example, might arise because of affinity of blocks of
chemical groups on neighbouring chains. Such an association is driven by the
interaction energetics, and is enthalpic in nature. When considering entangle-
ments we must primarily concern ourselves with the topology of the polymer
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and understand that constraints in the motion of the chain arise due to one
chain looping itself around elements of another. The simplest case to consider is
that of a polymer with no solvent present at a temperature above its melting
point, where it is free to entangle. A model developed by Graessley28 is the
simplest approach to give a realistic microstructural description of the process
and return an expression that reproduces experimental data. Consider the
polymer in the low shear-rate limit. The polymer is able to diffuse as if in its
quiescent state so the formation and loss of entanglements is unperturbed.
However, as the shear rate is increased to a critical value the polymer begins to
display shear thinning. The reciprocal of the characteristic rate where this
occurs defines a characteristic time tZ. Graessley has argued that once this
characteristic rate is exceeded, a new steady-state response is achieved where
the number of entanglements between polymer chains has reduced. This is
because as the chains move past each other, the characteristic time for the
formation of the same number of entanglements in the quiescent state requires
a longer time than the shear field allows the chains to remain in contact. The
time required to form an entanglement and the energy dissipated is propor-
tional to the viscosity at that rate. Graessley defines two key terms that control
the viscosity. The first term h1, the basis of an earlier model, is the rate of energy
dissipation of a chain of fixed length and frictional drag relative to those values
in the zero-shear-rate limit:

h1 ¼
2

p
arccotyþ

y 1� y2
� �
1þ y2
� �2

 !
; where y ¼ 1

2
te _g ¼

Z _gð Þ
Z 0ð Þ

1

2
tZ _g ð6:80Þ

The time te represents the entanglement formation time at the current shear
rate. The second term g1 is the average number of entanglement sites for a chain
of fixed length in steady flow relative to the number in the zero-shear-rate limit:

g1 ¼
2

p
arccotyþ y

1þ y2
� �

 !
ð6:81Þ

The viscosity for a monodisperse polymer can be shown to be given by

Z _gð Þ
Z 0ð Þ ¼ h1g

3=2
1 ð6:82Þ

This deceptively simple expression is capable of describing the shear-thinning
response of monodisperse polymers with a high level of precision. In the high-
shear limit we obtain

Z _gð Þ / _g�9=11 ð6:83Þ

a power law that has been observed for many systems.29 The Graessley
prediction is seen in Figure 6.21.
A numerical implementation of this approach can be generalised to include

the polydispersity of the polymer. As polydispersity is increased the power law
of –0.8181. . . . reduces. The onset of shear thinning, where tZ _g�1 ¼ 1, results in
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a slightly lower viscosity for polydisperse systems at this rate. So far, we have
neglected the origin of the characteristic time tZ for the system that we would
like to describe in terms of the chemical properties of our polymer. This is
difficult to establish since there are a distribution of values. Graessley has
calculated an average time for the relaxation of an entangled network, tave. He
assumes that the frictional drag of an entanglement site depends upon its
location upon the chain – the further from the chain ends the greater the drag.
The associated elasticity also depends upon the position of the site along the
chain relative to the ends. If the effective molecular weight of the chain between
entanglements is denoted by Me then he obtained30

tave ¼ 1:8
Z 0ð ÞMe

rpRT
ð6:84Þ

where rp is the mass density of the polymer. This expression effectively
represents the elasticity divided into the viscosity, i.e. a Maxwell relaxation
time, multiplied by a constant representing an average from a relaxation
spectrum. The value of Me is where much of the specific chemical interactions
of the polymer are contained and is characteristic of the polymer conformation
and molecular architecture. Graessley predicts a ‘‘narrow’’ relaxation spectrum
for the entangled portion of the structure that might allow a single relaxation
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Figure 6.21 A comparison of Graessley and Doi–Edwards models for normalised
viscosity versus normalised shear rate. Also shown is an estimate of the
role of short time Rouse relaxation mechanisms within the tube.
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time to replace the spectral response. His average time is still a little too short to
represent the onset of shear thinning and typically we observe experimentally29

3:5 to 6 ¼ tZ
rpRT

Z 0ð ÞMe
ð6:85Þ

We would expect a difference between the average time and that which
determines the onset of shear thinning since the low-shear viscosity tends to
be dominated by the longest mode of relaxation.

6.4.2 Entanglement of Solution Homopolymers

We now consider our highly entangled polymer and begin to introduce a good
solvent to the network. If only a small addition of solvent is made a reduction
in the density of the system will occur and we can imagine the viscosity will
change in proportion to the density, providing the same network structure is
maintained. A region where we have solvent insensitivity has been argued by de
Gennes using scaling concepts to occur above a concentration ct. This is a
region where a near-homogenous interpenetrating network is observed. Under
these conditions one would expect the model of Graessley to still apply.
However, as the mass of added solvent is increased and the network structure
begins to change, the model is less appropriate. The nature of the change is
going to depend upon the nature of the polymer–solvent interactions as
compared with polymer–polymer interactions.
Models for concentrated solutions have been tackled by Williams31 and

comparisons between experimental data and the Graessley approach have also
been undertaken. Some general observations can be made for simple homo-
polymers in a good solvent. As the polymer concentration reduces, the zero-
shear-rate viscosity reduces and the shear rate where shear thinning begins
shifts to higher values so that tZ reduces. Typically, the region where the
viscosity has a power-law dependence on shear rate shows a value that
progressively approaches zero as the concentration reduces, i.e. the value falls
in magnitude from a plateau value of –0.8181. . . . toward zero. A correlation
between the chain-overlap parameter and the value of the power-law slope has
been indicated by experiments. The chain-overlap parameter is the product of
the intrinsic viscosity and the concentration, [Z]c, where the units are defined
such that their product is dimensionless. As the concentration of the polymer is
increased, [Z]c increases and the power-law slope of the viscosity approaches
–0.8181. . . . Experimental observations suggest [Z]c430 is required to reach the
Graessley value so requiring a concentrated system.32 The data roughly follows:

m ¼ 9

11
1� exp � Z½ �c

15

� �	 

; where

Z _g ! Nð Þ
Z 0ð Þ / _g�m ð6:86Þ

with the numerical terms in this expression provided from a curve fit to
experimental data.
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The chain-overlap parameter has been used in combination with de Gennes’
scaling argument to demarcate differing zones of behaviour, i.e. dilute, semi-
dilute or concentrated (see Section 5.6). The value of [Z]c influences the extent
of chain overlap, the potential to form entanglements, their density and as a
consequence the nature of the nonlinear viscoelasticity. We are repeating a very
important point observed with particulates that good chemical and physical
characterisation of the sample is a tremendous aid in identifying the phase
behaviour and flow behaviour that might be expected. The relaxation time tZ
controlling the onset of shear thinning is also dependent upon the concentra-
tion region. At low concentrations of homopolymer in a good solvent it has
been observed to behave as29

tZ /
Z 0ð Þ
jp

M ð6:87Þ

whereas with high number of entanglements:

tZ /
Z 0ð Þ
j2
p

ð6:88Þ

where jp is the volume fraction of the polymer. The path of describing solution
polymer rheology is littered with good intentions. It is particularly difficult with
aqueous systems to develop general rules since this is where specific interactions
tend to be the norm rather than the exception. The notion that one can
universally use [Z]c to demarcate zones of behaviour is far from satisfactory, as
has already been observed (Section 5.7). Currently, the best approach open to
us is to collapse the complex chemistry of the polymers into some well-found
parameters determined from experiment. These parameters, such as an effective
tube dimension (reptation) or molecular weight between entanglements, should
be defined in terms of a well-found physical model. This approach will probably
not allow us to be entirely predictive of the behaviour but it will provide
insights into the physical processes that occur. If, for example, we know how
changes in our reaction chemistry effect the molecular architecture then we can
say something sensible about how these key parameters will change and thus
how the polymer rheology will change.

6.4.3 The Reptation Approach

The scaling concept has proved to be one of the most powerful ideas in unifying
different aspects of polymer physics. Whilst this approach enables us to
determine the dependence of the rheological properties on molecular weight
or concentration, for example, it does not allow us to explicitly determine flow
profiles. The development of this approach for nonlinear viscoelasticity was
pioneered by Doi and Edwards,24 utilising reptation models for the polymer
chain to describe the effects of a large strain. The starting point is the linear
viscoelastic response of the chain that they assumed followed Rousian dy-
namics in a polymer melt. In an entangled structure we can visualise the
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polymer chain constrained to a tube. The tube follows a winding path through
a network of surrounding polymer molecules. This tube has a contour length L
that is shorter than the polymer, this will allow the polymer to fold back upon
itself. The contour length follows the shortest path down the tube and can be
thought of as a primitive chain composed of links. The regions where the real
chain deviates from the path of the primitive chain can be thought of as defects
that can move back and forth along the chain. These allow the tube to change
with time and creep or reptate through the surrounding polymer. The tube has
a dimension a that is controlled by the density of the network constraining the
chain. It is represented in terms of a length of a link in the primitive chain.
These parameters can be related to the basic dimensions of the real chain that
has a link length b and number of links N:

La ¼ Nb2 ð6:89Þ

The stress-relaxation function GR(t) for a single chain is Rouse-like and given by

GR tð Þ ¼ rckBT
XN
p¼1

exp �2tp2
�
tR

� �
ð6:90Þ

with the Rouse relaxation time, which is the longest mode in the relaxation
spectrum of an isolated chain, being given by

tR ¼ zN2b2

3p2kBT
ð6:91Þ

We have expressed the relaxation behaviour in terms of the number of chains
per unit volume. At this stage we are considering the polymer in an undiluted
state. Suppose we now apply a step strain to the melt in the linear regime. Two
different zones of behaviour can be seen relative to the time te. This is the time
when the tube constraints begin to effect the relaxation of the chain:

te ¼
za4

kBTb2
ð6:92Þ

The applied strain is affine and the whole of the tube is deformed along with the
polymer. As the strain is infinitesimally small the contour length is unaltered. At
very short times t after the strain is applied, to te{ tR the stress is relaxed as a
Rouse chain. At short times we can make an approximation and replace our
sum by an integral:

GR tð Þ ¼ rckBT
ZN

0

exp �2tp2
�
tR

� �
dp ¼ rckBTffiffiffi

8
p tR

t

� �1=2
ð6:93Þ

At longer times when t Z te the constraints of the tube dimensions prevent
further relaxation by Rousian rearrangements and reptation becomes the
dominant process. In this time regime, relaxation is characterised by two time
scales: the relaxation of the contour length by tR and the tube-disengagement
time by td. However, in the linear regime when t4 te the disengagement process
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dominates. The average length of the original contour is constrained to the
middle portion of the tube and relaxation progresses as the ends of the tube
wiggle free of their constraints. Progressively the average population of seg-
ments in the middle of the tube reduces as more and more of the chain reptates
free from the original tube. Within reptation theory we can define a function
c(t) that describes the probability of an element remaining in the tube. This is
formed from a sum of only those odd-numbered relaxation modes that
contribute to the reptation. If we multiple this by a network elasticity we find

G tð Þ ¼ GNc tð Þ ¼ GN

XN
p;odd

8

p2p2
exp �tp2

�
td

� �
for t ¼ te ð6:94Þ

with the tube-disengagement time

td ¼ zN3b2

p2kBT
b

a

� �2

ð6:95Þ

Experimentally, we know that the overlap between relaxation processes results
in a smooth change in behaviour. This change in behaviour enables us to
evaluate GN. We know that when tE te we change from Rouse GR(t) to
reptation G(t) behaviour:

GN ffi GR tð Þ ffi rckBT
tR
te

� �1=2

ð6:96Þ

Now, all we need do is substitute our expressions for the relaxation times to give:

GN ffi rckBT
NL2

a2

� �
ð6:97Þ

We may use this to redefine our Rousian relaxation process:

GR tð Þ ffi GN
te
t

� �1=2
for t � te ð6:98Þ

These functions describe the linear response of the relaxation function, dividing
it into two clearly defined although overlapping processes. Our primary aim in
this section is to consider the action of large strains, however, before continuing
along this path we need to consider how to relate this expression to experi-
mentally measured parameters. The frictional term remains a conceptually
difficult for all but spherical particles (see Section 5.6). However, the network
modulus GN has been studied for some years and can be related to Me, the
molecular weight between entanglement sites. In its simplest form, ignoring
specifics of link functionality, it is the effective molecular mass that arises to
describe GN using a simple theory of rubber elasticity:

GN ¼ rckBT
M

Me

� �
ð6:99Þ
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So, by equating the two network moduli we can obtain our tube parameters. If
we include all the necessary numerical constants we get

M

Me
¼ 4

5

Nb2

a2

� �
ð6:100Þ

This relationship allows us to make a link with experimentally determined
parameters such as entanglement density. This should apply in the melt state.
In practice, this relationship is not completely satisfactory and to an extent a
must be regarded as an adjustable parameter. It should be recalled throughout
this modelling that we have not included the nature of any specific interactions
and in real systems these are likely to be determining factors. The low-
shear-rate viscosity can be determined from the integral in the stress-relaxation
function. As it is dominated by the longest time process, it is quite satisfactory
to calculate it from the reptation motion alone:

Z 0ð Þ ¼
ZN

0

GNc tð Þdt ¼ p2

12
GNtd ð6:101Þ

The tube-disengagement time is the longest relaxation process. Now, suppose
we were to apply a large strain to the sample so that we are no longer in
the linear regime. When the chain is deformed the contour length increases
and the tube is deformed. At a time t equivalent to tR this part of the strain is
relaxed and the contour length is that in the quiescent state. After time td
the primitive chain has disengaged itself from the surrounding tube by repta-
tion. The deformation of the tube and the subsequent relaxation is a
complex feature to model. In its simplest approach the Doi–Edwards solution
results in a decoupling between the linear relaxation function and the
strain dependence. We have seen such a decoupling approach before (Section
6.2.2):

G t; gð Þ ¼ G tð Þ f1 gð Þ
g

ð6:102Þ

The function f1(g) represents the nonlinear strain dependence of the deformed
tube. The nonlinear stress-relaxation function in the reptation zone is thus

G tð Þ ¼ GNc tð Þ f1 gð Þ
g

¼ GN
f1 gð Þ
g

XN
p;odd

8

p2p2
exp �tp2

�
td

� �
ð6:103Þ

This follows the form of phenomenological descriptions of polymer systems
such as the BKZ model,10 which is encouraging. Very good fits to experiments
have been found using this approach. In order to take this idea forward the
most convenient method is to use the memory function:

m tð Þ ¼ �GN
dc tð Þ
dt

ð6:104Þ
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This is proportional to the rate of change of occupancy of our tube with time.
Now, we can use this function to describe our shearing behaviour:

s tð Þ ¼ G tð Þf1 _gtð Þ þ
Zt

0

mðtÞf1 _gtð Þdt ð6:105Þ

This expression can describe the viscosity change with time at a fixed rate and,
in the limit of long times, provide the steady-state viscosity at a range of shear
rate. The term f1(g) is an integral function of the strain. Approximate forms are
available, for example:

f1 gð Þ ¼
5 g5 � g4
� �

þ a1g3 þ b1g
5 g6 þ c1g4 þ d1g2 þ b1ð Þ ð6:106Þ

with a1¼ 45.421, b1¼ 1269.1, c1¼ 10.942 and d1¼ 343.57 and, while awkward
in form, contains no mathematical features that are not readily numerically
evaluated. This approach has been extended to include normal force and
elongational viscosity calculations both with time and the steady-state values.
The only change required is in the form of the strain function and an additional
strain term to determine the normal force. A comparison of the Graessley (G)
and Doi–Edwards (DE) models is shown in Figure 6.21 for the viscosity in
continuous shear. The reduction of viscosity with shear rate is much more rapid
with increasing rate with the DE model than the G model. The G model has
been well tested on near monodisperse molecular weight systems. In addition,
the DE model has the surprising result of predicting a reduction in stress with
increasing rate once a value a little greater than _gtd is achieved. The reason for
this is yet to be resolved. It has been observed in pipe flow that with high
molecular weight polymers abrupt changes in shear rate occur. It is feasible that
the DE model is describing drag-reduction behaviour seen in pipe flow or
unsteady flow. If we include crudely the role of the Rouse relaxation mecha-
nisms within the tube there is a second process observed, shown as a kink on the
DE curve. This is also shown in Figure 6.21 with an arbitrarily selected value of
te. The same data is shown as shear stress versus shear rate in Figure 6.22.
It is fairly clear that as te approaches td the role of Rouse relaxation is

significant enough to remove the dip altogether in the shear-stress–shear-rate
curve. As the relaxation process broadens, this process is likely to disappear
particularly for polymers with polydisperse molecular weight distributions. The
success of the DE model is that it correctly represents trends such as stress
overshoot. The result of such a calculation is shown in Figure 6.23.
The qualitative agreement between theory and experiment is very good.24 The

DE approach can be used to provide qualitative information on the effects of
branching. In order for a simple unbranched polymer to relax an applied strain
we have seen there are two relaxation processes, a Rouse mechanism within the
tube and the disengagement of the polymer from the tube. For a branched
polymer the arm is tethered at one end so this restricts motion. In order for
disengagement to occur the arm has to retract itself down the tube. This is the
dominant timescale and determines the viscosity. We can think of this as akin to
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an activation energy process giving rise to an exponential dependence in the
viscous process. As yet, only qualitative agreement has been achieved.
Polydispersity of the molecular weight is not so well described by the DE

approach, even qualitatively. In reptation theory the blend of two compatible
homopolymers A and B of different molecular weights is given by

Gmix tð Þ ¼ xAGA tð Þ þ 1� xAð ÞGB tð Þ; where xA ¼ cA

cA þ cB
ð6:107Þ

However, experimental observation shows the relaxation time of the longest
process is reduced. Presumably as lower molecular weight species are blended
with high species the ability for the higher molecular weight species to diffuse
becomes important. The constraining tube is weakened and structural reorga-
nisation takes place allowing more rapid relaxation of the stress. A more
appropriate shift has been suggested experimentally to be

Gmix tð Þ ¼ x2AGA t=xAð Þ þ 1� x2A
� �

GB tð Þ ð6:108Þ

where polymer A shows the longest relaxation time in isolation from polymer
B. The application of reptation dynamics to the nonlinear response of
semidilute and concentrated solution polymers is more problematic. The
importance of solution properties on both the hydrodynamics and the tube
dimensions is not that well found in the linear regime (Section 5.5.6). These
properties will become increasingly important as the strain is increased.
In conclusion, the strength of the reptation approach is not that it provides a

rigorous description of the nonlinear viscoelasticity of polymers, although
agreement can be very good. Its strength is as a way of thinking about
polymer-rheology problems in terms of the tube and chain dynamics. If we
can use our physical intuition to assess how changes in our chemistry affect
these we can say something sensible about the accompanying changes in
polymer behaviour.

6.5 NOVEL APPLICATIONS

6.5.1 Extension and Complex Flows

The study of extensional flow is becoming one of the most active areas of
research in rheology. Although not all extensional flow measurements are
nonlinear, a large proportion used for chemical engineering studies are. The
importance of systems that form fibres, i.e. strongly spinnable materials, is of
course well recognised. However, there has been a growing recognition that the
measurement of fluid systems is an area of enormous practical importance
effecting ink-jet printers, roll mills, blade coating, curtain coating and many
other commercial processes. The development of a microstructural description
of the behaviour is hampered by the nature of experimental data available. This
is not a criticism of instrument designers but a reflection of the intrinsic
difficulty in making the measurement. The major obstacle is that achieving
steady-state extensional flow with a wide variety of systems is impractical. The
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problem is centred on residence time. As an example of this, consider a simple
Couette geometry that we fill with a polymer solution. We can apply a constant
shear stress with time and follow the increase in rate until a steady-state
response is achieved. It may take several hours or days to achieve but none-
theless for many systems a steady response is practically achievable. However,
extension presents a more formidable challenge. One way in which an elonga-
tional field can be created is to force the fluid through a contracting geometry
such as that shown in Figure 6.24.
Suppose we have designed our geometry such that the radius r is propor-

tional to the length l via a constant k:

R lð Þð Þ2¼ k=l ð6:109Þ

In our thought experiment we can force fluid to flow through this die at a
certain volume per unit time or volumetric flow rate Q and allow no drag with
the walls. This is a total-slip condition so no shear will be applied to the fluid.
The fluid will travel faster as the geometry contracts so the velocity V(l) in a
plane across the geometry simply depends upon the area at any length l:

VðlÞ ¼ Q

p R lð Þð Þ2
¼ Ql

pk
ð6:110Þ

converging dies - 3D converging dies - 2D

converging flow fields -
through two nozzles

converging flow fields -
open syphon

Figure 6.24 Flow through contracting geometries and converging flow fields.
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Now, the extension rate _e in the geometry is given by the rate of change of
velocity with distance:

_e ¼ dVðlÞ
dl

¼ d

dl

Ql

pk

	 

¼ Q

pk
ð6:111Þ

This expression indicates that for a constant flow rate there is a constant
extension rate for this shape of die in a total-slip condition. So, you might
suppose that all that is required is to have a lubricated die, a pump and a
method of measuring the stress in flow and the extensional viscosity can be
obtained from the stress divided by the rate. However, a practical geometry has
to have a finite length and the radius has to be large enough to allow our
material out of the end! So, the fluid can only spend a certain amount of time in
the flow – this is termed the residence time tr. It depends on the size of the die
and the flow rate. If we divide the total volume of the die V, by the volume
flowing per second Q we get the time that the material is resident in the
geometry. We can use a volume of rotation integral to determine V between
lengths L1 and L2:

tr ¼
V

Q
¼ 1

Q
p
ZL2

L1

R lð Þð Þ2dl ¼ pk
Q

ZL2

L1

l�1dl ð6:112Þ

Evaluating the integral and using the extension rate we obtain the following
expression:

tr _e ¼ ln
L2

L1

� �
¼ w ð6:113Þ

You will notice that w depends only upon the geometry and is invariant with
rate. The residence time is the amount of time the material spends at that
extension rate; it is our experimental measurement time. It depends on the
length of the geometry for a given design constant k. This has the same form as
the Hencky strain, where a rod is grabbed at each end and subjected to an
exponential increase in length. This gives a uniaxial extension. The importance
of this is shown when one considers what would happen to a material measured
as a function of extension rate. Suppose we have a material that in extension
behaves as a Maxwell model. The extensional viscosity as a function of time
and rate as measured in our geometry is given by

Ze _e; tð Þ ¼ Ze 0ð Þ 1� exp
tr

te

� �� �
¼ Ze 0ð Þ 1� exp

w

_ete

� �� �
ð6:114Þ

So, the Hencky strain determines the apparent viscosity we measure. Each rate
defines a different point in time that is not necessarily the steady-state value. If
w/ _ec te the material will appear extension thinning and if w/ _e{ te the
viscosity will be constant. If the material displays a significant stress overshoot
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then the material may appear extension thickening. The point we are trying to
highlight is that the apparent extensional viscosity is a point on at least a three-
dimensional surface where time, rate and viscosity form the axes. It is difficult
to design an extensional measurement on viscoelastic systems where this is not a
significant effect on the material behaviour. We must also recall that the
material in many cases undergoes some preshearing in order to reach the
extensional testing region. Molecular interpretation is thus difficult. Another
factor to be considered is the role of nonextending fields in the flow. The
measuring geometry can be designed in a variety of forms, as an example two
others are shown in Figure 6.24.
In the opposed-jets design fluid is sucked out of or pumped into a beaker.

The profile that develops is dominantly extensional. In the profiled-slot design a
rectangular channel is designed such that in the total-slip condition an exten-
sional flow develops with a constant rate. The pressure is measured at the
stagnation point. Other designs include the open syphon where fluid is sucked
from a beaker through a nozzle that is raised above the surface of the liquid.
Image analysis of the profile can be used to define the extension rate(s). In each
of these flows there is a residence time to consider along with the role of shear
and inertia. These complex flow patterns mean that the resulting stress is some
combination of three factors:

1. The stress due to the extensional properties of the material at that
residence time and range of rates.

2. The stress due to the shear properties of the material at that residence time
and range of rates.

3. The kinetic-energy term. The fluid accelerates in extensional flow that
results in a stress contribution of the order rmv

2, where rm is the density
of the material and v its velocity.

These flows are complex combinations of deformations and the need to under-
stand these flows is important in interpreting the behaviour at the mole-
cular level. To illustrate the importance of the strain in elongation, Figure 6.25
shows a plot of data gathered on the opposed-jet design. This was for poly(vinyl
pyrolidone) with the added surfactant sodium dodecyl sulfate. The surfactant
and the polymer give rise to specific interactions with the surfactant molecules
attaching themselves to the chain. The structure probably consists of micelles
attached like a string of pearls along the chain. Eastman33 performed experi-
ments at a range of extension rates on a variety of samples. In the example given
below the gap between the nozzles G and their diameterDwas varied. The data is
only reduced on the x-axis when the extension rate, relaxation time and the strain
in the sample are accounted for. These data are plotted as the ratio of the
extensional viscosity at a given rate to the extensional viscosity at the low-
extension-rate limit. Molecular interpretation is difficult but clearly the elonga-
tional resistance of the chain is significant. It is elongational hardening.
Generalising about the nature of the response of polymeric materials in

elongational flow fields is difficult. The coils will tend to align with the flow and
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begin to stretch. If they are strongly entangled the materials will tend to
extension thicken as loops begin to tighten. Transiently crosslinked structures
will tend to extension thin as the networks pull apart. However, if the flow of
these systems shows a transient elongational stress overshoot this may mask the
thinning behaviour observed, particularly at short residence times.
In summary, this is an area that is changing rapidly in terms of instrumental

design and our understanding is developing alongside these changes. For the
chemical engineer designing complex flow regimes it is important that it is
recognised that the response of a material may not be simply predicted from a
shear viscosity.

6.5.2 Uniaxial Compression Modulus

The sedimentation profiles of colloidal systems are affected by many factors. For
example, in a system that is unstable to both flocculation and sedimentation we
can visualise three situations, flocculation followed by sedimentation, sedimenta-
tion followed by flocculation in the sediment (consolidation) and simultaneous
flocculation and sedimentation. The act of the gravitational field on the particles
is such that different Péclet, Reynolds and Deborah number regimes are
accessed. Above a critical concentration, a percolation threshold, a network will
form that will provide a transient stability to the sample microstructure.18 After
an induction period, during which time diffusion-led rearrangements occur, the
network progressively weakens and will collapse under gravity. Sedimentation
behaviour is closely related to rheological behaviour and this should not be
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Figure 6.25 A plot of the normalised extensional viscosity of an 8% PVP solution
with 320mM sodium dodecyl sulfate. The data is plotted versus the
reduced extension rate.
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surprising since both areas involve the investigation of materials under an
applied body force. Under gravity, the particles sediment and the sedimentation
stress is opposed by the excess osmotic pressure in the sediment

P hð Þ ¼ mg

area
ð6:115Þ

where m is the total relative mass of the particles up to a height h from the
bottom of the sediment and the area is that of the tube. The mass of particles is
determined from the sum of the masses of all the particles per unit volume r(h)
multiplied by the volume at height h

P hð Þ ¼ Drg
Zh

0

r hð Þ 4
3
pa3

V hð Þ
area

dh ¼ Drg
Zh

0

hj hð Þdh ð6:116Þ

Such expressions can be derived from the general treatment by Kynch.34 Now,
the definition of a bulk modulus is

KB ¼ �V
dP

dV
¼ � dP

d lnV
ð6:117Þ

By analogy, we can define a uniaxial modulus of compression K(j) and given
that the volume fraction is inversely related to the total volume we get

K jð Þ ¼ j
dP
dj

¼ dP
d lnj

ð6:118Þ

Now, the volume fraction is a function of height thus we can relate our
compression modulus to the variation in volume fraction.

Zj hð Þ

jo

K j hð Þð Þ
j hð Þ dj hð Þ ¼ Drg

Zh

0

hj hð Þdh ð6:119Þ

If the concentration profile can be determined the moduli can be evaluated.
In principle, there is no reason why this should be a nonlinear measurement, it
depends upon the magnitude of the gravitational Péclet number. Buscall35

suggested that a low-speed centrifuge could be used to apply different accel-
eration gradients to the dispersion. If the angular velocity of the rotor is or and
if X is the distance from the centre of the rotor to the top of the sediment then
the pressure-balance equation becomes:

P hð Þ ¼ Dro2
r

Zh

0

hþ Xð Þj hð Þdh ð6:120Þ

Providing different centrifuge speeds produce a sediment with an equilibrium
height he an evaluation of the uniaxial modulus of compression is possible. An
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exact evaluation is somewhat complex, however, Buscall showed an approximate
solution. The mean volume fraction �j in the sediment is used such that for a
starting volume fraction jo with an initial height ho the mean value is given by:

�j ¼ jo

ho

he
ð6:121Þ

Buscall showed that this results in a simple expression relating the distance XL

from the base of the tube to the centre of the rotor with the equilibrium height for
a given angular velocity.

K �jð ÞE�jDrorh
2
e XL � he

2

� �
dor

dhe
� or

4

� �
ð6:122Þ

Thus, a plot of angular velocity versus he for a range of angular velocities can
be used to find an approximate value for the uniaxial modulus of compression.
The centrifuge is acting as a low-stress rheometer. In the limit as h- ho then
the approximation above becomes an equality so suitable extrapolations of the
uniaxial modulus at different heights to zero angular velocity give the value K(�j).
Suppose we assume that our structure is highly ordered, say fcc or bcc in form,
with z nearest neighbours spaced a distance r apart. We could use a cell model for
the osmotic pressure as given in Section 5.4. We know that our interparticle
spacing is linked by the volume fraction.

K jð Þ ¼ j
dP
dj

¼ j
dP
dr

dr

dj
¼ r

dP
dr

; where r ¼ 2a jm=jð Þ1=3 ð6:123Þ

So, now incorpoting a cell model for osmotic pressure:

PE� rrz
6

dV

dr
ð6:124Þ

Substituting into the expression for the uniaxial modulus and retaining only the
most significant terms we get,

K jð ÞEr
d

dr
� rrz

6

dV

dr

	 

E

rr2z
6

d2V

dr2
ð6:125Þ

Now, our expression for the high-frequency shear modulus is (Section 5.4):

G Nð Þ ¼ 3jmz

32r

d2V

dr2
ð6:126Þ

Thus, we would expect K(j)/G(N)E 3�4. Experimentally, Buscall has shown
close agreement between these two properties. This again acts to confirm the
rheological nature of this study. As the stress is increased the applied field can
cause significant changes to the structure. Under these circumstances the
experiment has entered a nonlinear regime and these simple relationships will
begin to fail.

251Nonlinear Responses



6.5.3 Deformable Particles

Deformable particles covers a wide range of materials from human erythrocytes
to emulsions and microgels. The rheological measurements on these systems
show a high sensitivity to the chemical environment. Energy-dissipation
mechanisms will include the hydrodynamic drag of the particles through the
medium and interparticle forces. In addition, they will include mechanisms
associated with deforming the shape of the particles and internal circulation
within them where possible. Thus, the effect of the applied field is a subtle
balance between the internal and external structural rearrangements that are
possible. The most widely studied deformable systems are emulsions. These can
come in many forms, oil in water (O/W) and water in oil (W/O) the most
commonly encountered. However, there are multiple emulsions where oil or
water droplets become trapped inside another drop such that they are W/O/W
or O/W/O. Silicone oils can become incompatible at certain molecular weights
and with different chemical substitutions and this can lead to oil in oil emulsions
O/O. At high concentrations, typical of some pharmaceutical creams, cosmetics
and food stuffs the droplets are in contact and deform. Volume fractions in
excess of 0.90 can be achieved. The drops are separated by thin surfactant films.
Self-bodied systems are multicomponent systems where the dispersion is a
mixture of droplets and precipitated organic species such as long-chain alcohols.
The solids can form part of the stabilising layer and these are termed Pickering
emulsions. The surface characteristics of these species are determined by the
particulates and stress transfer across the membrane will tend to be low,
reducing internal circulation within the drop. The structure of the interface
surrounding the drop plays a significant role in determining the characteristics of
the droplet behaviour. We can begin our consideration of emulsion systems by
looking at the role of this layer in determining linear viscoelastic properties. This
was undertaken by Princen and Kiss36 and also by Mason et al.37 They
suggested a simple semiempirical linearisation of G(0) the static modulus with
volume fraction.

Princen Gð0Þ ¼ Ag12j
1=3

a32
j� jmð Þ ð6:127Þ

Mason Gð0Þ ¼ Ag12j
a32

j� jmð Þ ð6:128Þ

where A is a constant typically between 1 and 2. The radius a32 is the third
moment to second moment average and g12 is the interfacial tension between the
droplet and the continuous phase. The term jm is the maximum packing
fraction before the drops distort. The basic idea underlying this model is that
at a critical concentration the droplets pack together and thin films begin to
form between them. As the concentration is increased further the droplets
deform. This type of emulsion is termed a high internal phase emulsion or HIPE
or sometimes a ‘‘gel emulsion’’. If a strain is applied this results in droplet
distortion and an increase in the film area that is opposed by the interfacial
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tension. Taylor and Pons38 have demonstrated the excellence of these expres-
sions at linearising the data for G0 the storage modulus for a wide range of
systems. They have also demonstrated that systematic blending of stabilisers can
be used to tune the elasticity of an emulsion in keeping with the spirit behind the
approach. The surprising feature of the Princen and Mason expressions is that
despite recorded differences in the polydispersity of droplet size the equations
work very well. This factor is not well accounted for in the model. This suggests
that some other common feature has a strong influence on the elasticity. One
factor that could be fairly constant despite size polydispersity is the mono-
dispersity of the film dimensions. Taylor and Pons have tentatively suggested
that this has an effect on the constant A where molecular-weight polydispersity
and impurities in the stabilisers apparently promote an increase in its value.
There has been only a little work on modelling emulsion systems in comparison
to that on their rigid counterparts. Many HIPEs and stable emulsions are
formed from systems where strong association occurs in the adsorbing layer. In
some cases a liquid-crystalline layer forms around the surface of the drop as has
been suggested by Friberg et al.39 Such a system can be produced using an ABA
block copolymer of poly(12-hydroxystearic acid) (A) and polyethylene oxide
(B). These produce stable HIPEs formed from 0.5M sodium chloride solution
with dodecane as the continuous phase.40 These are strongly viscoelastic above a
packing fraction of jm¼ 0.64. The structure of the associating layer is shown in
Figure 6.26.
These systems are viscoelastic showing a simple Maxwell process added onto

a long broad relaxation process with a lower magnitude. There is strong
evidence to suggest that the Maxwell process is due to the film layer. The
concentration of the polymer at the interface and in between the drops was
determined. This polymer concentration was studied in dodecane without the
presence of the aqueous drops and it was found to be birefringent, suggestive of
a neat phase. It also showed Maxwell behaviour at very similar relaxation times
to that seen for the emulsion system. This suggests that it is the film elasticity
that is responsible for the Maxwell relaxation processes. Stress-relaxation
studies on the emulsion indicate that there is an apparent G(0) value in addition
to a high-frequency modulus. This static modulus conforms reasonably well
to either the Princen or Mason approach except at the highest volume fractions.
A lower value of A was observed and given that the structure at the interface is
highly ordered it supports the notion that A is an indication of the interfacial
structure as postulated by Taylor et al.38 A high-frequency modulus for these
systems was found using a pulse shearometer. This was nearly linear with
volume fraction. From the observations made on the polymer in dodecane we
know the elasticity of the polymer is similar to that of the HIPE. One method of
modelling the response of the emulsion is to assume a rubber elasticity model
for the polymer layers and determine the extent of contact between the layers. If
all the polymer molecules contribute to the elasticity then we might expect the
following model to apply:

G Nð Þ ¼ 2AcrekBT ð6:129Þ
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where re is the number of elastically effective links per unit volume and Ac is a
constant related to the functionality of the link fL as defined by Graessley41:

Ac ¼
fL � 2

fL
ð6:130Þ

However, only certain sections of the films between the drops will be in
contact. Thus, in order to use this approach we need to define the region of
overlap between the layers on the drops, the number of regions that overlap
and the number of chains in contact. We can approximate the area of the
overlap of the layers on neighbouring drops by assuming that as the layers
interpenetrate a lens-like area is formed, see Figure 6.26 for example. The area
of this relative to the drop area is:

Ca ¼
area of lens

area of drop
¼ 1

4
1� 2

jm

je

� �1=3

�1

 !2
0
@

1
A ð6:131Þ

contact area = πx2=π(rs
2 - y2) where y = b - rs

drop area = 4πrs
2

3
1

b = 2rs(ϕm /ϕ)
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Figure 6.26 The structure of the layer surrounding an emulsion drop and a schematic
of the lens-overlap area.
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where je is the volume fraction of the drop and the stabilising shell. If nm is the
number of molecules per droplet and every molecule is elastically effective, a
reasonable assumption with liquid-crystalline order then the number of effec-
tive chains per unit volume is simply calculated. It is given by the number of
interactions per unit volume multiplied by nm:

re ¼ nmCa
3jc

4pa3c

� �
ð6:132Þ

Here, jc is the volume fraction of the core and ac its radius. This equation has
not been widely tested owing to a paucity of data. Thorough characterisation
allows all the terms to be determined except jm and fL. The packing fraction
can be found by extrapolation to zero concentration of a plot of the high-
frequency shear modulus as a function of volume fraction since this corre-
sponds to the volume fraction before the chains come into contact. The
functionality of the link can be used as an adjustable parameter. For the
system here a good fit is found with fL¼ 8/3 as shown in Figure 6.27.
A universal model for the viscoelastic response of HIPEs is unlikely to be

satisfactory without the inclusion of the interfacial film effects. For example,
Pons and coworkers42 has suggested for systems stabilised by nonionic surfac-
tants that the Princen equation for G(0) can be used to describe the high-
frequency shear modulus rather than the static modulus. The difference
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Figure 6.27 A plot of the high-frequency shear modulus G(N) and the static modulus
G(0) versus volume fraction. The points are the experimental data, the
solid lines represent the models.
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between their systems and a polymer-stabilised system discussed above is
presumably due to the structure of the film between the drops and its
viscoelastic characteristics. Changing the temperature can cause changes in
elasticity, relaxation times and interfacial film properties. It can also lead to
phase inversion with a W/O becoming O/W. This change leads to a marked
difference in viscosity thus measuring the viscosity at a fixed shear rate as the
temperature is changed can be used to indicate the phase-inversion tempera-
ture. As the concentration of the emulsion is reduced below the maximum
packing fraction the elasticity is lost and the material becomes pseudoplastic.
For water in oil systems the behaviour observed is dictated by the extent of
aggregation, the surface layer and polydispersity. Large size polydispersity seen
in many emulsion systems tends to cause an emulsion to shear thin less rapidly
with applied stress than hard-sphere systems. Polyelectrolyte stabilised systems
can show both high- and low-shear-rate plateaus which are less commonly
detected with W/O emulsions. The high-shear viscosity can conform to a
Krieger–Dougherty model normally with a slightly lower intrinsic viscosity
to allow for internal circulation within the drop. At present our understanding
of emulsion behaviour is not as well developed as that of particulate or polymer
systems. Part of the difficulty in correlating the rheology lies in the high level of
characterisation required in order to differentiate between systems as well as the
greater difficulty in preparing monodisperse model emulsions than rigid
particulate systems. However, this is understandable since emulsion character-
isation can be formidable.
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